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NOTE 



This volume contains all except four of the 45-minute lectures presented 
at the Berkeley Symposium on Partial Differential Equations which was 
sponsored by the Office of Naval Research, the University of California, 
the University of Kansas, and the American Mathematical Society. Of 
the four lectures not included, that of Professor P. D. Lax already has been 
published in Communications on Pure and Applied Mathematics, Vol. 8, 
p.p. 6 1 5 633 ( 1 955) , and that of Professor Paul Garabedian is to be published 
elsewhere. Garabedian's lecture also has appeared as Technical Report 
No. 42 of the Applied Mathematics and Statistics Laboratory at Stanford 
University. In addition, this volume contains a manuscript of an informal 
evening lecture by Professor Maynard Arsove and the manuscript of the 
lecture which was to have been given by Dr. J. Lehner of Los Alamos 
who was unable to attend at the last moment. 

Besides the 45-minutc lectures included in this volume, there were 
five series of hour lectures of a somewhat more expository character as 
follows: 

M. M. SHIFFER, Linear elliptic differential equations I (three lectures) 
PAUL GARABEDIAN, Linear elliptic differential equations II (three 

lectures) 

E. HOPF, Non-linear partial differential equations (five lectures) 
MARCEL RIESZ, Linear hyperbolic differential equations (five lectures) 
P. D. LAX, Approximations to solutions of differential equations, etc. 

(four lectures) 
These series are being published by the University of Kansas. 

The editorial work for the conference was done by Professors N. 
Aronszajn of the University of Kansas, A. Doughs of New York University, 
and C. B. Morrey, Jr., of the University of California with the assistance 
of other members of the departments at the respective universities. 
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Some Criteria for Normality of Families of 
Continuous Functions* 

MAYNARD G. ARSOVE 

University of Washington 

1. Introduction 

Restricting attention to the case of finite normality, we shall call a 
family 3? of real- or complex- valued functions on a region Q a normal family 
provided every sequence of functions in ^ has a subsequence converging 
uniformly on compact subsets of Q. For the sake of notational brevity Q 
will be assumed to lie in the plane, but the arguments adapt readily to more 
general regions. 

In practice, interest centers on families of functions which are at least 
continuous, and the usual approach to normality is based on the following 
corollary of Ascoli's theorem [10, pp. 5455]. 

THEOREM 1 . A family ^ of continuous junctions on Q is normal if and 
only if for every compact subset K of Q 

1) ^ is bounded on K and 

2) & is cqui continuous on K. 

Simple calculations reveal that for analytic and harmonic functions 
condition 2) can be omitted. What we propose to do, however, is to replace 
the equicontinuity condition 2) in Theorem 1 by a condition which is trivially 
satisfied by harmonic functions. 1 There results a criterion for normality 
(Theorem 2) which not only bears directly on the harmonic case but also 
shows that in every normal family of continuous functions the deviation 
from harmonicity must be uniformly small on compact sets (in a sense made 
precise by the theorem) . Moreover, in this form it is easy to see that bounded- 
ness in condition 7) can be replaced by L* boundedness for p I> 1. 

A discussion of the normality criteria is given in 2, and in 3 we summa- 
rize the results of [4] applying these ideas to families of subharmonic 
functions. 



*The research reported upon here was supported in part by the National Science Foun- 
dation. 

1 Analytic functions are included, as a special class of complex harmonic functions, and 
will henceforth not be referred to explicitly. 

1 
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2. The Normality Criteria 

For K a compact subset of Q t r a positive number less than the distance 
from K to the boundary of ?, and w a continuous function on Q we write 

A*(r) = sup \w(z)-<x. r w(z)\, 

tK 

where OL T W(Z) denotes the areal mean of w over the neighborhood of radius r 
about z. Then if OF is a family of such functions w, we define A^(r) as the 
least upper bound of A*(r) as w varies over ^. 

Since yl* vanishes for w harmonic, we can regard this function as ex- 
pressing the extent to which w deviates from harmonicity on K. Similarly, 
A*^ is a measure of the uniform deviation from harmonicity on K of the 
functions in 3F. 

As we proceed to show, a characterization of normal families of conti- 
nuous functions is obtained when the equicontinuity condition of Theorem 1 
is replaced by the condition that a. r w(z) converge to w(z), as r -> 0, uniformly 
in z on compact sets and in w on ^. 

THEOREM 2. A family 3F of continuous functions on Q is normal if and 
only if for all compact subsets K of Q 

1) 3? is bounded on K and 

2) \\mA%(r) = 0. 

r->0 

That 1) and 2) here are necessary for normality is obvious from Theorem 
1 . For the sufficiency we prove a result that is actually stronger than the one 
stated, by showing that continuity of the functions need not be assumed. 2 
Indeed, continuity follows at once from 2), since for z lf z 2 K we have 



and the areal mean function <x. r w is continuous. 

It is well known that continuity of w gives rise to continuous partial 
differentiability of oc r ze>; and, in fact, the partial derivatives of OL T W can be 
calculated according to the formulas [9, p. 11] 

d<x r w 



= _ w(z+re**) cos# 
Sx nr J o 

da, w 1 f 2n 

-^L- = _ (+) sin* 
9/ wr J o 



We next take M as an upper bound for all \w\ on a compact subset K' of Q 
containing K in its interior and restrict v to be smaller than the distance 
from K to the boundary of K r . The mean- value theorem (applied separately 

*We require only that the functions be summable on compact subsets of Q. 



|o r w( 1 )-<x r w(z a )| ^ j^-^l, 
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to the real and imaginary parts of w) then yields 



so that 



Thus, IF is equicontinuous on K, and the proof is complete. 

It should be observed that condition 2) of Theorem 2 does not by itself 
imply equicontinuity, a fact which is apparent from the consideration of 
non-equicontinuous families of harmonic functions (such as w n (x t y) =- nx, 

n^ 1,2,---). 

A further variant of Theorem 1 is obtained by replacing boundedness 
of the family 3? on K by L* boundedness for p 2> 1. We deal explicitly with 
the corresponding variant of Theorem 2. 

THEOREM 3. A family IF of continuous junctions on Q is normal if and 
only if for every compact subset K of Q 

J) fF is a bounded subset of L P (K) for some (equivalently y all) p^l and 
2) ]\mA%r(r) = 0. 

r->0 

Conditions 7) and 2) are obviously necessary for normality, in view of 
Theorem 2. To show that they are also sufficient, we choose K' as a compact 
subset of Q containing K in its interior and require r to be smaller than the 
distance from K to the boundary of K'. The Holder inequality leads at once 
to the boundedness condition 
(2.1) \w(z)\ (nr*)-V\\w\\ p +A^(r), zeK, 

where the indicated L 9 norm is taken relative to K'. Normality then follows 
from Theorem 2. 

The similar inequality 

\w t (z)-w k (z)\ ^ (^r ll9 \\w^w k \\ 9 +2A^(r), z*K t 

serves to establish 

THEOREM 4. Let IF be a normal family of continuous functions on Q, 
and let {w n } be a sequence of functions in IF. If {w n } converges in the L* sense 
(p ^ 1) on compact subsets of Q, then {w n } converges uniformly on compact 
subsets of Q. 

3. Applications to Subharmonic Functions 

Normal families of subharmonic functions have been considered by 
Montel, who proved [7, p. 38] that the upper envelope of a normal family of 
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continuous subharmonic functions is also a continuous subharmonic 
function. 

As one might expect from the basic role played by the mean-value 
operator a r in the theory of subharmonic functions, the criteria for normality 
developed in 2 can be applied directly to subharmonic, and (more generally) 
^-subharmonic, 3 functions. A number of these applications have been work- 
ed out in detail in [4], and we present here the main results. 

Let us suppose that w is a (5-subharmonic function on Q having the 
mass distribution m t and let us denote by $* w (t) the total variation of m on 
the neighborhood N t (z) of radius / about z. We then set 



zK 

Further, if 3? is any family of functions d-subharmonic on Q, we define 
y&( r ) as th l eas t u PP er bound of J %(r) as w varies over^. In this, as well 
as the ensuing discussion, it is assumed without further mention that r is 
always taken small enough so that all the neighborhoods involved have 
closures in Q. 

For any ^-subharmonic function w the areal mean function has the 
representation 



2 r r Q 

<x. r w(z) - w(z)-- Q log- 

r 2 Jo J N(z) z 



An integration by parts leads to 

(3.1) A(r) g 9* (r), 

and from this it is plain that the uniform restriction on the behavior of the 
mass distributions expressed by lira W*p(r) = yields condition 2) of Theo- 
rems 2 and 3. There results *""* 

THEOREM 5. Let OF be a family of d-subharmonic functions on Q such that 
for all compact subsets K of Q, ^ is bounded on K and lim *F*L ( r ) = 0. Then 

% *-*> 

1) ^ is a normal family, 

2} all functions in & can be expressed as differences of continuous sub- 

harmonic functions, and 
3) the mass distributions for functions in & have total variations uniformly 

bounded on compact subsets of Q. 

//, further, {w n } is a sequence of functions in !F converging to a function w 
on Q, then 



8 For brevity, functions representable as differences of subharmonic functions are called 
d-subharmomc; an introduction to the theory of such functions can be found in [3]. 
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4) w can be expressed as the difference of two continuous subharmonic 
functions, 

5) the mass distributions for {w n } converge vaguely 41 to that for w t and 

6) W*(r] ^ Vr(r). 

Assertions 4) 6) are important in establishing compactness 5 of certain 
families of ^-subharmonic functions. 

THEOREM 6. Let M and M' be constants, and let & be a family of d-sub- 
harmonic functions w on Q having mass distributions given by density functions 
Q W . If the functions w satisfy 

1) \w\ 5g M and 2) \Q W \ ^ M' almost everywhere, 

then & is normal. If all functions satisfying 1) and 2} belong to ^ y then it is 
compact. 

Normality here follows readily from Theorem 5, since 



f r 

W*(r) ^ M' 
^ J o 



Also, a result analogous to Theorem 6 can be derived for the case of mass 
distributions which all lie on a straight line and are given by uniformly 
bounded linear densities. 

Turning next to the part played by the L p norm in connection with 
normal families of d-subharmonic functions, we make fundamental use of 
the following generalization of a theorem of Myskis [8]. 6 

THEOREM 7. Let ^ be a family of d-subharmonic junctions w on Q having 
mass distributions given by density functions @ w in L p for p > 1. Then there is 
a positive constant r(K, p), depending only on K and p t such that jor < r < 
r(K,p) 



holds for all w in ^~. 7 

Consequently, when the density functions form a bounded subset of 
L*(Q), we have lim A*L(r) = for all compact sets K. A glance at Theorem 

r->0 

3 then suggests consideration of the space ^f p , p > 1, of all (5-subharmonic 
functions w on Q with mass distributions given by density functions Q W such 
that | HL+ 1 \Qw\ IP < +00. Under the norm 

4 A sequence {>} of mass distributions on a region Q is said to converge vaguely to a 
mass distribution m on ? provided lim n ^ > .y ) $fdm n $ f dm for all continuous functions / 
supported by compact subsets of Q (terminology of H. Cartan). 

6 lf a normal family contains the limit of every convergent sequence of its elements, it is 
called compact 

A similar derivation has been employed by Frostman to prove an equicontmuity 
theorem for the a-potentials of M. Kiesz (see [6J pp. 92-93). 

'Here, and m what follows, II IL will denote the L v norm over Q. 
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?* is a separable, uniformly convex Banach space, in which the infinitely 
differentiable functions of finite norm are dense and all bounded subsets are 
normal. 

Moreover, from (2.1), (3.1), and Theorem 7 we infer the inequality 

\w(z)\M.\\w\\, 

where M z is a positive constant depending on z. Thus, the point functional 
on J&* are continuous, and it follows [1, p. 138] that J? 2 admits a reproducing 
kernel. 8 

Although the membrane equation Aw+Aw = has already been gene- 
ralized in a variety of ways, we introduce a further generalization, closely 
related to & p spaces. The generalized equation is 

(3.2) %BQ W = h&, 

where A is a bounded measurable function on Q and we seek as solutions 
<5-subharmonic functions w having mass distributions with density Q W . An 
important aspect of this equation is that the & p norm defines the same 
topology as the L p norm on the space of solutions w of (3.2). We therefore 
have at our disposal the normal family properties of <g* spaces when the 
usual L p norm (p > 1) is used. 

For an application of the above results we turn to the family of elliptic 
equations 

Aw-\-hs) = 

obtained by fixing constants M > m > and taking A as an arbitrary 
continuous function such that 

m ^ A ^ M. 

In their study of this family of equations Bergman and Schiffer have shown 
[5, pp. 548551], by means of kernel function theory, that the solutions 
which satisfy 

(3.3) J Q [(grad w)*+W]da ^ 1 (a = area) 

form a normal family. This is, however, also a consequence of the properties 
of &*, and we note that normality persists when (3.3) is replaced by the L v 
boundedncss condition o;^l > >l. 



The subspace of <* consisting of C" functions satisfying certain special boundary con- 
ditions on regions Q admitting a Green's function has been studied by Aronszajn [2] p. 407. 



SOME CRITERIA FOR NORMALITY 7 

Bibliography 

[1] Aronszajn, N., La thlorie des noyaux reprodmsants et ses applications, 7, Proc. Cambridge 

Phil. Soc., Vol. 39, 1943, pp. 133-153. 
[2] Aronszajn, N., Green's functions and reproducing kernels, Proceedings of the Symposium 

on Spectral Theory and Differential Problems, Oklahoma Agriculture and Mechan- 
ical College, Stillwatcr, Oklahoma, 1951, pp. 355-411. 
[3] Arsove, M. G., Functions representable as differences of subharmonic functions, Trans. 

Amer. Math. Soc., Vol. 75, 1953, pp. 327-365. 
[4] Arsove, M. G., Normal families of subharmonic functions, Proc. Amer. Math. Soc., Vol. 7, 

1956, pp. 115-126. 
[5] Bergman, S., and Schiffer, M, Kernel functions in the theory of partial differential equations 

of elliptic type, Duke Math. J., Vol. 15, 1948, pp. 535-566. 
[6] Frostman, O., Distributions de masses normees par la metnque de L v , Lund Univ. Math. 

Sem. Meddelanden, supplementary volume dedicated to Marcel Riesz, 1952, pp. 

90-100. 
[7] Montcl, P., Sur les fonctions convexes et les fonctions sousharmoniques, J. Math. Pures 

Appl., Vol. 7, 1928, pp 29-60. 
[8] MySkis, A.D., A theorem on the convergence of a sequence of functions, Uspekhi Matem. 

Nauk, Vol. 7, 1952, pp 186-190. 

[9] Kad6, T., Subharmonic Functions, Springer, Berlin, 1937. 
[10] Saks, S., and Zygmund, A., Analytic Functions, Nakl. Polskiego Tow Matcmatycznego, 

Warsaw, 1952. 

Received January 5, 1956. 



COMMUNICATIONS ON PURE AND APPLIED MATHEMATICS, VOL. IX, 307-326 (1956) 

Some Hints on Huygens' Principle 
and Hadamard's Conjecture 

LEIFUR ASGEIRSSON 

Hdskdh Islands (University of Iceland), Reykjavik 
and New York University 

This paper contains a summary of results on Huygens' Principle and 
Hadamard's Conjecture which I have obtained during the last twenty years 
in continuation of my work on the mean value theorem for ultrahyperbolic 
equations. 1 This is, however, the first public account of this work apart from 
some talks in a seminar on mathematical physics at New York University 
last fall. Some of my results overlap with the findings of other authors 2 , but, 
it is hoped, may still be of interest because of the different procedures 
followed. 

I would like to acknowledge my great indebtedness for information 
and inspiration to Hadamard's book "Le Probleme de Cauchy" (Paris, 1932). 

Huygens' Principle in the theory of second order linear partial differen- 
tial equations of hyperbolic type has been formulated by Hadamard in Le 
Probleme de Cauchy, pp. 7577. We shall take it in the sense of his "minor 
premise", or lather, in the precise form which it can be given by an inter- 
pretation of solution formulae of Cauchy 's Problem, as will be explained 
below. 

I shall have to suppose my listeners and readers to be acquainted with 
the general theory of Cauchy's Problem, of which I shall recall only a few 
basic things. 

Let L[u] be the function in x 1 , , # w -spacc E n (X) which is produced 
by the operator 



acting upon any regular function n u(x 1 , , x n ) = u(X) in E n (X). 



J Cf . Lcif ur Asgeirsson, liber eine Mittolwertseigenschaft von L6sungen homogener linearer 
partieller Differentialgleichungen 2 Ordriung mit konstanten Koeffizienten, Math. Annalen, 
1936, pp 321-346, see also Courant-Hilbert, Methoden der mathematischen Physik, Vol. IT, 
pp. 417-425. 

2 In particular, M. Mathisson, Le pr,obleme de M. Hadamard relatif a la diffusion des 
ondes, Acta Math. 71, 1939, pp. 249-282, J. Hadamard, Diffusion of waves, Ann. of Math., 
1942, pp. 510-522, and P. Gunther, Zur Gultigkeit dcs Huygensschen Prmzips bei partiellen 
Differentialgleichungen vom normalen hyperbolischen Typus, Akademie Verlag, Berlin. 1952. 



10 L. ASGEIRSSON 

Also the coefficients a^ , , c are supposed to be regular functions in 
E n (X), that is, having continuous derivatives up to a certain order, not 
specified here, but required by the operations which are to be carried out. 

L is to be hyperbolic, that is, for any point X of the domain under considera- 
te 
tion the signature of the quadratic form 2 ^ttC^OW* is to be + + -( 

or [-+ +. We have to consider surfaces 5 characteristic with respect 
to L t or, which is the same, with respect to the principal part 

' _ Y 92 

it fc=1 * dx t dx k 

of L. If F(X) = is the equation of 5, then ]T a tk F Xt F Xk = is to hold 

on 5, as a consequence of F(X) 0. A point transformation x l ^-(p i (y lJ , y n ) 
<p t (Y) of E n (X) into E n (Y), which takes the operator L into an 
operator M in E n (Y), takes S into a surface jT, characteristic with respect 
to M. Together with the first order partial differential equation 

n 

2 a ikF x F x = we introduce the characteristic curves of the surfaces 
t, k~i * * 
F(X)~ which are called the bicharacteristics pertaining to L\ they may be 

determined without reference to any special characteristic surface. We may 
also consider the characteristic curves belonging to all equations 

n 

2 a tk F x F x = d = const. For d 7^ they are the geodesies belonging to 

t,*-l ^ ' * / n vfc 

a metric da = I ]T ^ikd^idxA , where the matrices (a ik ) and (h ik ) are in- 

\<, fc-l / n 

verse (and therefore the signature of ]T ^tk^^k * s * ne same as that of 

n t, &-1 

2 ^tfcf*fc)- Then the characteristic curves corresponding to <# = 0, that is, 

the bicharacteristics, are by extension called the geodesies of zero length. 
We consider a fixed point X = X Q = (x 1Q , , x n0 ), and all geodesies of 
zero length going through X ; these form a cone-like surface C of two sheets, 
the characteristic conoid with respect to L with vertex X . If the coefficients 
a lk are constants, the bicharacteristics are straight lines and the character- 
istic conoids are strictly cones. 

Let F be the square of the geodesic distance, introduced by Hadamard, 
between X and any (perhaps not too distant) point X. On C we have r=0. 
As a function of X, J*is regular in a neighborhood of X . The geodesies, and 
together with them JT, are invariant under a point transformation of E n (X), 
but only the geodesies of length zero are invariant under a multiplication of 
the coefficients a lk by a common non-constant factor. Since such a multi- 
plication is quite natural with respect to the equation L[u] ~ or L[u] = 
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j(X), this non-invariant behaviour of F detracts considerably from the use- 
fulness of this function. 

Now let a Cauchy Problem be posed for L[u] = f(X)\ that is, let it be 
required that the value of u at any point X outside a given non-character- 
istic initial surface / be expressed as a functional of u and its first derivatives 
on /. Usually 7 is taken to be spacelike, or such that any characteristic 
conoid with vertex X l on 7 has no other points in common with /. It is un- 
necessary to give all the derivatives u^ , , u^ on 7, since it will suffice 
to know one linear combination of them, representing a derivative leading 
out of /. From this combination and from the inner derivatives of u on /, 
which are known if u is known on /, all derivatives u^ , , u^ may be 
determined on 7. The combination of derivatives which usually is supposed 
to be given is the so-called transversal derivative, which will be denoted by 
u v ; its coefficients do not matter here. 

It is found that for a determination of u(X ), nothing need be known 
about u and u v on / outside the part 7* cut out of 7 by the characteristic 
conoid C with vertex X . But there exist operators L for which one needs to 
know u and u v only on the edge s of 7* (i.e. on the intersection of C and 7), 
and in an immediate neighborhood of s. More exactly, only the values of 
u > u n > * ' ', u a- > an d> f r w > 4, the values of higher derivatives of u up to 
a certain order arc needed on s; but these higher order derivatives of u are 
derivable from our knowledge of u and u v on 7 in certain sets of points in a 
neighborhood of s. Exactly in this case we say that Huygens' Principle is 
valid for the operator L or for an equation L[u] = f(X), or that L obeys 
Huygens' Principle or is governed by it. It is found that the form of f(X) 
is irrelevant; in investigations about Huygens' Principle it is often conve- 
nient to put f(X) = 0. 

All these considerations are required to hold only for points X Q within 
a certain region to which 7 belongs, possibly as a boundary surface. 

The name "data" for u and u v on 7 recalls the fact that more often than 
not the process of the determination of u at X Q is supposed to be carried out 
under the assumption that u&ndu v are arbitrarily prescribed on 7. We have 
to determine u, at least on one side of 7, in such a way that it satisfies the 
equation L[u] = f(X), and moreover u and its transversal derivative are to 
assume, in an exactly defined sence, the prescribed values on 7. 

Hadamard has proved that Huygens' Principle can never hold if n is 
an odd number. The case n = 2 having a special character, there remain 
the cases n = 2m with m = 2, 3, 4 . 

The known solution formulae for Cauchy's Problem show that, if 
Huygens' Principle holds, u(X n ) may be expressed as an integral over 5 
whose integrand depends linearly on u, u Xi , , u 9 ^ and, for n > 4, on the 
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above-mentioned higher derivatives. If f(x) f 0, we have to add a term 
relating to / and to C*, the part of C cut off by 7; but, as already mentioned, 
we may put / = 0. 

It is well known that the wave equations 



where t plays the role of x 2m> obey Huygens' Principle. It is also easily seen 
that if Huygens' Principle is valid for an operator L or an equation L[u] == 0, 
then it is also valid for equations ii[wj = into which L[u] = is taken 
by any combination of the following transformations: 

1) Point transformation of E n (X) (or a transformation of coordinates), 
the function u remaining unchanged, or % u; 

2) MI = <p(X}u, without a change of coordinates, <p(X) being a given 
non- vanishing function; and 

3) u and the coordinates are unchanged, but the operator L is multi- 
plied by a factor ip(X), L t = y)(X)L t where i/>(X) is a given non- vanishing 
function. 

In these cases we shall say that L x is equivalent to L with respect to 
Huygens' Principle. 

"Hadamard's Conjecture" says that the class of equations which 
obey Huygens' Principle, or are of " Huygens' type", is given by the wave 
equations and equations equivalent to wave equations. Nowadays it is 
known, since Karl L. Stellmacher in Gottingen published, in 1953, a paper 
containing a counterexample (Ein Bcispicl einer Huygensschen Differential- 
gleichung, Naclir. der Akad. d. Wissensch. in Gottingen), that for n > 4 the 
class of equations of Huygens' type is larger than that mentioned above; but 
the actual extent of this class still remains unknown. And even for the case 
n = 4, which is of special importance because of certain physical conse- 
quences, no complete treatment seems to have been published as yet. 

Now let us consider the wave equations themselves. For m = 2, that 
is, for the ordinary wave equation, we have Poisson's Formula 

u(X Q ,r) = tt(io,ao, x 3Q , r)=M(u t r, X )+rM(u r , r, X )rM(u t ,r,X ), 

where u r is the radial derivative of u(x 1i , # 2 , o? 3 , 0) in E 9 (X) with pole at 
X Q , and where M (U, r, X ) means the mean value of U(X) on the sphere 
with radius r and center X Q for U=u, u r , ii t on tf0. This sphere is the inter- 
section of the characteristic cone (x l ^io) 2 + (^2~~ ir 2o) 2 +( a; 3~ a? 3o) 2 ~"(^ : F^) 2 
=0 with the initial plane =0, and Poisson's Formula thus directly shows the 
validity of Huygens' Principle for initial surfaces of this kind. Now it may 
be concluded from Hadamard's theory that if Huygens' Principle holds for 
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one family of initial surfaces, it must hold quite generally (I am indebted to 
Stellmacher for this remark). But "how" it comes about that Huygens' 
Principle holds is not easily seen from a look at Poisson's Formula. Here 
Beltrami has given an explanation which may be found in Courant-Hilbert, 
Methoden der mathematischen Physik, Vol. II, p. 371. Also for m > 2, 
there exist solution formulae of Cauchy's Problem for wave equations which 
make the validity of Huygens' Principle evident, but an answer to the "how" 
is not at all obvious. 

In 1932 I had used the mean value theorem for ultrahyperbolic equa- 
tions to derive a formula of the kind just named, with the initial surface 
given by t const. There was little or nothing new about this formula 
except the mode of its derivation, but it gave me a starting point irom which 
I was able a little later to find a differential identity pertaining to the wave 
operator for any of the values m = 2, 3, 4 , which gave an answer to the 
question, and at the same time suggested that a similar identity must hold 
for any operator obeying Huygens' Principle. For the sake of simplicity 
I shall here consider a solution of Cauchy's Problem only on one, say the 
"upper", side (with respect to /) of the initial surface, so that we have to 
consider lower characteristic semicones C given by the equation 

(1) t-t +r - 0, 

with r - [(x!-Xu)*+ (**-**>)*+ ' ' ' +(*** i-%n-i,o) 2 . 1/2 - 
For the points of C, I introduce a set f x , , f 2 r-i f parameters by the 
equations 

t0 +f, for *=!,, 2m -1, 



on C we then have r = Q. 

I shall denote by d/dr the radial derivative of a function, say 
U(x 1 , , x% m _i , t) = U(X, t), considered as a function in E^^X), with 
/ fixed; as pole I take X . Thus 



Br r 

I write 

d 1 d 



Furthermore, I write 

2m-i 32 
(5) A' = 2 5 

2m-l -l OXf 

for m 2, I shall also write simply A. 
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With these notations we have the identity, valid on C for any regular 
function u u(X, t) t 



(6) 

{ ' 



- Y- [-' -^ (- + -} (- - 
h 8S< I r*"- 1 \dr ^ ft! \d(r*) 



\9(r)) 
For (6) I also write 

"T 1 9A t [u] 



defining in this way differential operators R, A^ , , ^4 2 m-i The differen- 
tial expressions A z [u] at first appear as functions in the x lt - , x 2m __ lf -space 
E 2m (X t t). We then restrict our considerations of these functions to the 
semicone C, that is, we substitute x l , , # 2 m-i > * fr m ( 2 )- After that we 
differentiate with respect to the parameters j , f 2 , , f 2w _ L . This means 
that we have to treat ^x[], A 2 [u], , A 2m _ l [u] as composite functions 
and apply the pertinent rules of differentiation, or 

, _i_~_?_-_^i^. ^__i t A _?___ x *~~ x * ^_ 

1 ' 3f| ~" dx t d t dt ~ dx t g dt ~~ dx t r ' Bt 

For m = 2, (6) reduces to 



this identity is equivalent to Beltrami's identity mentioned above. 
I shall sketch here a proof of (6). We make use of 

3 2 2m-2 d I T 



where # 2 m-i stands for the second Lame-Beltrami differential operator on 
the unit sphere in Ez m -i(X). Let r, o^ , , ^ m ^i be polar coordinates of 
), with pole at X ; then we have an equation of the form 

2w-l 2 



A rather simple calculation shows that for the right hand member of 
(6) we may write 
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a 2 a 2 \/ 3 \ w - 2 

- 



If in this expression and in the left hand member of (6), A is substituted 

Zfn 1 

from (8) and use is made of obvious commutability properties of certain 
differential operators, (6) may be reduced to the equation 

a v"-* 



where a factor r~ (2m ~ 2} has been dropped on both sides. A direct calculation 
shows that (10) is satisfied by u = r k for any constant k. This shows that 
(10) is an identity, valid for any m times differentiate function u. Other- 
wise (10) would be an ordinary linear differential equation in u as a function 
of r, of an order at most equal to m, and thus could not have more than m 
linearly independent solutions. 

Since t does not occur explicitly in (6), this identity must be valid not 
only on C, but on a family of characteristic semicones of vertices (x w , , 
X 2m~i,o > ^o) with an arbitrary value of t . 

The most important peculiarity of the identity (6) or (6') is that its 
right hand member is a divergence. With the help of Gauss' Divergence (or 
Integral) Theorem, it may then be integrated directly over a domain in the 

fl ,^2 ' ' ' ^2rn-l- S P aCe ^am-ltf) Or > as WC maV als P ut **, Over an Y P art ' 

of C, with respect to d^d^ <^r 2 m-i whereby we get integrals over the 
boundary, or the edge, of C' . In particular, we may suppose C' to be the part 
C* of C which is cut off by an initial surface /. Because of singularities at the 
vertex (positive powers of r, or Q, as denominators) we have at first to exclude 
the vertex by cutting it off by a surface, say I d : t = <5, where d is a small 
positive number. Thus we get a family of surfaces C* , bounded by the inter- 
sections s and s d of C with / and I d respectively, and we may write the identity 



(11) 

' 2m-l / 2ro-l 



/ 2m-] 

= J. S 



On the right hand side of (11), s and s d are to be considered as surfaces in 
i(f ) w ^h the Euclidean elements ds* and ^s| ; then s^ simply is the sphere 
+8m-i = ^ 2 ; *i >^2 > ' ' ' f ^2m-i are the components of the outer 
normal of s or s d relative to the domain in > am _ 1 (f ) which corresponds to C* . 
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We now let d tend to zero; the limit of 

2m-l 

I AM-kids* 



exists and is found to be 4yf n ~ 1 u(X , t), so that we may write the identity 



(12) 



r 2m ~ 1 r / 5 2 \ 

= 2 AM k t ds*- \ R (A - --) []#i 

Js i=l JC* W~l 0* / 



The identity (12) yields a solution formula of Cauchy's Problem for the 
equation 



( 

Vz 



A - 



The first term on the right hand side depends on the values of u and its 
derivatives up to order m1 on 5. The second term must be replaced by 

f R[f]didi rffam-i . From the form of (12) the validity of Huygens' 
J c* 

Principle is evident. But already the differential identity (6) gives an answer 
to the "how". 

/ 9 2 \ 

Setting L^ m _i [] for ( A --T I [] , we may write (6') a little more brief - 

\2m-l vt */ 

ly, leaving out u: 

2m-l ^ 

(6") RL^_ 1 = 2A i . 

-l OSt 

I note in passing that (6") is a special case of an equation of the type 



where P 1 , , Q h are linear differential operators. 

Alluding to the ability of the differential operator # to convert the 
differential expression L 2m -iW i^o a divergence expression with respect to 
f i f 2 > * " * > f2w~i 1 have used for 7? the name "diversor", but I also say that 



n-l &*) 

is "quasidivergent" on C. 

It was my guess that an identity of the type (6") would be valid for any 
linear second order differential operator L governed by Huygens' Principle, 
fi > {2 i * ' ' . fam-i being a set of parameters for the characteristic semi conoid 
considered. It is easily seen that, if such an identity (with L Zm _ l replaced by 
L) exists with respect to a particular set f t , f 2 ' * * > 2*1-1 f parameters, 
then it also exists with respect to any set ^ , r\^ , , ^m-i f parameters. 
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> thm-i be any vector in E 2 w-i(f)- Putting 

d/. A. } 2m-l dv> 
l = 



17 



For, let 



we have as a corollary of Gauss' Divergence Theorem 



or 



(15') 

^l 7 ?!* %*" r /2m-l) I - 

Identifying a { with -4 t [w], and then writing B t [u\ for ^, we find 



(15") 



RL[u] = 



Therefore we may take the operator 



as diversor for 



I, with respect to ^ , r/ 2 , , 7y 2m _i . 

It is easily seen that a change of coordinates does not affect the validity 
of an equation of the type; of (6"). 

An investigation of Hadamard's solution formulae for Cauchy's Problem 
for the case of an even number of variables (Le Probleme de Cauchy, p. 31 1, 
eq. 29) enabled me to confirm my guess, and thus I coiild prove the following 

THEOREM. Let 



be hyperbolic and obey Hity gens' Principle, and let C be any characteristic 
semi conoid, relative to L t for which f x , f 8 " * ' i ^2m-i * s a se ^ f parameters. 
Then there exists a linear differential operator R, of order m2 (which, for 
m = 2, reduces to a mere factor), and 2m 1 linear differential operators 
A! , A z , , ^2m-i * / orders at most ml, such that on C the equation 



(16) 



as ^ identity in u. A solution formula of Cauchy s Problem for L[u] = 
f(X) may be obtained by an integration of (16) with respect to d^d^ 2 d 2m -i 
over the part C* cut off C by an initial surface I. 

The diversor R necessarily contains, for m > 2, differentiations leading 

_ A 2m-l g 

out of C. R is not uniquely determined, since, if we put R= A/? + 2 vr -^y* 
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where A is a constant ^ and where D t , , > 2 m-i are differential 
operators of orders ^m-~%, we have 



>v 

an identity of the same type as (16) . We then say that R and R are equivalent. 

I have made a study of identities of the type (16) without supposing 
the surface involved, say S, to be a characteristic semiconoid, and without 
any restrictions on the dimension number of the space in which the operators 
L and R are defined, or on the order of these operators. However, 5 must be 
a characteristic surface with respect to L. 

If S is a characteristic semiconoid, and the order of L is 2, one might 
feel inclined to guess that (16), with 2m replaced by any integer n> 2, is 
essentially equivalent to the validity of Huygens' Principle. This, however, 
is not necessarily the case. For odd values, Hadamard's Theorem gives a 
negative answer; but there is also a more direct explanation. I have found, 
for the operator of cylindrical waves, the identity 



2 9 f / x _ x \ ~| 

-U U } = -- U 1 1^-1---* -*nA-v(x t -Xa)tt 
tsa .j_ t L \ / / J 



with v = r~^ (a cos q>/2-{-/3 sin <p/2), where a and /9 are constants, r cos <p ^ , 
r sin 9? = 2 , f x and 2 being parameters of a characteristic semicone 
^~^oi ^ as defined by (2). Writing = fj+^2 > we have 



and v is seen to have, as a function in the plane of the parameters f j , 2 , a 
singularity of the same type as f-* 4 . Single valuedn ess is then achieved by 
making a cut from f = to f oo. This means that we have to make a cut 
issuing from the vertex of the semicone. Of course, it will be simplest to 
make such a cut along a bicharact eristic. 

Because of the circumstances just described, and because of the ex- 
ponent 1/2 of r in the expression for v, equation (18) does not imply 
Huygens* Principle. However, operators for which an equation of the type 
(16) holds, with 2m replaced by n, obey Huygens' Principle in an extended 
sense (which of course does not mean Hadamard's "major premise"). 

Even though (18) does not suffice to establish Huygens' Principle, I 
have used this equation to solve Cauchy's Problem for the cylindrical wave 
equation, making the cut along a bicharactcristic and introducing a family 
of characteristic semiconcs, say C(/*), each having its vertex on the cut-line 
on which /w is a parameter. An equation (18) is then associated with C(p) 
for every p and is integrated with respect to d^d^ 2 over the part C*(/j) cut 



HINTS ON HUYGENS' PRINCIPLE 19 

off C(p) by a common initial surface; thereafter an Abel integral equation 
has to be solved. 3 

It is well known that 

_ F(rt) 

^3(^1 ^2 * *^3 */ 

is a solution of L 8 [v 8 ] = 0, and it is also known (Volterra, Leons sur 1'mte- 
gration des Equations differentielles aux derivees partielles, professees a 
Stockholm, Hermann, Paris, 1912, p. 58) that 

a cos 03/2+/? sin m/2 
,(*i ,**,*) = ~ J^ F(rt) 

is a solution of L 2 [v 2 ] =-= 0, cp being given by 

x 1 x 10 = r cos 9?, # 2 #20 = r sin <?; 
in both cases F is an arbitrary function. 

We have in v 2 and r; 3 examples of "functions of wave families" or, 
briefly, "wave functions" to which I shall assign the "order" zero, that is, 
functions v whose most general form, if the variables are denoted by 
(x l , x 2> , x n )=X, is given as v = G(X)F(A (A")), where G and A are given 
functions of X, and F is an arbitrary function of one variable. Wave func- 
tions of an order k > arc given by the equation 

v = G (X)F(A(X))+G l (X)F'(A(X)) + +G t (X)F<'>(A(X)), 

F 1 , , F (k) denoting derivatives. The functions v have to satisfy a certain 
linear partial differential equation of second order (see Courant-Hilbert, 
Methoden der mathematischen Physik, Vol. II, pp. 407 and 452). 

Our examples of diversors for L 2 and Z, 3 suggest a connection between 
the existence of such wave functions, at least those of zero order, and the 
validity of Huygens' Principle in the extended sense. I have been able to 
prove that such a connection between wave functions and diversors of any 
order actually exists, in such a way that the wave functions v are solutions, 
not of L\v\ = 0, but of the adjoint equations M\v\ 0; we suppose here 
that a diversor R for L exists for the whole family of "wave surfaces" 
A (X) = const. The order of the wave function is the same as that of R, and 
its form can be completely determined if the identity RL[u] ~ 

n 

2 dA t [uydS t is exactly known. A proof which I have found can, although 

=i 

it is short, not be given within the frame of this paper. I shall also mention 

3 I have been informed by A Douglis that in a still unpublished dissertation (New York 
University, 1953) Clifford S. Gardner has used a similar method to solve certain initial value 
problems for wave equations. 
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that, in the theory of ultrahyperbolic differential equations, the diversor con- 
cept may be of importance. Thus Hans Lewy 4 and I have found inde- 
pendently that the differential expression 

2m+l 92^ 2m+l j)2 u 

=i dx* iaai dy* 
is, for m -= 1 , quasidivcrgcnt on the surfaces 

/2m+l \fc /2m+l \% 

I (* t -* t o) 2 + 1 (ft-fto) 1 ) = constant, 
\ *i / \ fi / 

and that the mean value theorem for solutions of 

2m+l j)2 u 2m+l 2^ 

2 = o 

i_i dx? t i (tyf 

may be obtained by an integration of the corresponding divergence identity. 
A similar statement can be proved also for m > 1. 

In the preceding considerations the case of two variables has been ex- 
cluded. Yet this is exactly the case for which, up to now, diversor theory 
has been applied most fully, only without such a name and with an appear- 
ance different from my presentation. I mean the Laplace Method, also 
named the Cascade Method, for equations of the type 

(19) L[u] = u xv +au x +bu v +cu = f, 

a, b, c, f being functions of x and y. It may be proved that the cases in which 
the associated Darboux series (see G. Darboux, Theorie des Surfaces, Vol. II, 
p. 29) breaks off at least in one direction, and in which the method thus 
leads to a finite integration formula, are exactly those in which L is quasi- 
divergent on the one or the other family of characteristic lines x = const, 
or y const. 

I have already mentioned Stellmacher's counterexample to Hadamard's 
Conjecture, for m = 3, 4, 5 . Also for m = 2, counterexamples are 
known, but only if the coefficients of the equation, and with them the solu- 
tion, are taken to be complex valued. I shall here try to give a brief treat- 
ment of the equation 



(20) L\u\ ss \A- J[u]+2^ f a i u Xi +2bu t +cu = 0, 

to which I shall refer as the "special case", in contrast to the "general case" 
of non-constant coefficients, about which I only shall give some hints. In 
(20) OL , , c are supposed to be regular functions of (x : , # 2 , x 3 , /). 

4 Cf . Hans Lewy, Extension of Huygens' Principle to the ultrahyperbolic equation, Annali 
di Matematica, 1955. 
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For the sake of simplicity we shall only consider lower sheets C of 
characteristic semicones, with the equation 



Let us make a transformation of coordinates: f t = #, x tQ , i = 1, 2, 3, 
r = tt$+r. On C we have r = 0, and there f x , a , 3 may be made to 
play again the role of parameters as in some preceding considerations. 
Then we have, with Q = 



If Huygens' Principle is to be valid for L, there must exist on C a 
diversor factor (or "weight function") V such that 



holds on C as an identity in , where A^u], A 2 [u], A 3 [u] are first order 
linear differential expressions in w. We find 



(23) 



It is now easy to show that the vanishing of the coefficients of u and 
of du/dr in (23), i.e., the conditions 

3 W I s \ 

(24) ~ J e ^ +rl l a '*' + J<? ~ V F = ' 



arc necessary and sufficient for the validity of (22). On C, or in f x , f 2 > f 8 -space 
3 (f ), with T = 0, we thus have for V two partial differential equations, one 
of first order and the other of second order; with our mode of procedure this 
latter equation is elliptic. Introducing the radial derivative djdq in E 3 (), 
with pole at (0, 0, 0), which is the same as the derivative along the bicharac- 
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teristics issuing from the vertex of C, with Q = r as parameter, we may write 
for (24) 

W / 3 \ 

(26) +r i 2^ + ^_i F==0 , 

OQ \ isa i / 

which gives, integrated, 

(27) v = *ex P { f V (i,f. 

V J Xf.! 

with the integral taken along a bicharacteristic. There, Jg is constant, that 

is, independent of Q, and Q~ I (^ ^f t +&> ) is bounded. In the integral, Q 

W / 

varies from at the vertex to Q at the other end of the bicharacteristic 
segment considered. The constant of integration X is a function of the para- 
meters which fix the individual bicharact eristics; for such parameters we may 
take the angular coordinates, say 6 and 9?, in a system , 0, (p of polar coordi- 
nates in E 3 () with pole at (0, 0, 0). We may also think of A as a function, 
which we must assume to be regular and accordingly bounded, on the unit 
sphere U: ff+ff+ff ! Now A actually must bo a constant, which may be 
taken equal to unity. This may be concluded from Hadamard's solution 
formula of Cauchy's Problem for the equation Z[] = 0, but it also results 
as a first consequence of the subsistence of (25) at the vertex. By (8), in 
fact, we may write 



with H meaning H 3 . If we use polar coordinates Q, 0, <p in E 9 () and expand 
the left hand member of (25) with V substituted from (27) into a power series 
in Q, which also will contain negative powers of Q, we get as a first term 
HW/Q*> and (25) then implies H[X] = 0. Now this equation has no solution 
regular on U except A = const. This follows most easily from the fact that 
in a stereographic projection of U on a plane with the rectangular coordi- 
nates a, j8, H[X] = goes over into 9 2 A/da 2 +3 2 A/a 2 = 0; A is regular and 
bounded in the whole plane, and thus must be a constant, according to a 
well-known theorem of potential theory. 

Thus V is the product of jo 1 and the function 

exp 

which continuously takes on the value 1 at the vertex. 

The problem of compatibility of (24) and (25), with A = 1 as an addi- 
tional condition, may be tackled in a variety of ways. Thus one may, after 



( r e - l (l *&+*<>} dg 
\ J o \*-i / 
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introduction of polar coordinates, use (24) to eliminate from (25) all deriva- 
tives with respect to Q. More generally we shall consider as coordinates not 
p, 0, (p, but a, 0, (p, where a g(q, 6, <p) with g Q > 0. Then the bicharacter- 
istics still are given by = const., q> = const., and we have 

dq da e 

First transforming equation (25) using the coordinates a, 0, (p, and then 
eliminating all derivatives with respect to a, we obtain equation 

where oc n , , y are functions of or, 0, 9?. This last equation we shall consider 
for fixed, small values of a] geometrically, this means a restriction of variabil- 
ity of the points (x 1 , x z , x 3 , t) to a closed manifold T a on C near to the ver- 
tex, or of (f x , f a , 3 ) to a closed manifold in 3 (), containing (0, 0, 0) in 
its interior. 

Since (28) was obtained by an elimination process from an elliptic 
equation and a first order equation, both in a 3-space, it must be elliptic. If 
we can show that either y ^ or y ^ 0, but not y = 0, holds on T a , for 
some value of cr, we can from known theorems about maxima and minima 
of solutions of elliptic equations conclude that there must exist a point P of 
T a where V vanishes. But then (24) tells us that V must vanish along the 
whole bicharacteristic going through P, and therefore also at the vertex, 
contradicting (27) (with A = 1). 

As for y, it will depend on the function g(q, 9, <p). We can also consider 
transformations of L\u\ of the kind which do not affect the validity of Huy- 
gens' Principle, especially the transformation L-^ii^] = jp~ 1 L[Z ; '%], where 
F is an arbitrary function, ^ , in E(X, t). Then L has the same form as 
L and may replace it for our purposes. We may thus let y depend on two 
arbitrary functions, which generally may be chosen so as to insure the non- 
vanishing of y on T a for sufficiently small values of a. The exceptional cases 
are the only ones in which Huygens' Principle can be valid, and they have 
to be singled out, essentially by algebraic methods. As a matter of fact, we 
do not need both functions g and F for this purpose, or at least only to a 
limited extent. 

The method just described was my original method for tackling the 
problem. In principle it may be generalized to equations with non-constant 
coefficients; linear homogeneous equations of the types of (24) and (25), 
that is, one first order equation which is an ordinary differential equation 
along any bicharacteristic and one second order equation, may be derived 
without difficulty. Also a second order equation corresponding to (28) which 
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contains derivatives with respect to two variables of a closed manifold may 
be derived similarly as above; and it may be proved that this equation is 
elliptic. But the calculational difficulties are increased to a very high degree; 
my treatment of the general problem along these lines proved cumbersome 
and has not been fully explored. One of the reasons for the unwieldiness 
of the method is that the expression obtained for y contains derivatives 
of the square-of -distance function jT up to second order, and for a power 
series expansion third and fourth, and possibly still higher, derivatives of 
F at the vertex are needed, and the structure of these derivatives is far 
from simple. 

Even for the special case (2 1 ) of L[u] = 0, a different more direct proce- 
dure, which I at first had avoided, proved to be considerably easier. Let us 
instead of 

__ 1 ( f ?1 /v \ \ 

Q I J Q \JTi * / / 

consider the"" function 

(29) v = log (QV) = f V 1 (I . ti+bQ\ Aq 

J o \*-i / 

for which (25) goes over into 



where the variables in v (and V) are denoted by |j , | 2 , | 3 , and where 
Q = (|2_|-||-|_|2)&. ^ ^ e bicharacteristics are represented by the straight 
lines in E 3 ( ) issuing from the origin (0, 0, 0), we may express f 1 , f 2 , 3 , 
along a bicharact eristic joining (0, 0, 0) and (| x , | 2 , | 3 ), by putting 

it = /*f t , Q = w>, and # t == x tQ 
We then may write 



(31) 



It is now seen that the differentiations of v in (30) may be carried out under 
the sign of integration in (31). In the following calculation the arguments of 
#1 , #2 a z > b an( i their derivatives are to be x w -\-fj,i lr , t jLiQ in the in- 
tegrands, and E 10 +li , * , ^ Q outside the integrals. We find 



-i 



r 1 r 

- = t 

f< JoL * 



- ---- I \du. 

p 
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Integrating by parts, 



we find that we may write 

(32) gt^ = I t +ga t +j t b, 

where 

r< r /3, a,\ /aa, a*\ e t /da, db 
J ' = J o L f ' t, - 5^) +e I aT + aj ~ 7 5 f ' I"* + feJ e ' 

Similarly we find, with 

_ - 



(33) 



3 

Making use of the equation 2 l<^< == 0> we finally get from (31) and (30) 

t=i 



Q 



(34) 



Here we obviously may write O(Q*), 0(^ 3 ), 0(^ 2 ) for the first, second and 

3 

third left hand term, respectively (the sum being considered as a single 

?-=i 
term). From this we conclude that at the vertex, we must have 

(35) c _|* ?+62 _ i|^_ |^o. 

il i^i OX t Ot 

Now we may take any point as vertex, so that (35) must be true generally, 
and we may cancel the last term of (34). If we thereafter divide (34) by Q B 
and then let Q go to zero, (| x , | 2 , | 3 ) sliding along a fixed bicharacteristic 
with iffy = r\ i = const., we get at the vertex 

(36) 
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Equation (36) has to hold for any unit vector (^ , ?; 2 , ?? 3 ), which implies 
that each term of the left hand side of (36) must vanish: 



2^--a?-=rUS + S) = o. ,' = 1,2,3, 

( ' 1 391. -391, 



(37) must hold for any point in the same way as (35), and the second 
term of (34) may be cancelled. 

Because of the definiteness of the first term of (34), each individual in- 
tegral must vanish. From this we conclude that the following equations must 
hold at the vertex, arid therefore at any point: 

da* da, 

a--;r-= ' M~ l > 2 >' 3 > 

3*. to, 

da t db 

a/ + 5" = ' f = 1,2,3. 

ot ox t 

The equations (37) are seen to be a consequence of (38) and thus need not be 
considered separately. 

From (38) we conclude that there must exist a function F ^ such that 

9 log F _ 1 dF 

* = ^T = ]Fav 

_ a log F _ 1 dF 

"~ "~ dt ~ 1? ~di ' 
Then (35) gives 

(40) C = 

Finally we find 



and thus L[u] must be equivalent to the ordinary wave equation, in full 
accordance with Hadamard's Conjecture. 

A proof of this fact was, I think, first published by Mathisson, who used 
a method different from those described in this paper; namely operating not 
on the diversor factor V ', but on another function, the so-called parametrix. 
However, both functions may be shown to be closely related. 

Later Hadamard published a proof of the same fact. But already his 
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book Le Probl&me de Cauchy contains two equations, namely (39') on p. 133, 
with an integral counterpart (41) on p. 141, and an unnumbered equation 
on p. 141, on which an investigation of Hadamard's Conjecture for a space 
of four variables may be based also in the general case of nonconstanl 
coefficients. 

Let L[u] = be the equation of Huygens' type, in a 4-space, which is 
to be investigated. Then for Hadamard's equation E on p. 104, for which he 
writes F(it] and from which he derives his just mentioned equations 
(39') and (41) with an object-function U, one has to take the adjoint of 
L[u] 0. For L[n\ ~^=L[u], (39'), considered at first on a characteristic 
semicone C, is seen to be equivalent to equation (24) of this papor; also, (41) 
and our equation (27), with A 1, correspond to each other, giving U = 
const. qV. Now Hadamard, by an extension, supposes (39') and (41) to hold 
on any geodesic issuing from the vortex, and not only on the geodesies of 
length zero. In this way a regular function U is defined in a domain, say K, 
containing the vertex. In K we then may consider the expression F{U)\ 
Hadamard's unnumbered equation on p. 141 then says that in case of validity 
of Huygens' Principle we must have F(U) = valid on C, but generally not 
in K. It may be proved that our equation (25) with V = const. U/Q can be 
derived from this equation, together with Hadamard's equation (39'). 

Even though the extension of Hadamard's equations from C to A" con- 
tains a certain disadvantageous arbitrariness, it brings at the same time the 
advantage of more symmetry to the analytic problem, bought, as often is 
the case, at the price of an additional equation, namely that of (7, or F =-- 0. 

In seminar talks given last fall at the Institute of Mathematical Sciences 
of New York University, I mentioned the existence of equations of the form 
L[u] = with complex coefficients which obey Huygens' Principle. In this 
case the definiteness of the first term of (34) becomes meaningless, and there- 
fore we do not arrive at the system (38), but at another less stringent one, 
namely 

d#o 9# 9 iddi db \ 
r J -a J=w 1-57 + V" )' 

OX 2 OX 3 \ Ot 0X^1 

(42) a - =-: si ( H ) , 

Sx 3 ox^ \ dt dx^/ 



Later my attention was called to Hadamard's paper in Ann. of Math., 1942, 
where, by way of an example, he has shown the existence of Huygens' 
type equations of the form L[u] = 0, with complex coefficients. 
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A comparison of (42) with the equations of electrodynamics shows that 
the coefficients a^ , a% , a 3 , b (or rather a , a% , a 3 , ib) may be considered to 
form a four- vector potential, giving rise to a six- vector which is "self-dual" 
or "oppositely self-dual". In a manner well known in electrodynamics, this 
six-vector may be considered as an array containing the components of 
H+iE, or of HiE, where H is the magnetic vector and E the electric 
vector of an elect rodyn ami c field. 

From (42) it follows that Maxwell's Equations for vacuum will be 
satisfied. 

If we conversely take H and E satisfying Maxwell's Equations for 
vacuum to be given primarily, the vector (a^ , a% , a B , b) will be fixed ex- 
cept for an additive (complex) gradient vector, say (SA/dx 1 , BA/dx 2 , 
dA/dx s , BA/8t), and with a corresponding degree of indetei minacy, we get 
an equation L[u] = 0, or rather an operator L, of Huygens' type, which may 
be said to be associated with the electrodynamic process in question. 

A connection of Maxwell's Equations with the equations of Huygens' 
type, namely the equation (37) and the equations of the general case corres- 
ponding to (37), has also been noted by Paul Giinther in his paper, already 
cited. He does not, however, consider complex four- vectors, nor does he esta- 
blish the existence of an associated operator L, since he is mostly concerned 
with the general case, and from the point of view of real numbers. For this 
case he gives sets of necessary conditions for the validity of Huygens' 
Principle. 

I have included in this paper more material than I was able to present 
within the time limits of my talk at the Conference; still many proofs and 
a fuller account of my investigations had to be left out. 

Received January 20, 1956. 
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Multivalued Harmonic Functions 
in Three Variables* 

STEFAN BERGMAN 

Stanford University 

1. Introduction 

The basic idea of the method of the integral operators in the theory of 
partial differential equations is to introduce a mapping of solutions of a 
differential equation onto the space of analytic functions of one or more 
complex variables. Since, in contrast to the solutions of an equation, the 
analytic functions form an algebra (i.e., the sum and the product of two 
analytic functions yield again analytic functions) and also the theory of func- 
tions is more developed than the theory of solutions of differential equations, 
we can use properties of analytic functions in order to deduce various theo- 
rems about differential equations. 

In the case of linear differential equations in two variables with analytic 
coefficients (and of elliptic type), the theory of integral operators has been 
developed to a large extent. These operators generalize the operator 
"$te" (= take the real part) for harmonic functions of two variables (see 
[2, 3, 4, 5, 12, 13, 15, 16]). It is the aim of this paper to indicate how to pro- 
ceed in the case of equations in three variables. It seems that in this case the 
choice of analytic functions of two complex variables will serve us better 
than the choice of analytic functions of one complex variable (see [1, 6, 7, 
8, 9, 10]). 

In the present article we shall limit ourselves to the consideration of 
harmonic functions, but we wish to stress that similar procedures can be 
used for the study of other differential equations in three variables (see also 
Section 6). 

In particular, using the mapping mentioned above we shall derive 
various properties of certain classes of multi- valued harmonic functions. 

2. An Operator Transforming Analytic Functions of Two Variables 
into Harmonic Functions of Three Variables 

Let H(x, Z, Z*) =E H(x, y t z) .where Z = (iy+z)l2 t Z* = (*y *)/2 
denote solutions of the differential equation 



*The work for this paper has been supported by the Office of Naval Research. 
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(21} L+ i.* A ~* H - 

k ' ' dx* ^ dy* r dz* "~ dx* dZdZ* 

Furthermore, let {#(r, T*)} be the algebra of analytic functions of the form 
(2.2) X (r, T*) = 2(TT*)*fc(T, r*)+* 2 (r, T*) 

where % 1 and # 2 are analytic functions of two complex variables, T and T*, 
and are regular at the origin. 

Then the integral operator C 3 (#) == C 3 (#, L\ X ), 



-ij r ..^ 

m JLJT^Q 



X = (*, y, *), *o = (*b > 0o , ^o). 

where w == o?+ZC+^*C~ 1 and L is a rcctifiable (closed or open) curve in the 
f-plane, transforms functions ^(r, T*) mentioned above into harmonic func- 
tions H(X) =s H(x, Z, Z*), provided that the differentiation under the 
integral sign is permitted for X N(X ). N(X ) denotes a sufficiently small 
neighborhood of the point X . 

If L is the curve [|| - 1] and X = 0, then the inverse mapping is 
simple: if H(x, Z, Z*) is a solution of (2.1) which is analytic at the origin, 
then 

(2.4) X(Z, Z*) = H(2(ZZ*) y *, Z, Z*). 



Remark: Observe that %(Z, Z*) is the restriction of the values of 
H(x, Z, Z*) in the characteristic space # 2 4(ZZ*) s= x 2 +y z +z* = 0. 
The mappings (2.3) can be written in the form 

(2.5) C,fe) = B 3 (/, L; X ), B,(/, L; X ) ^ -L f /(, f ) * , 

wTTZ / L ^ 

(2 .6) /(,, o = 2 f * ^W^Lfp rCT , r 

Jo du 

where f(u, C) is an analytic function of two variables u and f (see [1, 6, 7, 8 
9, 10]). Expression (2.5) is a generalized and modified Whittaker represen- 
tation for harmonic functions. 

We call f(u, f) the B 3 -associate of H with respect to the curve L and 
the point X . Similarly #(Z, Z*) is denoted as the C 8 -associate of H with 
respect to the curve L and the point X . 

There is a number of differences when we compare the operator 
Sie\i(X+iY)] and the operator C 3 (#, L; X ). 

1. If we vary the point X then in general the resulting harmonic func- 
tion will vary. Indeed, if the curve L is a closed curve the integral 
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If d 

-- f(u, C) will yield the sum of residues and periods of the function 
2m JL C 



~ 1 ' ?)> ly m inside L. If (x , Z , Zj) varies, some singular- 
ities of / (considered as a function of f for X N(X G )) can slip in or out into 
the domain bounded by L and the periods can change so that B 3 (/, L\ Af ) 
can have jumps if X (or L) varies. Consequently, the operator B 3 may 
generate completely different harmonic functions for different values of X Q . 

2. In the case of the operator "3le" (used for harmonic functions of two 
variables) the associate is again a function of two real variables X and Y, 
while in the case of three variables the associate #(Z, Z*) is a function of 
four real variables. 

It is clear from the above remarks that one can study singularities and 
analytic continuation of harmonic functions by varying the path L in an ad- 
missible way. We wish to stress, however, that the singularity surfaces in 
the complex space may reduce to points when we consider x, y, z as real. For 
instance in 

H(X) = ----- , a real, 

V ' (x-*iy+y*+z*> 

the singularity line reduces to a point for a = 0. 

3. A Remark about Algebro-Logarithmic B 3 -Associates 

Let us consider the application of our procedure to tht> study of har- 
monic functions H whose B 3 -associatcs are algebro-logarithmic functions. 
This class includes all harmonic functions H which are rational in x, y, z. 

Indeed, if H is rational then, according to (2.4), the corresponding 
function # is a rational function of Z % and Z*^ 2 . When we substitute for 
Z and Z* the expressions tt~ l T 2 and wf(l T) 2 , respectively, the function 
X will be rational considered as a function of T. According to (2.6) we obtain 
f(u, ) by one integration and therefore the resulting function / must be 
algebro-logarithmic . 

4. The Harmonic Functions with Algebraic B 3 - Associates 

The simplest class of harmonic functions which can be investigated by 
using the method of integral operators is the class of harmonic functions 
with rational B 3 -associates. The theory of these functions is discussed in 
[1, 7, 8, 9, 10] and the papers mentioned there, and we shall not consider this 
case in the present paper. 

The next class which can be investigated along similar lines is the class 
of functions H with algebraic B 3 -associates. In the following we shall show 
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that the classical theorems in the theory of integrals of algebraic functions 
of a complex variable can be interpreted not only as theorems on harmonic 
functions of two variables but also as results about harmonic functions of 
three variables. 
Let 



be a rational function of 5, u and f where 5, u, are connected by an equa- 
tion 



(4.2) a(S, u, C) = AI(U, QS'+A^u, t)S- l + - +A n (u, C) = 0. 

A v (u, ) are polynomials in u and f . If we replace in (4. 1 ) u by x+ Z + Z* - 
the resulting function 



is, for every fixed X, an algebraic function of . Substituting 



jy 2 

x-\ - - f-|- - f- 1 forw into (4.2) and multiplying (4.2) by a conveniently 
2i 2t 

chosen power of f we obtain the equation 

(4.4) / (f, S; X) =-- AM; X)S n +A 1 (^, X)S-'+ +^ B (f ; X) = 

where the ^ are polynomials in f and x, y, z. 

Let L be a cZoserf curve in the C-plane. 1 We consider the class P(S, L) of 
harmonic functions with {f(u, )} as B 3 -associatcs, where f(u, f) are of the 
form (4.1) and 5 and u are connected by relation (4.2). We are interested in 
properties of this class when L varies. 

According to Weierstrass ([18], p. 264; see also [1, 17]) every algebraic 
function F( t S; X) defined on a Riemann surface 9ft (X) can be represented 
in the form 



(4.5) "- 1 

-2 te?ff.(t. S) -fi./C(C, S)]+ |; [i F V (C, 5)1 

o-l Lrl J 

where ^ is the genus of the Riemann surface 9t(X), w is the number of in- 
finity points of F, r is a finite integer, # a (C, 5), (, S), T(t , S v ; , 5) 
are Weierstrass integrands of the first, second and third kind, respectively, 
jp,(, S) are conveniently chosen rational functions of f and 5, (,,), 
v = 1, 2, , p> are infinity points of H( v , S v ; f, 5) on the Riemann sur- 

1 Analogous results can be stated in the case of an open path L. 
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face {R(JO and C 9 (X), g*(X), g a (X), (*), S 9 (X) are algebraic functions of 
x, y, z (because the expressions for these coefficients are computed from F 
by using only algebraic operations). 

Let Q be the genus of the Riemann surface (4.4) and let F(f , S; X) be 
given by (4.3). 5 and f are connected by (4.4). We assume that if X varies 
in a neighborhood N(X Q ) of a fixed point X then for f L, Q is constant. The 
study of the period properties of the class P(S, L) is, therefore, reduced to 
the study of the periods 



J c JT. 



e , 



C is a closed curve on the Riemann surface (4.4). 

Each of the above integrals has at most 2^> different primitive values 
when for a fixed X, C varies in the f -plane. 

We denote by 2 

%<<#> 2 y*p> 0*(fc. S,), oc = 1, 2, - - - , Q, 

24, 2^, fiJ(C rf SJ, j8 = 1, 2, , 2 Q , 

the values of the above integrals taken over the Q cycles and Q conjugate 
cycles of the Riemann surface $l(X). Thus 



= 2 

(4.6) 



oc=l 



(see [18], p. 400). 

r 

Notice that C v , gj, gj', g a , g and 2 ^(f> 5) are algebraic functions 
of #, y t z. "- 1 

According to Weierstrass (see [18], pp. 330332) there exist the follow- 
ing relations among the various values of the periods of the integrals of the 
first and of the second kinds: 



2 Of course, all these quantities depend also on X. It should be noted that in this paper the 
primes do not represent derivatives. 
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= 0, ]T KXy- ft) /Xv) = 0, 

yl 
Q 

= > 2 

y=l 

f' 

= 

, 



^w \ ivkp PY Pr i<XY' \ ft __ 

V 2t 

We associate with the class P(5, L) of our functions certain 0-functions 
defined as follows: 

0K, ,.;*) 

/^g\00 00 / Q Q Q Q C \ 

where 



fv 3co '1 i ii 

** = 2 ^ rf "- 1 . w = IJ 

L y -10Va J 

* r da> i 

ft. = 2 4i v "/ = 2 aT-**- 

a-l L a _j (70)^ J 



(see [18], pp. 531 ff. and 552 ff). These functions have the property that for 
XeN(X ), where N(X ) is a sufficiently small neighborhood of X , 

0(u l +2eo v ,, w e +2o) e/ , ,X) = Ofa,- ;u t , X) exp ( J 

\ a~l 

flK+2o^ , -, .+2o>^ . Jf) = flK ,--,,, X) exp ( 2 S 

I a=l 

hold. 

We shall show that the functions ^ a/3 , r/^ , ^ and ^ , a, ^ = 1, 2, , Q, 
introduced in (4.6) can be expressed in terms of these 0-functions, their 
derivatives, the integrals /(, 5, X] of the first kind, eo ajg and co' aft . By 
showing this we shall establish the following result: 

// H is a junction of the class P(S,L) (see p. 330) then, for X N(X Q ), 
H can be expressed in a closed form by a finite combination of integrals of the 
first kind f v (^ > S^ , X), the periods co v (X), o)' v (X) of these integrals, 0-func- 
tions, their derivatives and algebro-logarithmic expressions. Here ^ , S^ are 
algebraic functions of X = (x, y, z). 

In order to prove our statement we shall introduce the following notation 
(see [18], p. 516): 
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E,(t, S) = exp {Q f (t, S)} = exp ( J c H(t, S; ?', S')d? } , 

E'tf, S) = exp {flJ(C, S)} = exp j J^, H(C, S; f ', S'W } 

where c and c' are cycles and conjugate cycles on the Riemann surface (4.4) 
(for a fixed X), respectively. The functions 

(4.12) W. log . log, J-l. I."-.,. 



form a primitive system of periods of the integral 
(4.13) 7(. S; C lf S lf :, S ) = J^ {H&, S,; ', S') 

where (? , S ) and (d , S a ) are two arbitrary different points on the Riemann 
surface and f, S' are connected by the relation (4.4) (sec [18], p. 399). 
We note that 

uu\ 

(4.14) 
where 



and f and S are connected by the equation (4.4). 

Considered as a function of (f, 5), F becomes infinite at the points 
(C', 5'), (tfj , &i), - , (a Q , b Q ) on the Riemann surface (4.4) (see [18], pp. 61, 
63). Therefore H(, 5; f, 5') is a rational function of f and 5 with a zero 
at (a , 6 ) and poles at (a x , 6 X ), - , (a c , b Q ). 

With the above formulas and the notation 

(4.15) J a (t,S)=fi' S > Htf.S'W. 

a = 1, 2, -.., e , 



there exists the following relation between the periods of the integrals of 
the first kind and those of the second kind (see [18], pp. 373, 486, 597, 599): 

2<?-2 

*)-i I h(P,, yJ-AK, &.), ] 



, 
(4.17) e a (fj , s.)-t 2 
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Here the (p v , q v ) are zero points of the expressions 



2 #;#(, S) 
fi=l 

where K , K^ are essentially arbitrary constants, and (f , 5 ) is essentially 
an arbitrary point on the Riemann surface (4.4) (see [18], p. 693). 
Following [18] pp. 306307, we have 



f H(t , S; f, S')d? 33 fl,(f, S) 

Jcp 



2 

aI 



The ^ have been expressed in (4.17) in terms of periods of integrals of the 
first kind. In view of the relation 



r 2e-2 -i 

AC, S)-i 2 A(^, ?,)-AK, 6.), - 

L y.= l J 



r 2e-2 

[AC. s)-i 2 A&. ?v)-AK, ft.). - - . 

[2e-2 -i 

7iK> o)-* 2/i(^> ft)-/i(- & ), -J 



(see [18] p. 599), we have shown that Qp( v , S,,) can be expressed in a closed 
form in terms of integrals and periods of the first kind. 

5. A Class of Multivalued Harmonic Functions 

Multivalued solutions of partial differential equations of two variables 
of elliptic type have been shown to be of considerable importance in physical 
applications, for instance in the theory of compressible fluids. 

The theory of multivalued solutions in three variables also has various 
applications in physical problems. The first step in studying these solutions 
is to consider the harmonic equation. Using the above results and the theory 
of integral operators we shall obtain various results in this direction. 

The elements H of the class P(5, L) are, in general, multivalued har- 
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monic functions. In the previous sections we showed that they can be re- 
presented in terms of finitely many of them. We shall study the singularities 
of these functions and their developments in the neighborhood of their 
singular lines. 

For the sake of brevity, we shall consider a simple case, when the equa- 
tion (4.2) has the form 

a(S, u, C) s S^[ 

( ' J 



C , BQ, B lt B_ lt AQ, A lt A__ lf A z , A_ 2 are complex constants. 3 

By a convenient transformation (see e.g. [1], p. 553) our investigation 
can be reduced to the study of the periods of the integrals 



where 

(5.3) 5 2 = V^(l~ 

and G*(X) and k(X) are algebraic functions of x, y, z. 

The periods o> = 5 (AT) of the first integral in (5.2) (i.e., for = 0) 
satisfy the equation 4 

d 2 a) 2 da> 1 

(5.4) 2k(k-l) -- A - r +2(2A-l) + -5 = 

while the periods of the third integral satisfy the equation 



(5.5) 

dQ 

+ 6(11^-9C* 4) - +9.Q = 0. 
dk 

These equations are of the Fuchs type. The periods co and ^ of the first 
two integrals are singular on the lines 

(6.6) 9te [k(X)] = 0, Jm [k(X)] = 0, 

(5.7) e [k(X)] = 1, Jm [k(X)] = 0, 

(5 - 8) 



while the third integral, in addition, becomes singular on 



Similar results hold also in the general case. 

*o>, ??, and Q are obtained from co, 77 and ? by a linear combination of the latter 
functions. 
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(5.9) &e[k(X)} = #*[* (AT)], Sm[k(X)] = 

In the neighborhood of (5.6) two independent solutions ct)i(X) and 
ca 2 (AT) can be represented in the form 



where 



One obtains similar representations for the development of functions in the 
neighborhood of the lines (5.6), (5.8), (5.9). For details see [1, 14]. 

6. The Generalization of the Method of Integral Operators to the 

Theory of Differential Equations and Systems of Differential 

Equations in Three and More Variables 

The next step in the development of the approach based on the theory 
of integral operators consists in the generalization of our procedures for the 
study of harmonic vectors q, satisfying the system 

(6.1) curlg=-0, divg = 0. 

The vectors q can be considered as a generalization of analytic functions of 
a complex variable. 

We obtain for q the representation 

q = ( B 3 [/, L, X ], B 3 \- 

(6.2) l L ^ 

0, L, X ]-Sm[g(Z)] 



in terms of an arbitrary function f(u, ) of complex variables u and f and in 
terms of an arbitrary function g(Z) of the complex variable Z = y+iz 
([8], p. 488 ff.). See (2.5). 

In the case of differential equations 

(6.3) rfo)sJ^+C(rtf = 



where C(r 2 ) is an entire function of r 2 = x*+y*+z 2 we can determine to 
every C(r 2 ) a function J5(r 2 , a 2 ) defined for <: r 2 < oo, ^ a 2 ^ 1, such 
that the operator 

(6.4) P 3 [H(X)] = H(X)+* B(r, o*)H(o*X)do 
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yields solutions of (6.3). Here H is an arbitrary harmonic function of three 
variables which is regular at the origin (see [7], p. 500). 
Combining (6.4) and (2.3) we obtain the representation 

(6.5) *(a,Z,Z*) = p,[C,(z(Z,2r*))] 

of solutions of (6.3) in terms of analytic functions of two complex variables 
Z, Z*. 

The inverse operator, i.e., the operator yielding %(Z, Z*) in terms of <j>, 

(6.6) X (Z, Z*) = <f,(2(ZZ*)%, Z, Z*) 

is independent of the coefficient C of equation (6.3) (see [8], p. 502 and [7]) . 

Remark: The representation (6.4) can be generalized to the case of the 
differential equation 



(6.7) AJ+A (r) * +y +z +C(r*)+ = 



where A(r 2 ) and C(r 2 ) arc entire functions of r 2 (see [7], p. 424). 
Operators yielding solutions of the differential equation 



(6 - 8) + + + - F(Z '^ =0 ' s==lor2 - 

are discussed in [19]. 

Similar integral operators can be derived for certain systems of linear 
partial differential equations, e.g., in [11] functions ip = tp(x l , x% , x s , # 4 ) 
satisfying the system 



are considered. Here F M+l (K or 1) is an entire function of two variables 
^1+2* > x z+2x' ^ n [^] ^ e following representation of y> in terms of two 
functions of two complex variables / and g is derived: 



EI(Z, z, t)Ei(w t w, r) 

t^-lJr^-l 



Here z = x l +ix 2t w = x 3 +ix^, z = x 1 ix 2 B.n(iw = o; 3 ix. ^and 2 are 
generating functions which depend only on the equation, i.e., on F l andF 2 , 
while / and g are two arbitrary analytic functions of two complex variables 
which are regular at the origin. 
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Survey of Local Properties of Solutions of Elliptic 
Partial Differential Equations* 

LIPMAN BERS 

1. Introduction 

The early stages of the theory of partial differential equations were 
dominated by the search for general solutions, that is, for explicit formulas 
involving arbitrary constants and functions which express all solutions of the 
equations considered. Later it was recognized that such general solutions 
can be found only in exceptional cases and that their knowledge does not 
necessarily lead to the particular solutions needed. From then on the pri- 
mary aim was to find particular solutions satisf ying given initial and boundary 
conditions. As far as linear elliptic equations are concerned this task is now 
nearing completion. Recently, however, the interest has shifted again to the 
study of properties of solutions, without regard to particular boundary con- 
ditions. This shift of interest has been brought about by the needs of the 
theory of nonlinear equations. In a certain sense, therefore, we are again 
interested in the general solution, but by a general solution we now under- 
stand not an explicit formula but rather the whole class of functions satisfying 
the given equation. 

This talk is a report on one phase of the theory of classes of functions 
satisfying elliptic partial differential equations. We are concerned here 
with the local behavior of solutions, that is, with properties near a point. 

In investigating such properties it is important to make as few hypoth- 
eses on the coefficients as possible. In fact, experience shows that the 
natural and therefore simplest proofs are usually found when no unnecessary 
hypotheses are made, even though at an early stage of an investigation it 
might be convenient to make additional assumptions. There is also a good, 
purely technical, reason for trying to develop a theory of linear elliptic 
equations under minimal assumptions on the coefficients. This reason was 
clearly pointed out by Schauder [43] many years ago. If one wants to study 
smooth nonlinear elliptic equations, even analytic nonlinear equations, it is 
convenient and sometimes indispensable to have precise information on 
solutions of linear equations of as -general a nature as possible. 



*The work for this paper was sponsored by the Office of Ordnance Research, United 
States Army, under Contract DA-30-069-ORD-835. 
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2. Smoothness of Solutions 

A characteristic property of elliptic equations, not shared by equations 
of other types, is the fact that solutions are as smooth as the equation permits. 

Consider the linear elliptic equation of order 2m ^ 2 for an unknown 
function of n ^ 2 independent variables (/>(x l , , x n ) = <f>(x)\ 

2m d v 6(x) 

(2 .i) ^22^^) * ; o. 

V=Q (V) ox i OX n 

where 

I V.1 1 "#> f r '?+" + > ' 
(2m) l 

(Here and hereafter ]T indicates summation over all non-negative ^ , - , i n 

(") 
with /!+ +z n ~ r.) If the coefficients are real analytic, so are all 

solutions (John [35]) . If the coefficients are Holder continuous, all solutions 
have Holder continuous derivatives up to order 2m. This was proved by 
E. Hopf [34] for m = 1, but his proof is easily modified so as to cover the 
general case. If the coefficients have Holder continuous derivatives up to 
the order k, then the solutions are 2m~\~k times Holder continuously differ- 
entiable (Douglis and Nircnberg [20]). 

By introducing new dependent and independent variables, an equation 
of the form (2.1) can be transformed, locally, into an equation of the same 
form not involving explicitly the unknown function or its first derivatives 
[10]. This permits us to weaken somewhat the hypotheses made above. 

Similar results hold for elliptic systems, but in this talk I shall restrict 
myself to a single equation. 

3. Zeros of Infinite Order and Unique Continuation 

If the coefficients of the equation (2.1) are analytic, it is trivial to see 
that a solution which has a zero of infinite order, that is, which vanishes at 
a point X Q faster than any power of (a? # |, vanishes identically. It seems 
highly likely that this statement, which implies that solutions of elliptic 
equations possess the very important unique continuation property, is true 
also for the most general non-analytic linear elliptic equations and systems. 
But positive results have been achieved only in special cases. 

The answer is completely known for m = 1, n = 2. If the coefficients of 
the equation are, say, Holder continuously differentiate, the unique conti- 
nuation property follows from a well known theorem of Carleman [18]. 
(For other proofs of this theorem see [9] and Vekua [45], cf. also Gergen and 
Dressel [24, 25, 26].) But the unique continuation property also holds under 
more general conditions. Consider a second order elliptic equation 
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(3.1) ^l^ + ^&^+^J^ = 

with a u a 22 al 2 == 1 and with measurable coefficients. We assume that the 
equation is uniformly elliptic, i.e., that the coefficients are uniformly 
bounded. By a solution we mean now a continuously differentiable function 
which possesses strong L 2 derivatives of the second order in the sense of 
Sobolev and Friedrichs. Nirenberg and the author showed [16, 17] that for 
such equations the unique continuation property holds (for equations in- 
volving only the highest derivatives this follows also from the work of Mor- 
rey [36]). The boundedness condition on the coefficients of the first deriva- 
tives and the unknown function maybe weakened. Tt is, for instance, enough 
to assume that the coefficients belong to L p for some p > 2. 

For the case n > 2, m = 1 there exists the following result (Miiller [37], 
Heinz [32]): a solution of the equation 

(3.2) A<l>+Z*.(*)h t +o(x)t = V 

t=i 

which vanishes at a point of infinite order vanishes identically. 

The theorem on the non-existence of zeros of infinite order implies that 
the Cauchy problem for an elliptic equation cannot have more than one 
solution, but the converse implication has not been established. For elliptic 
systems of first order equations in 2n > 2 dependent and two independent 
variables the uniqueness of Cauchy's problem is known (Carlcman [19], 
Doughs [20], Hartman and Wintner [28]) but the problem of zeros of in- 
finite order is open. 

4. Zeros of Finite Order 

At a point x at which the solution of the elliptic equation (2.1) with 
Holder continuous coefficients vanishes, but not of infinite order, the asymp- 
totic behavior of the solution may be completely described [10]. Without 
loss of generality set x 0. There exists a homogeneous polynomial 
p N (x) ^ of degree N such that 

(4.1) +(*)=PN(*)+O(\X\+') 

where e is a Holder exponent of the leading coefficients, < e < 1. This 
asymptotic formula may be formally differentiated 2m times. (This means 
that every derivative of </> of order / 5j 2m is "asymptotic" to the correspond- 
ing derivative of p N .) It may be formally differentiated 2m+k times if the 
coefficients are k times Holder continuously differentiable. The polynomial 
p N satisfies the osculating equation 
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For the case n = 2, m = 1 stronger results are known. For instance, an 
asymptotic formula of the form (4.1), which may be formally differentiated 
once, holds if the leading coefficients are Holder continuous and the others 
belong to L v , p > 2 [12], For uniformly elliptic equations with bounded 
measurable coefficients one may define the topological order of a zero and 
give some estimates [16, 17], but no asymptotic formula is in general true 
as was shown by an example of Hartman and Wintner [30]. 

(For earlier work on the asymptotic behavior of the solutions of second 
order elliptic equations in the plane, see Polozii [39, 40], Bers [4, 5, 6, 9], 
Vekua [44], Hartman and Wintner [28, 30].) 

There is no need to discuss in detail the asymptotic behavior of a solu- 
tion of a nonlinear elliptic equation near a regular point. In fact, every 
solution of a quasi-linear elliptic equation is also a solution of a linear one, 
and the difference of two solutions of a general nonlinear elliptic equation 
may be written as a solution of some linear equation. 

5. Removable Singularities 

In this and the following sections we consider a (single- valued) solution 
(j>(x) of the elliptic equation (2.1) defined in a deleted neighborhood of the 
origin. 

If the coefficients of equation (2.1) are Holder continuous and 

o(\x\ Zm - n ), n > 2m, n even or n ^ 2m, n odd, 



( - ) <P( X ) ^ x \zm-n log 1^1^ n ^2m } n even, 

then the singularity at the origin is removable, i.e., <j> and its derivatives up 
to order 2m are continuous at the origin [10]. This is in a certain sense the 
best possible result. 

For nonlinear equations the theory of singularities is as yet in an em- 
bryonic stage and only episodic results are known. One encounters here, as 
one would expect, a much greater variety of phenomena. Almost all results 
known refer to second order quasi-linear equations in the plane. 

For the equation of minimal surfaces 

(5.2) (l+<)^^-^^^+(l+<)^ = 

all isolated singularities of single- valued solutions are removable [4]. This 
property is shared by a wide class of quasi-linear equations of the form 

(5.3) A (^ , <k,)^ a +2(^ , ^)^+Cfo % , fajfa^ = 0. 

An elliptic equation of this form can be always written as a conservation law 

(5 ' 4) 
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[7], Finn [23], proving and extending a conjecture stated by the author, 
showed that if the functions A l t A 2 are uniformly bounded for all values of 
their variables, then an isolated singularity of a single- valued solution of (5.4) 
is removable. This involves, of course, certain smoothness assumptions on 
the coefficients, but in the case of nonlinear equations one might, at the 
present stage of our knowledge, be as generous concerning smoothness as 
one wants. 

There exist quasi-linear equations of the form (5.3) for which isolated 
singularities are removable even if one assumes only the single-valuedness 
of the derivatives rather than that of the solution. An example of such an 
equation is the potential equation of a subsonic gas flow 

T v 1 ii/(y-D 

(5.5) (e^+(^ = ' 6SS L 1 " 2 +^ J 

where y > 1. (For more details see [8].) On the other hand, there exist 
quasi -linear equations of the form (5.3) with single- valued solutions which 
remain bounded at a nonremovable isolated singular point. An example is 
given by the equation 

(5.6) (l-<)^ 1 , 1 +2^ i ^ a ^ iCBa +(l-^ i )^ ir2 = 0, 

which is "conjugate" to the equation of minimal surfaces. The function 



is a solution of (5.6) which is continuous and singular at the origin. 

A general theory, which would bring out the underlying orderly pattern 
undoubtedly present here, is still a desideratum. 

6. The Fundamental Singularity 

For analytic elliptic equations (2.1) John [35] constructed the funda- 
mental solution, that is a solution which has a singularity of lowest possible 
order. If the coefficients in (2.1) arc constant and the coefficients of deriva- 
tives of order less than 2m vanish, this fundamental solution is of the form 

(6.1) J Q (x) = q(x) log \x\+Q(x) 

where Q is homogeneous of degree 2m n and q is a homogeneous polynomial. 
The polynomial q vanishes identically if n is odd or if n is even and 2m < n. 
For even n and 2m ^ n the degree of q is 2m ~ n. In the general case the 
fundamental solution of (2.1) is asymptotic to the solution / of the osculat- 
ing equation (4.2). Such a fundamental solution can also be constructed for 
nonanalytic equations with sufficiently smooth coefficients. For second order 
equations the theory of the fundamental solution is, of course, classical. 
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The following theorem holds for an elliptic equation (2.1) with Holder 
continuous coefficients [10]. If 

(6.2) +(x) = 0(M*"-) 
then 

(6.3) +(x) = cft(x)+o(\z\*-) 

where c is a constant, and this asymptotic relation may be formally differ- 
entiated 2m times. If e, < e < I, is a Holder exponent of the leading 
coefficients in (2.1), (6.2) may be replaced by the weaker condition 
^(a?) = 0(|z| 2w >--^), d > 0. 

For equation (3.1) stronger results are known [11, 12]. Without loss of 
generality we assume that 

(6.4) flu = 22 , a 12 = at a^ = x z = 0. 
If either < > 0, or |<| -+ +00, 

(6.5) <(z) ~ clog l^+^l 

and, assuming the coefficients to be Holder continuous, this asymptotic re- 
lation may be differentiated twice. It may be differentiated once if the 
leading coefficients in (3.1) arc Holder continuous and the others are in 
L 9 . P>2. 

7. Singularities of Higher Order 

In the case of analytic elliptic equations (2. 1 ) John [35] proved that if 
<(#) = 0(|#|~^) for some N, then the solution </> is asymptotic to a linear 
combination of the derivatives of a fundamental solution, up to order 
N -\-2m- n. It is likely that a similar result holds also for equations with 
Holder continuous coefficients, but this has not been proved. 

A complete theory of isolated singularities exists for the case n 2, 
m = 1. If the coefficients of equation (3.1) are Holder continuous, it follows 
from the theory of pseudo-analytic functions [5, 6, 11, 12, 13] that the 
following trichotomy holds: At the origin the complex gradient ^i^ has 
either an essential singularity, i.e. is not 0(|^|~^) for any N, or a removable 
singularity or a pole of integral order N. This means that, assuming (6.4), 
we have 



(7.1) fa-^ 

where c is a non-vanishing complex constant and 

(7.2) ^-''^ ~ -*vb-^ ~ -Ncfa 

Under the less restrictive assumption that only the leading coefficients 
in (3.1) are Holder continuous and the others are in L 9 , p > 2, the same 
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conclusion holds, except for the asymptotic formula (7.2). That the latter 
formula cannot be expected follows from the fact that without Holder con- 
tinuity of the coefficients one may not assert the continuity of the second 
derivatives of a solution. 

For a uniformly elliptic equation (3.1) with bounded measurable co- 
efficients it follows from the work of Nirenberg and the author [16, 17] that 
at an isolated non-removable singularity the complex gradient ^ i<f> x ^ either 
becomes infinite of finite order or has an essential singularity. In the latter 
case, if a == 0, the complex gradient comes arbitrarily close to every complex 
number. 

8. Differentiators 

If the coefficients of a linear elliptic equation are infinitely differen- 
tiate, so are all solutions. In some cases, however, solutions of elliptic 
equations with more general coefficients are still "infinitely differentiate" 
in some generalized sense. 

This fact is observed easiest for equations which can be solved by se- 
paration of variables (Beltrami [2, 3], Bers and Gelbart [14, 15], Diaz [22], 
Protter [41]) . The following example is typical of the equations treated in 
the references given above. Consider a linear elliptic equation of the form 

+^+ ' ' ' +<k n * n +M*i)^+ ' ' ' +<* W4 n = 0. 
Introducing the variables 



=JV'>#, ;= 1,2, ,, 



we write this equation in the form 



It is formally clear that if ^ is a solution, every function d</>/dXj again satis- 
fies a differential equation of the same form. For instance, y> = <f> x , satisfies 
the equation 



This procedure can be justified under mild restrictions on the coefficients. 
It is natural to ask whether similar "differentiators" exist for equations 
which do not admit solutions by separation of variables. More precisely, is it 
possible to find for a given elliptic equation (2.1) differential operators of the 
form 
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T > ft = 1, 2, ,, 

OX, 

such that whenever <f> satisfies (2.1), the function y = M k <f> satisfies an 
equation of the same form as (2.1), with coefficients subject to the same 
smoothness requirements ? If such differentiators can be found, we may talk 
about generalized infinite differentiability of solutions. 

That differentiators may be found formally for second order equations 
in the plane follows from an observation by MarkuSeviC [34]. A complete 
answer is contained in the theory of pseudoanalytic functions [5, 6, 9, 11, 
12, 13]. This theory implies the existence of differentiators for every elliptic 
equation of the form (3.1) with Holder continuous coefficients. These dif- 
ferentiators can be determined in every domain in which (3.1) has a positive 
solution. 

Whether or not differentiators can be found for equations of higher or- 
der or for more independent variables is an interesting open question. 

9 Asymptotic and Convergent Expansions 

Closely connected with the problem on generalized infinite differentiab- 
ility is the possibility of giving instead of an asymptotic formula an actual 
expansion for a solution of an elliptic equation near a regular point or a pole. 
Such expansions have been found for the cases in which differentiators exist. 

Rather complete results have been obtained in the case m = 1, n = 2 
[5, 6, 8, 9, 11, 13]. Consider an equation of the form (3.1) with Holder con- 
tinuous coefficients satisfying (6.4). There exist particular solutions of this 
equation, which are asymptotic, at the origin, to the harmonic functions 
log r, r n cos nO, r n sin nO (r, polar coordinates, n = 0, 1, ). Call 

these solutions (P(i,a^), #n(2i,#2) n( x i> x 2)- Every solution of (3.1) 
which is regular near the origin admits the unique asymptotic expansion 



with real constant coefficients a, a,, ft. This means that for k 1, 2, 



and this relation may be formally differentiated twice. Similarly, if (f> is a 
single- valued solution and has at the origin a pole of order N, then 

<f>~a&+ 5 ot^+ft,^. 

v N 

Under somewhat stronger regularity conditions on the coefficients 
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(Holder continuous differentiability of the leading coefficients is sufficient) 
the particular solutions V , & v can be determined in such a way that the 
asymptotic expansions given above converge uniformly and absolutely on 
every compact subset of the largest disc around the origin in which < is 
regular (Agmon and Bers [1]). 



10. Branch Points 

Until now we considered single-valued solutions. The theory of mul- 
tiple-valued solutions has been developed only for second order equations in 
the plane and, as is well known, is very difficult even for the Laplace equation 
in more that two variables. 

The theory of multiple- valued analytic functions of a complex variable 
is based on the concept of a Riemann surface: a multiple- valued analytic 
function may be considered as a single-valued analytic function defined on 
an appropriate covering surface. The same device works for linear elliptic 
equations of the form (3.1) since the theory of pseudoanalytic functions per- 
mits one to write every such equation in a conformally invariant form. One 
can, therefore, define branch points of finite order of a solution of equation 
(3. 1 ) and describe precisely the behavior of a solution at such a point. There 
is no need to go into details; the description parallels exactly that of a har- 
monic function, in particular, we obtain asymptotic formulas and asymptotic 
and convergent expansions analogous to those given for single-valued solu- 
tions in 4, 7 and 9 [6, 13]. 

Quite different phenomena are encountered in the theory of nonlinear 
equations. Up to now only the special case of the equation of minimal sur- 
faces has been investigated. We consider a solution <f> of (5.2) which is k- 
valued in the neighborhood of the origin, or, more generally, which has a 
&- valued gradient. If the gradient ^ i<(>^ is bounded, it attains a finite 
limit at the origin and 

(10.1) #(a?, y) = ^e{A+B(x l +ix 2 ) 1 ^ k } + 0(r^^^ k ) 

where p ^ is an integer. If the gradient is unbounded, it becomes infinite 
at the origin and the solution behaves, in general, quite unlike a harmonic 
function. This behavior can, however, be described very precisely ([4], in 
particular see the figure on page 3{>5). 

Branch points of other quasi-linear elliptic equations have not yet been 
studied. Certainly, a great variety of new interesting types of branch points 
will be uncovered by a thorough investigation. 
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11. Concluding Remarks 

We have given a catalogue of known results and open questions. Limi- 
tations of time do not permit us to discuss the methods used or the applica- 
tions of local results to problems in the large (in particular to boundary 
value problems), to differential geometry, and to gas dynamics. 

We are still far from a general theory of local behavior and it is likely 
that new methods will be needed to create such a theory. But I believe that 
the results achieved to date justify a continued interest in this field. 

Note added on January 25, 1955: A paper by Hartman and Wintner [31] 
contains a new proof of the Mullcr- Heinz result (3.). Another (unpublished) 
proof is due to Lax. The uniqueness of certain Cauchy problems has been 
established by Nirenberg (to appear) for a class of differential equations 
with constant leading coefficients. Concerning local behavior of solutions of 
second order elliptic equations with continuous but not Holder continuous 
coefficients, see a forthcoming paper by Gilbarg and Serrin and the paper 
by L. Nirenberg in this issue. 

Note added in proof, May 15, 1956: The unique continuation theorem 
(non-existence of zeros of infinite order) has been recently proved by 
Aronszajn (to appear) for second order elliptic equations with variable but 
sufficiently smooth (class C 4 ) leading coefficients. A strengthened version 
of the results reported in 9 will be found in a forthcoming paper by the 
author. 
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On the Regularity Properties of Solutions 
of Elliptic Differential Equations 

FELIX E. BROWDER 

Brandeis University 

During the past several years, there has been a great upsurge of interest 
in boundary value problems for elliptic partial differential equations and 
especially in the variational or Hilbert space approach [27, 11, 22]. To 
study the difficulties which arise in applying this technique, let us consider 
the single linear elliptic equation Au / under a set of homogeneous bound- 
ary conditions in a domain G of E n (or of an w-manifold). We may consider 
a quadratic minimum problem or, more generally, a linear functional equa- 
tion in a suitable Hilbert space H which corresponds to the original boundary 
value problem in two senses: 

1 ) Every solution of the boundary value problem is also a solution of 
the functional equation. 

2) Every solution of the functional equation which is sufficiently regu- 
lar in the interior of G as well as on the boundary F of G is also a solution of 
the boundary value problem. Failing this regularity, these generalized so- 
lutions may be shown to satisfy the original differential conditions only in 
various weak or almost everywhere senses. 

A simple example, treated in [9], is the Neumann problem for the 
Poisson equation Au = / with du/dn on F. In this case, the Hilbert 
space H is the space of all functions in L 2 (G) with squarc-summable first 
derivatives (differentiation taken in the sense of Schwartz's theory of 
distributions [20]), the norm on H is the Dirichlet integral, and the func- 
tional equation which corresponds to the boundary value problem is the 
requirement that for all v in H 

dv 



In order that the translation into a functional equation in the Hilbert 
space H should give us unambiguous information about boundary value 
problems in the usual sense, one must be able to prove that the solutions of 
the functional equation, the "generalized solutions" of our original problem, 
have all the regularity properties needed to reverse the translation proce- 
dure. These regularity properties fall into two classes, regularity in the 
interior of G and regularity at its boundary F. Regularity properties in the 
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interior may be derived by a number of distinct methods under various as- 
sumptions on the regularity of the coefficients of A : the fundamental solu- 
tion method using the fundamental solutions constructed by Fritz John 
[2,4,13,20], smoothing functions or Friedrichs' mollifiers [7, 10], function- 
space methods, estimation of difference quotients, and, for second-order 
equations, the Dirichlet growth estimates of Morrey [15, 16, 17, 19]. Except 
for the case n = 2 in the Dirichlet problem [4] and Morrey's results on the 
Dirichlet problem for second-order equations [16], the regularity properties 
on the boundary have been until very recently terra incognita. During the 
past year, the author has found a general method for deriving such proper- 
ties for solutions of elliptic boundary value problems from smoothness con- 
ditions on the data of the problem. Independently, L. Nirenberg has ob- 
tained closely related results using a similar but slightly different method. 
It may be noted that the author's method depends upon a lemma on coercive 
forms due to N. Aronszajn [1] and yields sharper results than Nirenberg 's 
method. This sharpness is reflected in the estimates in Section 4 which, in 
passing from L 2 estimates of the inhomogeneous term / to L 2 estimates of 
the 2w-th derivatives of u (where 2m is the order of A), give in a certain 
sense a best possible result in the L 2 frame of reference. 

We shall not attempt in the brief space of this note to do more than 
present the detailed statement of the results obtained, as well as suggestive 
remarks about the method of proof. The detailed presentation of the proofs 
will appear in another place. Beyond remarking at this point that the meth- 
ods involved can be applied with purely formal alterations to systems of 
equations (elliptic and strongly elliptic for Sections 3 and 4, respectively), 
we shall not explicitly consider generalizations beyond the case of a single 
equation. 

1. Notation and Remarks 

Let G be a bounded domain in E n with boundary F of class C m , m ^ 1 
If a is the multi-index (o^ , , a r ), 1 ^ a, f n, D" will denote the differen- 
tial operator d r jdx^ dx^ while |a| = r. We shall consider the following 
spaces of complex valued functions on G: 

L*(G) = {/| I/I 7 * summable with respect to Lebesgue ^-measure on }, 
P ^ 1, 



&(G) = {/| >*/ continuous in G for |a| ^ /}, 
C(G) = nC'(G), 
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C'(G) = U 

G^G 

C"(G) = {/| /e C(G), / = outside a compact subset of G}, 
and for < A < 1, 

C'- A (G) ={/|/e C'(G); there exists a C M (/) for each a with |a| = / 
such that \D f *f(x 1 )D"f(x)\ ^ c a>A (/) \x t x\* for every pair x, x t e G}, 

<;.(/) = the least such c a ,,(/), 



For / V(G) we define ||/|U, (G) - 2 ll^/IUs - Let #>>"(G) be the 



_ 
Banach space which is the completion of C*(G) with respect to this norm. 

It may be easily shown that W> V (G) can be identified by continuity with a 
linear subset of L*(G). This is a special case of the following more general 
facts which may be deduced from a theorem of Sobolev [21]. 

(a) If \\r ^ l/pd/n > 0, p, d ^ 1, there exist a constant c r>p>d (G) 
such that for every non-negative integer j, ||/||#j,r ^ c r,j>,d||/ll//H- d > for 
every / in H Mt *(G). (Here, as in other places below, we have omitted 
the dependence of the norms on the domain G if no ambiguity arises.) 

(b) If l/pd/n = 0, then (a) is true for every r ^ 1 with constants 
depending on r. 

(c) If l/pd/n < 0, there exists a (d, p, n), < (d, p, n) < 1, such 
that for a suitable constant c s 9 d ()||/|| c *,* ^ % 9 &(G}\t\(a*+*> * for / ^ 



If we designate by T it ^ 9tT the identification mapping of O +d (G)as 
a dense subset of #'+<** *(G)' with C*+*(G) as a subset of H^ r (G), then (a) 
states that, for r satisfying the appropriate inequality, T Jtdi9tf is a bounded 
linear transformation and hence can be extended by continuity to the 
whole of H*+ d > p (G). 

(d) If l/r > l/pd/n, T j>dt1tr is a compact linear transformation. 

(e) If l/r > l/pd/n, then given an e > 0, there exists a constant 
c e,r,,,*(G) such that for all / in C'+'(5), ||/|U' ^ll/IU*.+c.||/|| L . (C ,. 

(f) If /+A < Ji+%1 , then given an e > there exists a constant 

'AM.*, such that for a11 / in C'^(G), H/IU* ^H/Hrt.i.+c.ll/llLHfi,. 

The most significant of the results (a) (f ) is (c) ; for, it is through this 
relation between integral norms of higher derivatives and Holder norms of 
lower derivatives that we can derive the differentiability properties of the 
solutions of the functional equations which have replaced our differential 
equation with its boundary conditions. If we can show that our generalized 
solution u in H is the L 1 limit of a sequence {/J of smooth functions whose 
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H* t9 norms are uniformly bounded by a positive constant K, then by the 
reflexivity of the Banach spaces H it9 for p > 1, we may extract a sub- 
sequence {f k } converging weakly in H j> * to an element v whose H it9 norm is 
also bounded by K. But weak convergence in H*' p for / ^ 1 may be shown 
to imply strong convergence in L p and a fortiori in L l on the bounded domain 
G. Since limits in L 1 are unique, u = v almost everywhere in G. Thus, under 
the assumptions we have made, after an inessential change, u would lie in 
H 3 -*. But for / and p sufficiently large, the same sort of argument by (c) 
would identify u with an element of C r> * and a differentiability result in the 
strict sense would follow. 

Let us remark that for ease of formulation at one point below, we have 
used the H^ m ^(G) norm which for a function / in L 2 (G) is defined to be 



In order to introduce an H r > 2 norm with respect to tangential derivatives 
on the boundary F of G, assumed compact and of class C r , we choose a finite 
covering of F by coordinate neighborhoods {N' k , 1 ^ k ^ M] with coordin- 
ate systems {y[* } , l<Li<Lnl] of class C r . If a is the multi-index (o^, , a a ), 
IsSa^w 1, the corresponding tangential differential operator D* (t} ^ k acting 
on functions in N k is defined to be B'/dy^ . . . dy^ . We may assume that 
there exists a covering of F by neighborhoods N k such that for each k, 
N k CN' k . 

For u e C r (r) we set 



2 I f 

fc-1 |a|^r JN k 



Completing C r (F) with respect to this norm we obtain a Hilbert space 
H r > 2 (F) which may be identified by continuity with a subset of H Q * 2 (F). 
Complete analogues of properties (a) (f) above may be obtained as before. 
In addition we have: 

(g) Let R r be the mapping from C r (G) into C r (F) obtained by assigning 
to each function its boundary value function. Then R is a completely con- 
tinuous linear transformation from H r > 2 (G) into H r ~ l > 2 (F). 

2. Elliptic Boundary Value Problems 

Let -4=2 C $(#)-D C be a linear differential operator of order 2m on G. 

|C|S2w 

A is said to be elliptic at the point a; in G if the characteristic form 
*(,)= 2 



for every real n- vector ^ (f c:] = f Ci 
A Dirichlet form 



REGULARITY OF SOLUTIONS OF ELLIPTIC EQUATIONS 



57 



(/.*)= 2 (a 

|a|,|flSm 

is said to be associated with the differential operator A if 
^= 2 (~i 



We shall assume for such forms that their coefficients are bounded measur- 
able in G. 

The definition of an elliptic boundary value problem (which we might 
call a variational boundary value problem) involves: 

(a) A linear family V of functions on G, C (G) C G CC r (G) (F is 
assumed to be of class C r ). 

(b) A symmetric boundary form 



< i 2 < 
such that 



If f =/k 0, we must assume that there* exists a set of integers 5^ 
< i j ^ m- 1, :gj s^ , A = 1 ,,/, as well as a constant ^ ^ 
(if w is the exterior normal to F) 
2 



v- 1 2 



H s h> 



^ (/, /) 



(c) A second boundary form 



Here 



^ 2 = if f s 0, while if 
t.g'V 



= there must exist 
d<*/ 



such that for all 



^v>i 2 

' - I *^ ^AAtt, ,.e 1 O I I ~ r II /i/iZk rr c 

/f*ft 

(In the last inequality, it is necessary to assume that for each h, n h +i h ^ r, 
the differentiability class of the boundary.) 

(d) A Dirichlet form a(f,g) associated with A for which for some 
w > 0, w. >: and all / V. 



(coerciveness of a on F). 

From (d) combined with (b) it follows that there exists a constant 
such that the Hermitian symmetric form 

',g)+k (f, g ) 



satisfies the inequality 
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. m for/ F. 

Let H be the completion of V with respect to the inner product [ , ]. Then 
H may be identified with a subset of H m >*(G). In fact, since every Cauchy 
sequence in the // norm from V is also a Cauchy sequence in// w 2 (G), there 
exists a continuous linear transformation T from H into H m > 2 (G) which 
extends the identity map of V to itself. To show that T is one-to-one, it suf- 
fices to prove that Tu = implies u 0. But every element u of H is 
uniquely represented by the (/+l)-tuple (Tu, v , , v f ) where v h is the 
limit in H Sh ^(F) of the sequence {d th f k /dn 1 *} for any Cauchy sequence {f k } 
from V converging to it in H. More precisely, there exists a C^O such that 



If Tw 0, however, 



= lim 

k 



thus |K||//o, 9(n = 0. But the identification mapping of H 8 ^ 2 (P) mtoH> 2 (r) 
is one-to-one and hence ||v|| H s A ,2 (r) = for each h. Thus |||| H = and T 
is one-to-one. 

The forms a(f, g), (/, g), ^(/, g), and the L 2 inner product (/, g) as 
defined on the dense subset V of H may all be extended to bounded forms 
on H. 

The elliptic boundary value problem B with homogeneous boundary 
conditions asks for a solution u C 2m (G) of the equation Au /, for a given 
function / which lies in H and for all g e V satisfies the integral condition 

(2.1) a(u, g)+C K g)+#(, g) = (-l) m (^, g). 

We observe that if u had a sufficient number of derivatives continuous 
on the closed domain G, the difference between the right and left hand sides 
of (2.1) could be expressed by integration by parts as an integral over the 
boundary of G. Under these conditions (2.1) would reduce to a family of 
linear conditions on the boundary derivatives. In general terms, our princi- 
pal result is that with smooth coefficients and data, this situation always 
arises and the boundary conditions are assumed in the differential point- 
wise sense. We may consider some significant special cases to illustrate the 
general definition. 

EXAMPLE 1. The Dirichlet problem: A any uniformly elliptic operator 
on G, a(f, g) any one of its Dirichlet forms, V = C*(G), f = <t> = 0. 

EXAMPLE 2. The Neumann problem: A an elliptic differential operator 
with an associated form a(f, g) coercive on C r (G), V = C r (G), C = <f> = 0. 
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EXAMPLE 3. The mixed Dirichlet and Neumann problem: A a uniformly 
elliptic differential operator on G with an associated Dirichlet form a(f t g) 
coercive on the space V of functions from C r (G) vanishing on neighborhoods 
of a subset /i of JT, = < = 0. 

EXAMPLE 4. A the Laplace operator, V = C r (G), a(f, g) the ordinary 
Dirichlet integral, f = 0, <(/, g) = J (x)fg* dS. Here the boundary con- 
dition becomes du/dn-\-$u + 0. 

Equation (2.1) implies a functional equation for u in H; for all g in V 
we have 



(2.2) a(, g)+CK g)+<K g) - (-!)-(/, g). 

Equation (2.2) is our basic functional equation in # which will corres- 
pond to the boundary value problem B. We may transform (2.2) into a 
more convenient form by writing it as 

(2.3) [u,g-]+b(u,g)+<l>(u,g)-k (,g) = (-ir(f,g), geV 

where we have set b(u, g) = ^{a(u, g)a(g, u)*}. It may be shown that 
there exists a bounded linear transformation V of H as well as a bounded 
linear transformation G from H~ m > 2 into H such that ( l) m (/, g) = [Gf, g] 
for g H while 



In terms of F and G, (2.2) becomes (/+F) = G/. It is easily shown 
that V is the sum of a skew-Hermitian and a compact transformation while 
G considered as an operator in H is compact. As a consequence, the theory 
of linear compact transformations on a Hilbert space is applicable to (2.2) 
to yield the familiar results concerning the Fredholm alternative, eigenvalues 
and eigenf unctions. In particular, if (2.2) has only the trivial solution u = 
for / = 0, then a solution exists for every / in H~ rn>2 (G)\ also there exists a 
c 2 ^> such that for each / and its corresponding solution u, 



If we add a large zero-order term to A of the correct sign, the new operator 
will satisfy the above uniqueness condition. 

3. Regularity in the Interior 

Our results on the regularity of the generalized solutions in the interior 
follow from the application of Korn's trick, a perturbation procedure on the 
properties of solutions of equations with constant coefficients which has 
been employed for second-order equations and systems by E. Hopf, Schau- 
der and Morrey [12, 16, 18], The principal technical refinement upon these 
latter proofs is the use of the important observation made by Nirenberg 
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that the theorems of Calderon and Zygmund [8] on singular integral opera- 
tors in the L* spaces yield precisely the technical information necessary to 
apply the Korn argument in the spaces H 2m ' v (G l ) for compact subdomains 
G 1 contained in the interior of G. 

THEOREM 1. (i) // a5 C r (G), r ^ 0, then UH m ^ 9 (G l ) for every 
compact subdomain G l of G provided that f eL Pl (G), p 1 =pn/[n+p(mr)] for 
r ^ m\ f H r ~ m ' J> (G) for r > m. 

(ii) There exists C G for every compact subset G l of G, such that 



Jllir-'<q + ll w llLi<0' r>m ' 

(iii) // a^ C r ' A (G), < A, then u e C m+r - A (G 1 ) for every compact sub- 
domain G l of G provided f c C' A (G) for r ^ m, f e C r - m **(G) for r > m 

(iv) There exists a C G for every compact G l in G such that if the 
assumptions of (iii) hold, then 



THEOREM 2. (i) // a ^C T (G} ) /l*(G), p l >n/(2mr) for r ^ in, 
f H T ~ m ' v (G), p > n/m for r > m, then u will have continuous (m+rl)-st 
order derivatives in G, satisfying a Holder condition on every compact sub- 
domain of G. 

(ii} If a^ C(G) and if the solution u of the abstract boundary value pro- 
blem (2.2) is unique for each f, then there exists a Greens function for the 

boundary value problem B, i.e., a f unction g(x, z) such that u(x)=~( g(x, z}f(z)dz 

r 
for x in G while \g(x, z) \ q dz < oo for each x t and q<n/(n- 2m) if n ^ 2m and 

all q if n < 2m. 

(iii) If Au=- 2 CtW&u with c^C r ^(G] and if / C r '*(G) and u 

|C| 52m 

has continuous 2m-th derivatives, then u c C 2m+r ^(G l ) for each compact G l in G 
and there exists a constant c^ r (G-^), such that for each such f and u 



4. Regularity at the Boundary 

In order to obtain estimates over the whole domain G rather than com- 
pact subdomains, we restrict ourselves to the H r ' 2 norms and apply a differ- 
ent method of estimation. 

The following results are valid for any elliptic boundary value problem 
of type B (see Section 2) provided that the coefficients of the boundary 
forms involved have the same differentiability class as that required of the 
coefficients a a/9 in the statements of Theorems 3 and 4 below; in addition, 
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we must assume that the form a(f f g) in the boundary value problem is co- 
ercive on a neighborhood of each point of the boundary which is contained 
in the support of some function from V. 

THEOREM 3. (i) // a^ C m (G), f e L 2 (G), Fof class C 2m , then u H 2m - 2 (G) 
and there exists a constant c ^ 0, such that for all f L 2 (G) 

\\U\\ H 2m,2 (G) ^ c{\\f\\ L z (G} +\\U\\ Ll(G} }. 

(ii) // a# C m ^(G), s > 0, F of class C 2m + s , and / e H*<*(G), then u lies 
in H 2m ' {8 ' 2 (G) and there exists a c s (G) ^0 such that for all u and f in the given 
boundary value problem 



THEOREM 4. // a aS C m+8 (G) t is of class C 2m + 8 , and f c H*> 2 (G) for 
s+'2m > n/2+t (t ^ 0), then u C'(G). Furthermore, if the solution of the 
boundary value problem is unique for each f and if we set u = Gf then, for 
r > nj^m, G r is an operator of Hilbert-Schmidt type in L 2 (G) (finite double 
norm). 

The detailed development of the last conclusion and of its method of 
proof leads in a very simple way to the completeness of the eigenfunctions 
in non-self ad joint problems as well as the asymptotic distribution of eigen- 
values and eigenfunctions. 

To bring out the main ideas of the proof of Theorem 3 which is the main 
result of our investigations, we may, without loss of generality, consider our 
solution u in the portion of the sphere \x\ < 1 for which x n ^ 0, A having 
constant coefficients, u may be supposed to vanish on a neighborhood of the 
outer surface of the hemisphere and to satisfy a variational boundary value 
problem of type B, as described in Section 2, on x n = 0. Utilizing a tech- 
nique introduced by Lichtenstcin [14] which has been applied to second- 
order equations by Morrey, Schiffman, and Nirenberg [15, 16, 17, 19] (and 
to higher order equations by Nirenberg) one may estimate the L 2 norms of 
the tangential derivatives of u by taking tangential difference quotients and 
estimating their H m > 2 norms, using the fact that these difference quotients 
are themselves solutions of variational boundary value problems. Uniform 
estimates of this type for difference quotients, however, can be transformed 
without difficulty into L 2 estimates of the various tangential derivatives. To 
obtain these estimates for the non-tangential derivatives, we use a lemma of 
Aronszajn [1] on coercive forms. A simplified form of Aronszajn's lemma 
states that if on a smoothly bounded domain G we are given a finite set of 
differential operators L i ] c { a D a , i = !,.$, and if, setting 

|a|-* 
lal-f '" a i a 
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we have 



for every complex w-vector f 7^ 0, then there exists a constant k ^ such 
that for g H'> 2 (G) 



In particular, if we choose L 1 = A and L it i^ 2, to be the various 
tangential derivatives, simultaneous vanishing of k t ^ for i ^ 2 implies 
f, = () for * 2^ 2. This in turn implies that ^(C), which equals a^ m if the 
other f vanish, will be zero only if f x = 0. It follows, applying the lemma, 
that 

2 ll^ll!-(G)+lkll!-(c,}. 



and, applying the preceding estimate of the tangential derivatives, that 
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On the Calculus of Variations in Two Variables 

LAMBERTO CESARI 

Purdue University 

Recent developments in the calculus of variations have been character- 
ized by an enlargement of the class of the elements among which maxima, 
minima, stable and unstable extremals are being sought. In referring here 
to some of these developments of the calculus of variations for continuous 
parametric surfaces, I will emphasize 1 ) the concept of integral for continu- 
ous parametric surfaces defined with the use of topological considerations, 
2) some of the topological and analytical processes used to assure equicon- 
tinuity of minimizing sequences, 3) some recent existence theorems for abso- 
lute maxima. Finally, I will mention some still unsolved problems concern- 
ing differentiability properties of the solutions. 

1. The Concept of Integral over a Parametric Surface 

An integral I(S) = (S)$f(p,t)dw over a continuous parametric sur- 
face S of a function f(p, t) of the point p (x, y, z) on S and of the direction 
t = (^ 1 1 2 , jf 8 ) could be introduced as a Lebesgue-Tonelli integral for surfaces 
S of finite area given in an absolutely continuous representation. Yet it is 
preferable to introduce it as a Weiers trass integral for every representation 
of 5 [5a] . This also is in accordance with the direct method of the calculus of 
variations for curves and thus in line with L. Tonelli (1911), K. Menger 
(1937), G. Bouligand, N. Aronszajn, C. Pauc. 

Let S: p = p(w), w A, w = (u, v), p ~ (x, y, z) t be any continuous 
surface in E 3 , defined as a continuous mapping p p (w) from an admissible 
set A of the oriented ze>-plane E 2 into the oriented p-space E 3 . For what 
concerns admissible sets let us mention that every open plane set G C E 2 , 
every closed finitely connected Jordan region R C E% , every set A C R open 
in a region R, arc admissible sets though the class of the admissible sets con- 
tains also other types. If A is a simple closed region, then S is said to be of 
the type of the disc; if in addition p(w) is constant on the boundary curve 
A* of A but not constant on A, then 5 is said to be of the type of the sphere. 

If n C A is any simple closed polygonal region in A, then the counter- 
clockwise oriented boundary n* of n has an image in E 3 which is an oriented 
closed curve C not necessarily simple. The projections of C on the yz, zx, xy 
oriented coordinate planes of 3 (say the planes J 2 i , E& > ^23) are oriented 
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closed plane curves Q , C 2 , C 3 not necessarily simple. Then the topological 
index o(p; C r ), pE 2r , of any point p e E 2r not on C r is defined and represents 
the number ~ of times C r "links'' the point p. We will put o(p; C r ) = 
for every p on C r , and thus, o(p; C r ), p < E 2r , can be thought of as a single- 
valued, integer- valued function of p in E 2r , r = 1, 2, 3. Also, o(; C r ) is 
finite everywhere, J5-measurablc in E 2r , and constant on each complementary 
component of C r in E 2r . 

A mild hypothesis in the large as to the finiteness of the Lebesgue area 
L(S) of S is sufficient to assure that the functions o(p\ C r ), p e E 2r , are L- 
integrable in E 2r , r 1, 2, 3. Therefore, for each simple polygonal region 
n C A we can define the real numbers 

u r = = (E 2r ) o(#; C r ) ^, r = 1, 2, 3, 



and therefore the vector u u(n) = (% , ?/ 2 , %), whose norm will be denot- 
ed by |w|. If \u\ > then the quotients 

a, = a r (n) = , 



define a vector a = a(n) = (o^ , ^ , 3 ) of norm one. The numbers a l , a 2 , a 3 
can be thought of as the direction cosines of the "average" normal to the 
piece of the surface 5 defined by p = p(w) on n. 

Now let f(p, t) = f(x, y, z, ^ , t z > t 3 ) be any continuous function of the 
point p ~ (x, y, z) in a closed subset K of E 3 and of the vector t ~ (^ , t z , / 3 ) 
satisfying the homogeneity condition /(^>, ^) = kf(p, t) for all 7e ^ 0. For 
the sake of simplicity, we will suppose that K is compact. Let S: p = />(ze>), 
t ( e v4, be any continuous surface of finite Lebesgue area, whose points p(w) t 
w e A , arc all in K. 

Let y = [rc] be any finite system of disjoint simple closed polygonal 
regions n C A and, for every n y, let w be any point of n, p p(w) the 
image of w on S and, therefore, in K, i< u(n) = (Wj , w 2 , %) and a = 
a(n) = (^ , a z , a s ) the vectors defined above, where we disregard all n c y 
with \u(n)\ = 0. 

In various ways an index <5, or a system (d) of indices, can be defined 
measuring the fineness of the system y with respect to the surface 5. In any 
case for every continuous surface S of finite Lebesgue area the following limit 
exists and is finite (L. Cesari [5a]): 

(1) /(S) = (S) (ftp, t)dw = lim 2 KP, ) =lim f(f, a)\u(n)\. 

<5->0 ney J->0 ncy 

No matter what is the choice of d, the approaching to zero of <5 must assure 
that the maximum of the oscillations of p = p(w) on the polygons n of y 
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approaches zero, that the two-dimensional measures of the closed plane sets 
covered by the curves C r on E 2r also approach zero, and finally that the 
system y involves a part as large as we want of the area of the surface 5. 
The limit (1) is called the (Wcierstrass) integral of the function f(p, t) on 
the surface 5 and has a number of typical properties which we list below. 

1) I(S) is independent of the representation p = p(w) t w eA, of the 
surface S (L. Cesari [5a]). 

2) If [5 W ] is a sequence of surfaces S n in K and ||5 W ,5||->0, 
L(S n ) -> L(S) as n -> oo, where ||5 n , S|| denotes the Frechet distance and 

L(S) < + > L(S) < + > then I ( s n) -* J(S) as n->ao [5a]. 

3) If f(p, t) is supposed to have continuous partial derivatives with 
respect to t lf t 2 , 1 3 , then a semiregularity condition can be introduced by 
means of the Weierstrass function E(p t t,t'}. If 7(5) is non-negative and 
scmircgular, if [S n ] is a sequence of surfaces in K and ||5 n , S|| -> as n ->oo, 
and L(5 n ) < + oo, L(5) < + oo, then 7(5) ^ lim7(5J as n -> oo (lower 
semicontinuity of /(S)) (L. Cesari [5b]). 

4) Under a condition of regularity somewhat stronger than usual, 
||S n , S|| ->0, 7(5J ->7(5) as n->oo implies I(S n ) ->L(S) (V. E. Bonon- 
cini [2a]). 

5) For linear integrals, that is, for integrals of the form 

7(5) = (S)jj[A(p)t 1 +B(p)t 2 +C(p)t 3 ]dw ) 
both Stokes and Gauss-Green theorems hold in the usual form (J. Cocconi 



6) If S n , S are surfaces of the type of the disc and 7(5) is a linear inte- 
gral, if ||S n , 5||->0 and both the areas I(S W ) and the lengths l(OS n ) of the 
boundary curves OS n of the surfaces 5 W are bounded from above, then 
/(S n )->/(S) (continuity of linear integrals) (V. E. Bononcini [2b]). 

7) If S is of the type of the sphere and L(S) < +00, then the linear 
integrals 

V(S) - 



have a common value V(S) ^0 which can be thought of as the relative vol- 
ume enclosed by 5. If S n , 5 are surfaces of the type of the sphere in K with 
||S n , S|| -> 0, L(S n ) < M, then V(S n ) -> V(S) (continuity of the volume in 
any class of surfaces of the type of the sphere whose areas are bounded from 
above) (Bononcini [2b]). 

8) A cyclic additivity theorem for 7(5) analogous to the one for Lebes- 
gue area was proved by J. Cecconi [4e] and, recently, also a strong additivity 
theorem has been proved by C. Neugebauer [12]. All these are properties of the 
integral 7(5) analytical in character and not involving differential properties 
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(in any proper or generalized sense) of the vector function p(w). If we recall 
now that L(S) < +00 implies the existence almost everywhere in A (A 
being any admissible set) of the generalized Jacobian vector / = (/i , / 2 , /a) 
(set theoretically and topologically defined) then we may add the following 
property (differential geometric in character): 

9) If L(S) < +co and the representation p = p(w), w eA, of S is 
such that the Lebesgue area is given by the classical area integral 



then the integral 7(5) is given by the Tonelli-Lebesgue integral 



(L. Cesari [5a]). 

2. Smoothing Processes for Parametric Surfaces 

(a) Topological processes. We shall restrict ourselves here to surfaces 
S: p = p(w) t w e A, of the type of the disc; i.e., A is a closed simple region. 
The maximal continua g C A of constancy for the vector p(w) arc of particul- 
ar importance. Here even a single point g (w) is considered a continuum 
and thus the collection F of all the maximal continua g of constancy for 
p(w) constitutes a subdivision of A into disjoint continua. A surface S is 
said to be base if no continuum g F separates E 2 ; a surface S is said to be 
open non-degenerate if no continuum g e F separates A, or contains entirely 
the boundary A* of A. 

The operation of retraction of a surface S can be defined by abstract 
topological considerations (Whyburn) as well as by more elementary de- 
vices. The following theorems hold concerning the operation of retraction. 

1) Every surface S of the type of the disc possesses a base retraction 5 
having the same boundary curve OS Q = OS (C. B. Morrey [llh], E. J. McShane 



2) Given any simple closed continuous curve C in E 3 and any e > 0, 
there is a d = d(C, e) > such that every surface S with \\OS,C\\ <d has an 
open non-degenerate retraction 5 with ||0S , C|| < e (L. Cesari [5f]). 

Both statements 1) and 2) can be used for the reduction of the surfaces 
S n of a minimizing sequence to open non-degenerate surfaces. 

(b) An analytical smoothing process. A minimizing sequence of surfaces, 
even all open non-degenerate, may not satisfy conditions of equicontinuity. 
This can be easily understood if we observe that each surface may contain 
thin cones of large diameter and very small area whose contribution to the 
value of the integral is then as small as we want. From here we conclude 
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that some further smoothing processes are needed beyond the statements 
1) and 2) discussed in (a). For "saddle" surfaces, or, more generally, for 
those surfaces p p(w), w A, for which for every simple region r C A the 
oscillation of p(w) in r is equal to the oscillation of p(w) on the boundary r* 
of r, no further process of smoothing is needed (E. J. McShane [9]). 

First we recall here the following lemma: 

If g(x), ^ x ^ a, is a real single-valued L-integrable function with 

0< 

almost everywhere in :g x fg a and in particular for x = 0, then a ^ 2kg(Q) 
(L. Cesari [5e]; another proof has been given by L. M. Graves). 

Let us consider a polyhedral surface S of the type of the disc whose 
boundary curve OS has diameter D. Let p be any point of OS and R the 
minimum radius of the sphere of center p containing 5. Suppose R > D 
and let us consider for every D ^ Q ^ R the intersection of the sphere 
\P~~~Pol Q with the surface S. Such an intersection can be thought of as a 
finite sum of elementary continuous closed curves whose total length I(Q) 
is a function of Q, D fj Q 5j R. We shall suppose here, for the sake of sim- 
plicity, that I(Q) is continuous in D ^ Q ^ R, and that l($) > if D fg Q < R, 
l(R) = 0. 

Let k ^ 1 be any arbitrary constant. It cannot occur that 

l(q) > [k~ l a(S)] for all D ^ Q ^ D+[ka(S)]* ^ R, 
where a(S) is the area of S. Indeed, in such a case, we would have 



g a(S), 
a contradiction. Thus, there is a number r lt D<r 1 <D+ [ka(S)] %, with 



Let us now suppose that 

for every ri<Lq<LR. Then by the lemma above, we have 

R 
and thus 



In the opposite case there is a number r 2 , r x ^ f a = ^* wr 

(a)^a " for all r t ^ Q ^r 
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Then by the lemma, we have 



On the other hand we can suppress all parts of S outside the sphere 
\pp \ = r 2 and replace all these parts by elementary surfaces spanning the 
various elementary curves which form the intersection of S with the sphere 
\<f> p Q \ = r 2 . Thus we replace 5 by a surface 5 which is contained in the 
sphere of center p and radius 



and whose area is less than %l 2 (r 2 ), plus the area % of the part 5 X of S inside 
the sphere \p p Q \ ^ r z . The area of 5 has, therefore, been reduced by d, 
for which the inequalities 



hold. Finally, if we suppose that < m ^ f(p, i) ^ M for all /> e A',|*| = 1 , 
and A? = M/tn, then the value of the integral 7 (5) has been reduced by a 
number d' for which the inequalities 



hold. 

3. Existence Theorems for Absolute Minima 

By a consistent repeated use of the properties of the integral I(S) (1), 
of the processes described above (2), together with the well-known cardinal 
representation theorem of C. B. Morrey [Hi] of open non-degenerate sur- 
faces, and the (e, d) process of L. C. Young [18] it is possible to obtain 
minimizing sequences of polyhedral surfaces for which equicontinuity holds 
and thus, the Ascoli theorem can be applied. The following theorem has been 
proved: 

I. Let K be any closed bounded convex set of E B and C a simple closed curve 
in K. Let W be the family of all oriented Frechet surfaces S in K whose area is 
finite and whose boundary curve is C, and let us suppose that W is not empty. 
Then every positive definite and semiregular integral I(S) has an absolute 
minimum in W (L. Ccsari [5e]). 

This theorem holds also if K = E 3 provided < m ^ f(p, t) ^ M< + o, 
for all p c E 3 , \t\ 1, and some constants m, M. 

By other methods, the same theorem has been obtained by A. G. Sigalov 
[16a]. An analogous theorem has been obtained also by J. M. Danskin [7] 
under slightly more restrictive conditions. A. G. Sigalov, J. M. Danskin, and 
L. Cesari have used the integral I(S) defined in 1. 



ON THE CALCULUS OF VARIATIONS 71 

From a different view point W. H. Fleming and L. C. Young have ob- 
tained independent analogous results under the hypothesis that the given 
simple curve OS be rectifiable. 

Using the processes discussed above J. Cocconi has recently proved a 
theorem analogous to I where W is the class of all surfaces 5 of the type of 
the sphere, contained inK K and not nulhomotop in KK where K is a 
closed sphere contained in the interior of K. Various extensions have been 
announced from the results above by J. Cecconi [4] and L. Cesari [5]. 

Finally J. Cecconi, by using the same processes, has improved the pre- 
vious results of A. G. Sigalov for non-parametric surfaces. 

4. Remarks on the Differentiability Problem 

The previous existence theorems have been obtained by direct methods 
and extend the existence theorem of E. J. McShanc (1935) concerning in- 
tegrals (S) \f(t)dw where / depends on t only. Also, the same existence theor- 
ems contain, as a particular case, the analogous existence theorem for 
Plateau's problem for surfaces of the type of the disc (surface of minimum 
area spanning a given simple curve C in E%). (See T. Rado [15], J. Douglas 
[8], E. J. McShanc [9], R. Courant [6], L. Tonclli [17], 1929-36.) For 
Plateau's problem, the more difficult case of surfaces of higher topological 
type has been solved by J. Douglas. Nevertheless, while for Plateau's 
problem the solution has been proved to be smooth, even analytic, and to 
satisfy the Euler partial differential equation (minimal surface), an analog- 
ous result has not yet been proved for the solutions of a general problem as in 
I (3), even under convenient conditions of differentiability or analyticity 
of/. 

The analogous problem (differentiability problem) for non-parametric 
surfaces has been recently solved independently by A. G. Sigalov [16b] and 
C. B. Morrey [11]. The results of C. B. Morrey concern essentially partial 
differential equations, or systems of such equations, and have been 
recently largely extended by the same author and by L. Nirenberg [13]. 
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Discontinuity of Solutions of Quasi-linear 
Differential Equations in Two Variables 

Y. W. CHEN 

Wayne University 

This paper consists of two parts. The first part is concerned with hyper- 
bolic differential equations of the following form: 



(1) A (<p x , ipJvn+Bfa , yJVn+Cfa , <p v )<p yv +k(<p x , <Py)y- l <p y = 0. 

A discontinuity of a second derivative of y propagates along the backward 
characteristic to a point P on the axis y = 0, and the question is how this 
discontinuity will be reflected from the axis into the interior of the domain 
along the forward characteristic issued from P. The results of this part were 
published in two papers by the author [4]. We use this opportunity to 
demonstrate in a very simple manner both the quantitative and the qualita- 
tive features of the non-linear behavior of the solution, without going into 
the details of the convergence procedure which is indicated. The problem is 
essentially of local nature. Questions concerning the "linearized" theory and 
the "corrected linearized" theory of (1) have been studied by many authors 
in connection with gas-dynamic and ballistic problems (see papers by Gold- 
stein [7], Lighthill [8], Meyer [10], Ward [11] and Whitham [12]). 

In the second part of this paper we state an existence theorem for the 
equation of minimal surfaces and give an outline of the proof in 2.1. The 
problem is to find a solution z(x, y) of 

(2) (l+*5)*-- 2 W+ (l+*J)W = - 

in the exterior of a convex curve C with a finite number of protruding corn- 
ers, such that it has a preassigned normal direction at infinity and dz/dn = 
on C. It turns out that at the vertices of C, z(x, y) will have finite jump dis- 
continuities. A non-existence theorem for equation (2), which is simple to 
prove, is briefly mentioned in 2.2. The details of the proofs of both theorems 
are contained in a recent paper by the author [6], Two open problems are 
formulated in 2.3; they are concerned with transversality and surfaces 
with discontinuous first partial derivatives. These questions are closely 
related to the free boundary theory of minimal surfaces which has been 
developed by Courant [3] and Lewy [9]. 
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Although the two parts of the paper are entirely independent of each 
other, they have one point in common in their treatments. New parameters 
are introduced in each case to replace x, y as independent variables. In 
terms of the parameters, <p and z behave in a similar manner as in linear 
problems. It is after the transformation from the parameters back to the 
space variables, that significant "non-linear" behavior arises in the func- 
tions <p (x, y} and z (x, y). 

1.1 For simplicity of presentation we consider first the following type 
of equations: 



The general equation (1) can be treated in the same manner and will be dis- 
cussed briefly in 1.3. At a point p(x = x , y = 0) let <p x = 9?, 9 v = 0, so 
that a(y% , 0) is a positive constant = A 2 and (1.1) is hyperbolic with respect 
to the data. 

We introduce the linear hyperbolic differential equation with constant 
coefficients for the second order terms: 

(1.2) -A*0 xx +0 vy +y-i0 v - 0, A > 0. 

Its two families of characteristics arc given by y A~ 1 (x x ) = 2r and 

y+A-ifaXfi) = 2a - Sct U = * > v v > then ( l - 1 ) is equivalent to 

-AU a +V a +(a+T)-*V = 0, AU r +V r +(a+r)^V= 0. 

By differentiating the last two equations, one obtains the following equations 
of second order: 

EI ^ V+l(a+r)-i(V a +V r )-(a+T)-* V = 0, 
(-3) 2 ^ U aT +%(o+r)-i(U a +U r ) = 0, 



Wlien U and V have assigned values U == /(r), V = g(r) on the back- 
ward characteristic a = 0, E l and "2 = give ordinary differential 
equations for U a and V a . The solutions of these differential equations de- 
pend on /, g and the initial conditions. If, however, for the initial data we 
have lim r v *U a = and lim T y *V = as r -* 0, then the solutions will 
depend only on / and g, as is easily verified. In this case, and under the as- 
sumption that U and V are continuous across the characteristic a = 0, there 
will be no jump discontinuity of U a and V a along the same line. Hence for the 
hyperbolic equations (1.3) and (1.4) we shall consider problems with such 
data assigned on the Mach lines a = and r == 0, that r y *U a -> const ^ 0, 
r^V a --> const. ^ will hold on a = 0, as r -> 0, and that discontinuity of 
U a and V a will occur. A typical problem of this kind is given by the data 
U = V = on <r=0 and U = const. a l/ * + 0(a y *+ ), V = const. a* + 
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0(o y * + ) with positive s on r = 0. Since the differential equations are linear, 
we may find the solutions by superposition. The special solution with 
U = V = Q on <r and U = const. a^ t F = const. a % on T = is given by 

/I 1 a \ 

F = F = const. ,- - F , , 2, - , 
Vor+T \2' 2 a+r! 

U=Uv= const. F (- -I, , 2, * V 

CT+T \ 22 a+r! 

where F stands for the hypergeometric function. If we know that on 
the left of the backward characteristic U(a, T) = V(a, r) s= 0, then the 
solutions U Q and F indeed have discontinuous derivatives with respect to a 
along the characteristic a = 0. This statement holds true also for the case 
when additional terms of the order 0(a Vz+ ) are present in the prescribed 
values on the forward characteristic r = 0. 

By means of series expansions of the hypergeometric functions, it is 
easily verified that the following holds: 

/ r \-*3U , / T \~ l dV , 

(1.4) log - I ~ -- > const, a""*, I log -- I -> const. <y~* 
V ' \ b a+T/ dr \ 6 a+r! dr 

as T -> 0, T > 0. If we make use ofy= (a+r) to return to the #, y-plane, 
we find that 



(1-6) 



. * , * w ^ const, jr* (log +y ~^^ (a? ~ +0 (1)) 



holds on the forward characteristic, as a consequence of the discontinuity of 
these derivatives on the backward Mach line. 

1.2 When the differential equation is non-linear, the Mach lines are 
not fixed in the x, 7/-plane; they depend on the solution (p. We shall now re- 
turn to the x, y-plane by simply setting y = a+r. Let u = <p x , v = <p y , 
a(u, v) = M 2 (u, v) in the neighborhood ofu = q%, v=Q, an 
The Mach lines are given by 

(1.6) -M(u, v)y a +x a - 0, M(u, v)y,+x r - 0. 

By eliminating x, we obtain 

(1-7) 



Let the constants M u (q% , 0) and M v (<p% , 0) be denoted respectively by 
and M 2 . Then 



(1.8) 

We substitute in (1.8) for u and v the special solution C7 and F obtained in 
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1.1, and get 

(1.9) y^ 

By a simple computation it is found that 

(1.10) 



holds, as r-> 0, T > 0, the terms not explicitly represented in (1.8) and 
(1.9) being taken care of in (1.10) by simple estimates. M 3 is a constant 
which depends on A, M x , Af 2 and the constant factors in U Q and F . We 
assume that M B ^ 0. 

We obtain the second derivatives q>^ , <p xv , <p vy as 



(1.11) ? = u x = W 9 +u T T u = (u a y r ~u r y a )/f - (M a /y -uJy v )l2M t 

where the Jacobian / = x g y r x r y a = 2My a y T due to (1.6). From (1.4) 
and (1.10) we find u T /y r -> const, a" 1 , as T -> 0, T > 0. 

Hence the second derivatives of <p are continuous on the forward 
characteristic, despite the discontinuity on the backward Mach line. This 
statement is valid, however, only when / ^ between those two Mach lines 
issued from P, for otherwise the function y(x, y) cannot be formed. Thus the 
final result is an alternative which has to be tested in individual cases. 

1.3 The same consideration holds for the general equation (1) if 
B(<pl , 0) = 0, C(<p x , 0) = k(<p x , 0) ^ 0. When, however, the constants do 
not satisfy these conditions, then the quantitative results will be different 
from the case treated. 

A convergence scheme is obtained by adding supplementary terms on 
the right hand side of (1.3): E = h , E 2 = / 2 , and using (1.8) instead of 3 . 
Each time a higher approximation of U and V is obtained by the solution of 
linear differential equations E l = f , E 2 = / 2 , with known terms in / x and 
/ 2 , the result is to be inserted into (1.8) to find y. 

2.1 THEOREM 1 (Existence). Given in the x, y-plane a simple closed 
convex curve C with at most a finite number of protruding corners, and given any 
positive constant p, there exists a minimal surface z = z(x,y) in the exterior 
region of C, satisfying the following two conditions: 1) at infinity, z = flx + 
(l/Vx 2 +y 2 ), and 2) dz/dn = on C except at the corners. 

There are two stagnation points on C where z x = z v 0. At the vertex 
of a corner which is not a stagnation point, the; function z(x, y) has a finite 
jump discontinuity and there z%+2$ -^ oo. 

The solution is unique, when C is symmetric with respect to the #-axis 
(this axis is distinguished by the condition at infinity). The symmetric case 
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is easier to treat, because here the location of the stagnation points is 
known. 

Our proof of Theorem 1 consists of two sections: 

(I) Formulation of the problem in the parametric form and existence 
proof by variational method. 1 

(II) Proof that every solution obtained by (I) is capable of non-para- 
metric representation, z = z(x, y). 

Remark'. Because of the unboundedness of the first partial derivatives 
of z (x, y), the differential equation (2) is not uniformly elliptic in the region 
exterior to C. For the problem with prescribed "local maximum speed" on 
the boundary curve and regularity at infinity (without assigning ft) see 
Bers [1]. 

The following is an outline of the proof. 

(I) Let .The a simple closed Jordan curve in the x, y-planc. The pro- 
blem is formulated and solved for F, instead of restricting it to C. The do- 
main of the parameter w = u+iv = re i0 is the unit disk, and the surfaces 
are represented by harmonic functions 

(2.1) x = x(w) =&e<p(w), y = y(w) = 0ie y>(w), z = z(w) = 3%e %(w) 

with the origin w = corresponding to infinity in the x, y-plane. We require 
that the functions in (2.1) have simple poles at w = 0, 

(p(w) = a( 



so that the residues are determined up to a common real factor a. Further- 
more, we replace the condition dz/dn on the boundary curve by the 
"generalized" condition dzjdr 0, which has a meaning for any F. An im- 
mediate consequence of this is 

(2.2) z - z(w) - &e[afl(l+fP)-l(w-i+w)"\. 

Hence z(w) is determined except for the constant factor a. 

The admissible functions x(w), y(w) for the variational problem 



(2.3) f (*^ 

J r->i \ or 



are those which satisfy the following two conditions: 

1) The boundary mapping 8R: x = x(e t& ), y = y(e iQ ) of the circle to F, 
is continuous and monotonic (and reverses the orientation of the plane). 
2) For each pair x(w) t y(w] the constant a is determined by the requirement 
that, in the series expansion of w 2 ((d<p/dw) 2 +(dy/dw) 2 +(d%/dw) 2 ) at w=Q, 



1 This part of the proof is carried out in an earlier paper [5] by the author. 
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the constant term vanishes. (Note that the first term in the expansion is of 
the power w~ 2 t but its coefficient is zero, because of the assumed behavior of 
99, y and % at w = 0.) By the mean value theorem of harmonic functions 
it is easily verified that a can be expressed by the boundary values of x and 

y: a=(l/2*)(l+0)Kf fxdv+(l+p)*ydu\. 

j f B=I 

The minimum problem has at least one solution, and this solution is a 
minimal surface because of the first variation. The proof of these statements 
follows Courant's treatment of Plateau's problem [3]. 

(II) We consider any minimal surface solution 2 of the form (2.1) and 
(2.2) with boundary mapping 2R. The function 

(2.4) t(w) = (-d<p+idy>)ld x = 



is introduced. Note that d% at w 1 and nowhere else. It is then 
easily verified that f(0) = l/[l + (l+j8 2 ) H ], f'(0) = and f(w) ^ 0, oo 
for \w\ < I. 

LEMMA 1. The non-vanishing of the Jacobian d(x, y)jd(u, v) in \w\ < 1 
is equivalent to \(w)\ < 1 for \w\ < 1. 

LEMMA 2. Let F be a polygon C P . The "boundary mapping cannot be a 
one-to-one point transformation. There exist stationary arcs on \w\ = 1 which 
are mapped into single points on C v . Along each stationary arc \(w)\ = 1. 

LEMMA 3. Let F be a convex polygon C 1c . Then the following holds: 
1) C(l) = 0, 2) along each stationary arc, arg f is monotonically increasing, 
3) if w = Wi is an endpoint of a stationary arc, (w^ = e~ t0i t then e i(t l 
(w w^K P(w~w 1 )-\-Q(ww 1 ) where P and Q arepower series with P(0) ^ 0, 
0(0) =0. 

This is the main lemma. In the proof we make use of the level lines of 
the harmonic functions px(w)-\-qy(w)z*(w), where p+iq is any constant 
with |#+3*<?| = 1, and z*(w) is the harmonic conjugate of z(w). Both the 
convexity of C k and the behavior of these harmonic functions at w == are 
essential for the proof. An obvious consequence of Lemma 3 is 

LEMMA 4. |f(l0)| < 1 for \W\ < 1. 

From this lemma it follows by the argument principle that a stationary 
arc is mapped by 3K into a vertex, and, conversely, any vertex which does not 
correspond to w = 1, has a stationary arc as its antecedent. Since z(w) 
varies on such an arc, we conclude the discontinuity of z(x, y) at the vertex. 
For analytic behavior of z(x t y) in the neighborhood of a corner, see [6]. 



2 It is immaterial whether or not the solution is obtained from the minimum problem, so 
far as Lemmas 1-4 are concerned. 
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LEMMA 5. Let C' k be a convex polygon lying inside of C k , then m(C k ) 
> m(C k ), where m denotes the minimum value for the variational integral 
belonging to the curve. 

By virtue of the monotonicity oim(C k ), the results obtained for polygons 
are extended to convex curves. Lemma 5 is proved by using the principle of 
subordination of conformal mappings. 

Remark: In the case of symmetrical C k , Theorem 1 reduces the problem 
of finding explicit solutions to that of a conformal mapping with a finite 
number of parameters. 

2.2 THEOREM 2 (Non-existence). Given in the x, y-plane a polygon 
C v and given any positive constant ft, there exists no minimal surface solution 
z = z(x, y) with 1) z = px+0(}/Vx*+y*)at oo and 2) z = on C 9 . 

The proof of this theorem is simple. Consider the solution x'(w), y'(w) t 
z'(w) of this problem in the parametric form. The boundary mapping 3JI' 
of \w\ = 1 to C 9 , given by x = x'(e* e ), y y'(e lB ), must be a one-to-one 
point transformation. Since (w), which is formed in the same way from 
x', y' t z' as in (2.4), must become infinite at one of the vertices, it follows 
that the Jacobian 9 (x r , y')/d(u, v) cannot remain of the same sign in \w\ < 1. 

2.3 In connection with Theorems 1 and 2 we would like to mention 
two open problems for minimal surfaces. 

A. Let the minimal surface 5 be given by a solution x(w), y(w), z(w) 
of Theorem 1, with the convex polygon C k as boundary. Suppose C k has N 
sides ^ , / 2 , , t N and vertices P : , P 2 , , P N . We consider the surface 
S* which is conjugate to 5. It is given by x*(w), y*(w), z*(w) where 
<p = x-}-ix*, \p = y+ty*, x z+iz*. It is clear that 5* and 5 have the same 
(w), hence S* can be represented in the non- parametric form. Let the 
boundary of S* be denoted by B*. It is easily verified that 1) part of B* 
consists of N straight line segments, t[ , 4 * ' * * > 4r 2 ) tne remaining part of 
B* consists of N convex arcs, p[ , p' 2 , , p' N , such that t r f J_ t f and along 
p' f , |C(^)| = 1. The consecutive segments t\ and t' t+l have no point in com- 
mon and are connected by p] , unless p' $ reduces to a point, which case arises 
when and only when P } is a stagnation point. Since C k is convex, we may 
extend the segments t\ so that they form a convex polygon C* , which then 
contains the arcs p' f in its interior. 

Now, according to Theorem 2, the problem with given ft > and 
z* on C * has no non-parametric solution. Indeed, 5* satisfies the bound- 
ary condition only partially, it by-passes the corners by producing "free arcs" 
p'i . There is some similarity between these facts and the occurence of 
cavities of flow around objects, except that, in the latter case, the free 
streamlines are outside of the body. 
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We may propose the following problem: 

01- Let C* be a simple closed convex curve, and let ($ be any positive 
constant. There exists a minimal surface z = z(x, y) with: 1) z px-\- 
0(l/Vx 2 +y*) at infinity. 2) z = on B*, which consists partly of arcs of 
C* and partly of "free arcs"; each free arc is convex, is contained inside C* 
and along it |C(^)| == I- 8 3) z(x, y) is defined in the exterior of B*. 4) There 
are two stagnation points which lie on the non-free arcs of B*. 5) The solu- 
tion is unique. 

The above statements hold true, when C* is a triangle which is symme- 
tric with respect to the t/-axis. Indeed, in this case the boundary polygon 
CJ determines, by pure geometry, the corresponding polygon C k of Theo- 
rem 1. 

B. Another open problem is concerned with minimal surfaces with 
discontinuous first partial derivatives. First, let us reformulate Theorem 1 
as a free boundary problem of minimal surfaces. Denote by C the cylinder 
which is produced by the displacement of C in the direction parallel to the 
2-axis. A solution of Theorem 1 is a minimal surface which lies in the 
exterior of C, is regular at infinity and has a free boundary on C. When C 
has N vertices, then C has N side faces and N edges. The minimal surface 
is transversal to each side face of C, but in crossing from one side to the 
neighboring side, the surface will take a part of the common edge as free 
boundary. The surface is perpendicular to the edge when and only when the 
corresponding vertex of C is a stagnation point. The length of the free 
boundary segment along each edge is the amount of the jump discontinuity 
of z(x, y) at the vertex. 

02. Let S x and S 2 be two analytic surfaces which intersect along a curve 
g. We assume first that along g the angles formed by S t and S 2 are greater or 
equal n/2. Let y be a Jordan curve which connects a point of S l to a point 
of S 2 without crossing either 5 X or 5 2 . Prove that there exists a minimal 
surface which is spanned by y and a free boundary on the given surfaces and 
lies on the same side of S x and 5 2 as y does. The free boundary will contain in 
general a part of g. If however, the angles formed by 5 X and S 2 along g are 
less than n/2, then the minimal surface will be perpendicular to g wherever it 
crosses g. 

Of particular interest is the case when S t and S 2 are themselves minimal 
surfaces and the points P x and P 2 lie on g. Better knowledge of the behavior 
of the free boundary in this case will make it possible to solve problems in- 
volving interface discontinuities of minimal surfaces. Lewy's theorem on the 
analyticity of trace is of fundamental importance to these questions. 

'This means geometrically that the minimal surface is transversal to the x, y-plane 
along each free arc. 
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On Singular and Regular Cauchy Problems 
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1. Singular Cauchy Problem for the 
Euler-Poisson-Darboux Equation 

Consider the partial differential equation 

k 

(1) Au = u tt + -u t , 

t 

where u u(x 1 , , x m , t), the differential operator A = 9 2 /d#f + + 
9 2 /da^ is the Laplacian, and k is a parameter. This partial differential equation, 
which has been termed the Euler-Poisson-Darboux equation, has occurred, 
for special values of k and m, in many important and classical problems since 
the time of Euler. An exposition of the theory of Euler and Poisson (for an 
equation, with m 1, which can be obtained from (1) by a change of varia- 
bles) is to be found in Darboux [1]. 

When k in (1) this equation reduces to the wave equation, while if 
k T then the coefficient kit is infinite on the plane t = 0. "The" singular 
Cauchy problem for (1 ) consists in the determination of a solution of (1), for 
t > 0, meeting the following initial conditions on the "singular" plane t = 0: 

(2) ufa , - - , x m , 0) == gfe , - , a?J, ufa , - - - , x m , 0) = 0, 



where g is a given function. For k any real number, this singular Cauchy 
problem was first solved by A. Wcinstein [7], who employed what he termed 
the "method of recurrence" and a generalized method of descent. Let, for 
the time being, the solution of the Cauchy problem (1), (2) be denoted by 
u k . Weinstein shows that for k =. 1, 3, the Cauchy problem for u k 
can be reduced to a Cauchy problem for u k+ * by means of the following re- 
currence formulas: 

(3) 



R { 1 
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where x stands f or x t , , x m . Moreover, for arbitrary solutions u k of (1) 
there is the correspondence principle 

(4) * = -*-*, 

which enables one to obtain from a solution u k of (1 ) a solution of the same 
equation with parameter value 2 k. Formula (4) is used in discussing the 
uniqueness of the solution. Weinstein first solves explicitly the Cauchy 
problem (1), (2) for k ^ m 1, and then, by a process which consists essen- 
tially in a repeated application of (3), obtains a formula for a solution when 
k < m1. 

It is well known that for k = ml the Cauchy problem (1), (2) possess- 
es a unique solution, which is given by a generalization of a formula of 
Poisson (see Asgeirsson [2] and Courant-Hilbert [3]): 



W '*< = ^J. 

\Jit~n / V 



where da) m is the surface element of the unit sphere in w-dimensional Eucli- 
dean space and 



$ 



is the surface area of this sphere. Using this formula and Hadamard's 
"method of descent" [6], an explicit formula for the solution of (1), (2) 



^J 



(6) 



may be obtained when k is any integer of the sequence m, m+l, , and 
this formula for u k is then readily verified to be the solution of (1), (2) for 
any real k > ml. This procedure may be called a generalized method of 
descent. By means of this explicit formula (6) and the recurrence relation 
(3), Weinstein obtains an explicit formula for a solution u k of (1), (2) for all 
values of k ^ 1, 3, -5, . J. B. Diaz and H. F. Weinberger [8] 
obtained the solution of (1), (2), using again as a starting point the same 
explicit formula (6), for the solution for k > ml, which was employed by 
Weinstein. The definite integral in (6) diverges for k < m\\ their method 
consists in finding the analytic continuation of this integral for k < ml. 
Their final formula is again valid for k ^= 1, 3, . 

The odd negative integer values of the parameter k play an exceptional 
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role in the solution of the Cauchy problem (1), (2). A solution of the Cauchy 
problem for these exceptional values was given by Diaz and Weinberger [8], 
after Weinstein [7] had pointed out the exceptional nature of the poly- 
harmonic initial values in this problem. Their result is that if g(x 1 , , x m ) 
has continuous partial derivatives of order not less than the maximum of 
the two numbers (w+3 k) and 3 fc, then there exists a solution of (1), 
(2). The ^-derivative of this solution of order 1 k becomes infinite like 
log t at t = unless g(x 1 , ,x m ) is polyharmonic of order (1 k), in 
which case the solution is just a polynomial in /. (Our attention was drawn 
to this behavior by the example u = o? a +* 2 log t for k = l,m= 1, kindly 
communicated by Professor B. Friedman in a letter.) It should be noticed 
that for these exceptional values A = 1, 3, 6, , the solution does 
not depend continuously on the initial data, inasmuch as the slightest (no 
matter how smooth) deviation from the proper polyharmonic initial values 
produces a logarithmic infinity in t in certain derivatives of the solution. 
Another solution of the Cauchy problem (1), (2) by a different method and 
under weaker differentiability assumptions, has been given recently by 
E. K. Blum [9], who has also clarified the question of what is the "general 
solution" of (1) when k is a negative number. 

2. Singular Cauchy Problem for a Generalization of the 
Euler-Poisson-Darboux Equation in Two Space Variables 

The singular Cauchy problem in question consists in the determination 
of a function u(x\ y, t) which satisfies the following generalization of the 
Euler-Poisson-Darboux equation in two space variables: 

k 

(7) Um+ 99 -u tir --*i-h(x 9 y, t)u = Q, * >0, k> 0, 

and the initial conditions 

(8) u(x, y, 0) = g(x, y), u t (x, y, 0) = 

on the singular plane t = 0, where h(x t y, t) and g(x, y) are given functions. 
J. B. Diaz and G. S. S. Ludford [13] have shown that if h(x, y, t) is continu- 
ous for t^ and all real x, y, together with its "space" derivatives h x , 
h vt h w> h^ 9 h vv , while g(x, y), which is supposed to be defined for all real 
x, y, is a twice continuously differentiate function (if k ^ 1 ) or a thrice 
continuously diffcrcntiable function (if < k < 1), then there exists one and 
only one function u(x, y, t) which is continuous f or t ^ and all real x t y, 
together with its space derivatives u^ , u v , u m , u n , u vv , is twice continuous- 
ly differentiate in x, y, tfort> 0, and solves the singular Cauchy problem 
(7), (8). It should be remarked that the analysis in [13] is restricted to the 



88 J. B. DIAZ 

case of two space variables (rather than m, as in equation (1)) since certain 
definite integrals appearing in the course of the argument, though they are 
improper, are still convergent if m = 2 but do not converge if m > 2. For 
m > 2 use would have to be made of Hadamard's concept ([6] p. 133) of the 
"finite part" of a divergent integral. The restriction k >0 is motivated by 
the fact that already for the singular Cauchy problem (1), (2) the solution 
is not unique when k < (see [7], [8]). 

The approach in [13] consists in first finding an elementary solution in 
the sense of Hadamard [6] for the Euler-Poisson-Darboux equation (1) 
(the starting point is a formula for a fundamental solution for a correspond- 
ing elliptic equation, which was given by Diaz and Weinstein [10]). For the 
special case of two space variables in (1), one has that if f and 77 are real 
numbers, r > 0, and 



then the function 



where F is the hypergeometric function, is an elementary solution of equa- 
tion (1) for k > and m = 2. This elementary solution is then used to 
construct (cf. [6] p. 166) the solution of the following regular Cauchy pro- 
blem: 

k 

Wxx+w vv -Wtt--Wt = > * > t* > 0, * > 0, 

< 10 > a. 

w(*> v, *o) = > -ft (** y *o) = F(*> y). 

where F(x, y) is a given twice continuously differentiable function and t Q 
is a given positive number. In the notation of (9) above, the solution w is 
furnished, for t > t , by the explicit formula 

(11) w(x, y, t) = 1 

where the integration is to be performed over the circular disk (f x) 2 + 
(ny) z < (^ ^o) 2 - The next step is to construct the solution of the following 
singular Cauchy problem for the non-homogeneous Euler-Poisson-Darboux 
equation in two space variables: 

+-- T = /(* 0> * > > * > > 

(12) ^ 

(*, y, o) = o, (*, y, o) = o, 
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where f(x t y, f) is a given function (such that /, /.,/,,/,, /, , / V are conti- 
nuous in the half space t^ 0). The solution of the singular Cauchy problem 
for a non-homogeneous equation (12) is given, in terms of the solution of the 
regular Cauchy problem for the corresponding homogeneous equation (10), 
by means of a Duhamel integral (cf. [3] p. 402; this is also known as the 
method of variation of parameters or "Stossmethode"). (The important 
difference between the usual application of Duhamel integrals to regular 
Cauchy problems, e.g. for the wave equation, is that there these integrals 
are proper integrals, whereas in the singular Cauchy problem under consi- 
deration here, the Duhamel integrals are improper, but convergent.) Thus, 
given the function /(a?, y, t) occurring in (12), let w(x, y, i\ * ) denote, for 
each number * > 0, the corresponding solution of (10) when F(x t y) is re- 
placed in the initial conditions of (10) by /(a?, y, / ). Then the solution u of 
(12) is given explicitly, for t > 0, by the following Duhamel integral 



(13) u(x, y, t) = w(x, y, t; 

Once this explicit solution of (12) has been obtained, the original Cauchy 
problem (7), (8) may be solved by the Heard method of successive approxi- 
mations, employing certain estimates for the Duhamel integral (13) and its 
space derivatives. The particular difficulty here is that the definite inte- 
grals involved are improper but convergent, and an important part in obtain- 
ing the required estimates is played by the behavior (cf. equation (9)) of the 
hypergeometric function F(a, b, c, z) near z = 1. Still another important 
fact which is employed is the following (consider only the case k 2= m 1, 
for definitencss): if the initial value function g occurring in (2) possesses 
continuous second order partial derivatives with respect to x 1 , , a? m 
then the corresponding solution of (1) has continuous second order partial 
derivatives with respect to x , ,x m , t for all t (and not just for t > 0), 
and satisfies (1) for t $ and its "limiting form" 

(14) Au=(k+I)u tt , 

on the plane t = 0, the carrier of the Cauchy data. The Cauchy problem 
(1 ), (2), for all values of the time, has been considered by Diaz and Ludford 

[14]. 

3. A Regular Cauchy Problem for the 
Euler-Poisson-Darboux Equation 

In a 1955 doctoral dissertation, written under the direction of Professor 
Weinstein at the University of Maryland, Miss R. M. Davis [12] has given 
an explicit formula for the solution of the following regular Cauchy problem 
for the Euler-Poisson-Darboux equation: 
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k 



, t > 0, 

. 
OU 



where g is a given function and t > 0. The carrier of the Cauchy data is the 
(regular) plane t = t . Her approach is based on a modification of the method 
of Marcel Riesz [5] for solving regular Cauchy problems for self-adjoint 
equations. A modification of the method of Riesz is needed because the 
differential equation in (15) is not self-adjoint. While, in principle, the ex- 
tension of Ricsz's method to not necessarily self-adjoint equations may be 
considered as a special case of Malmhedcn's [4] results concerning systems 
of equations, the main interest in Davis's thesis lies in that she has actually 
determined explicitly (for the first time) the "elementary solution in the 
sense of M. Riesz", F a , for a nontrivial non-self-adjoint equation, and carried 
out the requisite analytic continuation in order to obtain an explicit formula 
for the solution of the Cauchy problem (15). The function ("of two points 
plus a parameter a") 



determined by Davis satisfies the following conditions: 

( 16 ) ( *' T) 

where f and x are abbreviations for f 1 , - , w and a^ , , x m , respec- 
tively, the operator (see (1)) 

m a 2 a 2 & a 

and M is the formal Lagrange adjoint operator of L. In the present notation, 
her formula for F* is 

, T; *, t) 

- F I , - 



where 

,2 = t _ T _ X - 



It should be noticed that if in (17) one sets m =-- 2 and a = 2 then F a 
reduces to a constant multiple of the Hadamard elementary solution (9) 



CAUCHY PROBLEMS 91 

which was considered in Section 2. For the general relation between the 
Riesz and the Hadamard elementary solutions, of which the verification 
just mentioned is only a special case, see [5] pp. 182184. 

It is of interest to inquire whether the explicit formula for the solution 
of the regular Cauchy problem (15) with initial data given in the regular 
plane t = t > ' 'con verges" as t -> to a solution of the singular Cauchy 
problem (1), (2) with initial data given on the singular plane t = 0. While 
it is likely that this will be the case provided that k > m 1, and it is per- 
haps true for < < w 1, it is certainly not true in general for k < 0, 
even for k not an "exceptional value" (i.e. an odd negative integer) in view 
of the following simple example, which was kindly communicated by Miss 
Davis. (Of course, when k there is no doubt.) Consider m = 1 and 
k = 2 in (15); then the function 



is the unique solution of the Cauchy problem (15) with initial data 

du 

14 (v / ^ f2 //> / \ A 

W^tb, ItQj */ } - \JJ) VQ) w, 

ot 

and yet the function u does not approach a solution of the corresponding 
singular initial value problem (1), (2) with initial data 

uU 

M if (\\ T^ (f f\\ n 

/* I </ , vf J JU , I *t/ , \J ] \J . 
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A Criterion for the Validity of Huygens' Principle * 

AVRON DOUGLIS 

In this paper, we shall supply a proof of an analytical criterion for the 
validity of Huygens' Principle among linear, hyperbolic equations of second 
order in four independent variables. Our argument is based on an apparently 
new procedure of obtaining an integral formula for the solution of Cauchy's 
problem; the procedure stems from the integral equation theory of hyper- 
bolic equations and succeeds in avoiding some troublesome questions that 
arise in the standard methods of Hadamard and of M. Riesz. 

Cauchy's problem for a linear, hyperbolic 1 partial differential equation 
of second order 



is the problem of determining a solution u with prescribed values and pre- 
scribed normal derivatives on a fixed initial manifold. The prescribed quan- 
tities are called the "Cauchy data". 2 "Huygens' Principle" is a rule of be- 
havior of the solutions of problems of Cauchy for Lorentz's equation 

d*u " d*u __ 

dx% i dx% 

valid if n is odd and > 1, which states that the value of u at any point Q is 
determined by the data on the intersectioii of the initial manifold with the 
characteristic cone 3 issuing from Q. For a hyperbolic equation of second 



*This paper represents results obtained under the auspices of the Office of Naval Re- 
search, Contract N8on-201, T.O.I, and the National Science Foundation, Contract NSF-G1217. 
1 Equation (1) is hyperbolic in a region R if, at each point P of R, the quadratic form 
n 

g ii (P)t t t f in indeterminates t f is of normal hyperbolic signature. We shall assume, more 
t,>-0 

specifically, that the form can be reduced to a difference which consists of a single square 
minus three other squares. 

2 More generally, the term "Cauchy data" will cover not just the prescribed values of u 
and of its normal derivative but also the various derivatives of these quantities. 

n 
8 The cones (# ) a S (a?, | p ) a = (Ij = const.) are the characteristic cones for 

3>-l 

Lorentz's equation. More generally, the characteristic surfaces ^(a?*) = for a hyperbolic 

n ?></> ?></> 

equation (1) are the surfaces on which the condition 2 g li - - = is satisfied, a charac- 

i>i=K Q ox* dx> 

teristic conoid being a characteristic surface of conoidal type. 
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order with variable coefficients or with lower order terms, Huygens' Prin- 
ciple is said to hold, if the value of a solution at any point Q is determined by 
the data on the intersection of any space-like 4 initial manifold with the 
characteristic conoid 5 that issues from Q. The question of principal interest 
concerning Huygens' Principle in this extended sense is the following, first 
raised by Hadamard [5, p. 236]. Does the validity of Huygens' Principle for 
the solutions of a given hyperbolic equation imply that this equation can be 
reduced to the same form as Lorentz's equation? 6 

This paper is concerned with the antecedent problem of translating 
Huygens' Principle into quantitative terms. Hadamard, indeed, has solved 
this problem in one way [5, p. 236], but Hadamard's precise condition is 
difficult to interpret, and alternative quantitative formulations of Huygens' 
Principle would seem to be desirable. We shall offer an alternative in Theo- 
rem 1. For this purpose, we first observe that any solution of a linear hyper- 
bolic equation 7 , say (1), is characterized by an integral equation in terms of 
its Cauchy data on a space-like initial manifold /. 8 Let C^ be the truncated 
portion of the characteristic conoid C between its vortex Q and */, ^ the 
portion of / cut out by the conoid C Q , T^ the intersection of J with C, and 
D% the region enclosed by C% and J Q . The integral equation is of the form 

(2) u(Q) = f(Q) + j Q K(Q, P)u(P) dS P , 

JCj 

where K(Q, P), which depends only on the coefficients in (1), is continuous 
except possibly at Q and in the case n = 3 admits the estimate 

(3) K(Q, P) = 0(PQ~ l ) as P -* <? on Cj , 

dS P is the element of area of C at P, and f(Q) is a continuous function 



*A manifold <h(x) = is space-like for Lorentz's equation, if \^~-} S I- I > 0; 

n ty ty X *V p-l^V 

it is space-like for equation (1), if g tf - .TT > 0. 

t,r-0 x * v& 

6 Cf. footnote 3. 

6 The question is significant only for odd n, since Hadamard [5] showed Huygens' 
Principle cannot possibly be valid, if n is even. The answer to the question has been shown 
by K. Stellmacher [8] to be in the negative for odd n ^ 5 and by M. Mathisson [7], J. Hada- 
mard [6], and L. Asgeirsson [unpublished manuscript dated 1939J to be m the affirmative 
for n = 3 in the special case of equations with g t3 const The general case for ft ~ 3 still is 
undecided. 

7 We shall always assume without explicit mention each time that the quantities involved 
are suitably smooth. It is sufficient for all our conclusions that the g** in (1) be of class C 4 , 
the a* of class C 8 , and k and / of class C z , in the region considered. The initial manifold and 
the Cauchy data should be of class C 8 . 

8 Cf. [2J and the bibliographical references cited there. 

This behavior of K can always be assured, in view of the estimates in [2, 4], for instance 
by requiring that a*(Q) in (1). The latter conditions are easily brought about by changing 
the dependent variable say to v = u exp {kg t j(Q) a*(Q) x 3 }. 
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determined by the Cauchy data just on the surface of intersection T% of 
C with ./. Plainly, Huygens' Principle will hold at Q u(Q) will be deter- 
mined by the Cauchy data on T% if 

(4) K(Q, P) = for every point P of C . 

Conversely, in the case n = 3 Huygens' Principle implies (4), as follows 
from 

THEOREM 1. Consider the set U of solutions of (I) which are of class C 2 
in the interior of C^ and of class C 1 on the boundary of this region. Assume 
condition (3) to hold. If the value at P of each member u of U is preserved, 
when the Cauchy data for u are altered in any part of */ outside an arbitrarily 
narrow strip surrounding T% , then condition (4) is valid. 

By a similar argument, we also shall demonstrate the uniqueness of the 
integral equation (2) (this fact is unrelated to Huygens' Principle) under 
conditions which are satisfied in the case n = 3. More precisely, we shall 
prove 

THEOREM 2. Suppose each member u of U satisfies two integral relations 
(2) and 

(2a) u(Q) = f,(Q) + f Q KM, P) u(P) dS P , 

Jc s 

where f(Q) and h(Q) are determined by the Cauchy data for u on T^ , and K 
and K-L are functions independent of u such that the difference K K is con- 
tinuous for P =. Q and admits the estimate 

(3a) K-Ki = 0(PQ~ l ) as P -+ Q on C . 

(Huygens' Principle is not assumed.) Then K == K : . 

By contrast with this result, integral equations which, unlike (2), con- 
tain integrals over the interior of the characteristic conoid of the form 



L Q J(Q,P)*(P)dr P , 

JC 



dV P being the volume element at P, are not unique. Furthermore, the in- 
tegral equations (2) in the higher dimensional cases w = 6, 7, , in which 
cases condition (3a) need not hold, also are not unique, as can be seen from 
the construction described in [2, 4.3]. 

Theorems 1 and 2 are both proved by the same kind of argument, which 
we shall now describe in general terms as it applies to Theorem 1. We start 
with Green's formula 
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where M* is the formal adjoint to M and d/dv represents differentiation in 
the direction of the "conormal" to the boundary of D$ . The "conormal" 
direction is an outward direction from any non-characteristic surface such as 
./ but a tangential one to any characteristic surface such as C Q . Consequent- 
ly, by integration by parts the integral over C% on the right side of Green's 

formula can be transformed into an integral of the form f Q G[v]udS plus 

Jc s 
an integral over TjJ plus a quantity evaluated at Q. The last quantity will 

be zero, if u and v are bounded; the coefficient G\v\ is a slightly singular dif- 
ferential expression in v of first order. Now, if it were possible, we should 
determine v in such a way as to satisfy 

a) M*v = in D , 

( ' b) G[v] = K on C% . 

Then comparing the transformed Green's formula with the integral equation 
(2) we would infer an integral representation for the solutions of (1) of the 
form 

(6) u(Q ) = T} W 

where T^[u] is a linear functional of u determined by the Cauchy data for 
u on T^. In such a representation, the implications of Huygens' Principle 
would be clearly seen. Indeed, if Huygcns' Principle is assumed, i.e., if 
u(Q) is supposed unaffected by variations in u and du/dv at the points of 
*/^ outside an arbitrarily narrow boundary strip, then v dv/dv = on 
J Q from the fundamental lemma of the calculus of variations applied to 
(6), and, if Huygens' Principle holds regardless of the particular initial sur- 
face, than v and all its first derivatives would have to be zero in D^ . Hence, 
G[v] = and, finally, K = on C% , since G = K. 

The program described is not quite feasible; because of the singularities 
in the kernel K and the differential expressions G[v], a function v which 
strictly fulfills requirements (5) is denied us. A function which, in a general- 
ized sense, satisfies these requirements can be obtained, however, by a 
procedure which involves approximating K by smooth functions and later 
utilizing estimates of Friedrichs-Lewy type, and this function will suit our 
purposes well enough. 

Theorem 2 was suggested in principle by J. Hadamard in a conversation 
with the author. Theorem 1 essentially has been stated by M. Mathisson [7] 
and applied by him and later by P. Guenther [4], but the proof Mathisson 
offered is incorrect. Criterion (4), obtained here as the outcome of Theorem 1, 
can be deduced quite differently through Hadamard's theory of Cauchy 's 
problem rather than through integral equations. This has been done by 
L. Asgeirsson in an unpublished paper. 
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I wish to thank P. D. Lax for several useful suggestions on the presen- 
tation of this work. 

1. An Aspect of Green's Formula 

Our first objective will be a particular kind of integral formula for a 
solution of Cauchy's problem. This will be described in 2, while here, in a 
preliminary step, we shall formulate Green's formula in a convenient way. 
For the time being, we do not restrict the number of space dimensions to 
three. Let 10 

1 9 / /- dw\ I 3 /- 

M * w - vj a? ( Vs 8 " w) ~ v= g a* (Vs a ' w) + kw 

be the formal adjoint to the differential operator M defined in (1 ). Thus, if 
u and w arc functions of class C 2 , we have the identity 

/- 9 f /- / dn dw\ i- 

Vg (wMuuM*w) = J V g g t3 \w- u 1 + V g a*u 

ox* I \ ox 3 ox j / 

which we shall integrate over the (w+1 ) -dimensional region D% of sc'-spacc 
(inclosed by the pieces C% and J Q of C Q and of ,/, respectively. The result 
of the integration is Green's formula 

n (wMuuM*w)Vgdx\ n n n i \Vgg l3 \w- u- )-}-Vga z uw \ dS 

JDj JCf+S v L \ OX 3 OX 3 / J 

in which dx and dS represent the elements of Euclidean volume and area in 
# l -space for D% and for its boundary, respectively, and the n { are the com- 
ponents of the outward unit normal to the boundary. The left side of this 
formula is invariant under coordinate transformations; hence, the right side, 
too, is invariant. 

Now we must recognize that the derivatives of u appearing in the 
integral over the characteristic cone C jj- can be eliminated by an integration 
by parts. These derivatives, in fact, are in the directions of the bicharac- 
teristics which generate C9 t as we readily see from the bicharacteristic equa- 
tions for this characteristic surface. Let <f>(x) = represent the equation 
of the surface C Q . According to the bicharacteristic equations, x i = g ii d<j>/dx j , 
where the dot denotes d/ds, s being a parameter along a bicharacteristic 
curve x* x l (s) belonging to C Q . On C Q , moreover, the n t are proportional 
to the d^/dx 1 ", hence, the combination g ti n i du/dx^ on C Q is proportional 
to x* dujdx 3 or to u, as asserted. 

In carrying out the integration "by parts, it is useful to change to a 

10 From now on, the summation convention will be applied. The indices i, ;, k, I will 
range from to n, and p, q, r, s from 1 to n. 
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special coordinate system, the "normalizing coordinates" (y*) described in 
[2, 2]. In this, the bicharact eristic curves emanating from Q are straight 



lines on which s = r V^J (y )*, and the back characteristic conoid 
with vertex at Q is a right cone <f> === y Q +r = const, whose unit normal (n % ) 
at each point is given by 



< = on C9 9 

V* 



where 



(*) being the coordinates of Q. The element of Euclidean area on C Q is 
given by 

dS = \/2r n ~ l drdco, 

where dco is the element of surface area of the unit (w--l)-sphere. Hence, 
in Green's formula, the integral over Cj can be written in normalizing 
coordinates as 



or as 



r /-r / du dw\ i 

\ Vh\ ptWlw - u l+pttfuw r n ~ 
Jc L \ oy } oy 3 / J 



r / r du dw "i 

n vh w + u + fi t a*uw Ir' 
Jc L dr dr J 



snce 

fi h =*+ h *-=*. = - 

dy j dy* dy> ds dr 

represents differentiation along a bicharacteristic. By integration by parts, 
this integral is further transformed into 



where 



n uG (w)r n ~ l dr dco Vh wur"- 1 dco, 
Jc JT 



G(w) == r-(-D (r n ~ l Vhw) + Vh ^- 
dr dr 



and where T% is the (n l)-dimensional locus of intersection of C Q with ./. 
Green's formula, in normalizing coordinates, therefore becomes 



(1.1) 



J Vh (wMu-uM*w) <W=! Q uG(w) r"-'- 



~~ I I w ^ w "^ h v^uw I V/& ^51 n wze' N/A r n ~ l dco, 

JjQ \ dv OV / JTj 
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where the v % (v > 0, Jf vj = 1) are the components of the unit normal to J 
which points into the "future", and 



is differentiation in the "conormaT direction, an outward direction from a 
non-characteristic surface. 

2. The Integral Formula for u 

We desire to apply formula (1.1) to eliminate the integral over C$ from 
(2) and, for this purpose, should like w to be such that M*w = in Z) and 
that G(w)/V2 = K(Q, P) on Cj . Imposing the latter condition, in the case 
n = 3, leads to prescribing w on C$ as a bounded function which has un- 
bounded but square-integrable first inner derivatives over this truncated 
cone. Indeed, the equation 



has a solution on C Q given by 

w = Wh~* r-<n-D/2 exp {- J/? f J r a'(r-e, P V 
where W is determined by quadrature from the condition 

= -L j-% ,<-i>/2 exp { J ft J V(T-. 0, 

In the case n = 3, in particular, and if condition (3) is valid, we can insure 
that W = 0(r) as r -> and, thus, that the values of w to be prescribed on 
C are bounded, and its inner derivatives are 0(r~*) t as r-> 0. All these 
functions thus are square-integrable on any bounded part of the three- 
dimensional manifold C Q as asserted. 

We shall obtain a function w which, not in a strict, but in a generalized 
sense, in D Q satisfies the requisite diffei ontial equation and on C Q assumes 
boundary values w for which G(w) = K. Let the norm \\f\\ n of a function 
/ relative to a subregion n of C Q or of a space-like surface be defined as the 
square-root of the integral over n of the square of the function. Let R? be a 
part of the conical region D Q + C Q , truncated, if necessary, in which the 
coefficients in the differential equation are sufficiently well behaved; we 
shall suppose the lower boundary o?R9, if it exists, to be a smooth, space- 
like surface, for instance a space-like plane. Our w will have "strong" deri- 
vatives w i in R9 in the following sense: if S is a portion of any sufficiently 
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smooth, space-like manifold which with part of C Q encloses a bounded sub- 
region of R Q , then 

His. IHIs< oo, 

and, moreover, there exists a sequence of functions w^ of class C 1 in R9 
such that 

-> as K -> oo. 



This ze>, finally, will assume the requisite boundary values and also will 
satisfy the adjoint homogeneous differential equation in the sense that, for 
every function u of class C 2 in S9 and for every sufficiently smooth space- 
like initial manifold contained in RQ, the integral identity 



'=) Q u(P)K(Q,P)dC% 

(2.1) JD '* Cjf 

_f L^_^-L a i 

]sQ\ dv v * 



will be valid, where w v = h^ViW, , and where T$[u] is a linear functional of 
u determined by the Cauchy data of u on T^. Comparing (2.1) with (2) 
we thus will have the following integral representation of an arbitrary solu- 
tion of the differential equation Mu=F in terms of the values </>, y of u, 
du/dv, respectively, on J>\ 

(2.2) u(Q) = Aft?) + j^ Q \wv+4>(v 4 a*w-w v )] VhdS + J D Q VhwFdV, 

where fi(Q) = /((?)+ T^ [u] is a quantity that is determined by the Cauchy 
data prescribed on the intersection T% of C Q with /. 

The first step in proving this result is to obtain a sequence of functions 
(w (M) ) defined on C Q such that 

H0 (K> -0|| n -*0, \\D,wM-D 9 w\\ n ->0 as->oo 

on any bounded piece n of C Q O R9, w again representing the agreed bound- 
ary value of w. The w (tt) f in addition, are to be of such high differentiability, 
say of class C 3 , on C Q as to make possible the second step, which is to obtain 
a sequence of functions w ( ** of class C 1 in R Q and of class C 2 in the interior of 
this region satisfying the adjoint homogeneous equation M*w in the 
interior of R Q and fulfilling the boundary conditions w ( * } = w ( * } on C Q . 
Each such w^ might be obtained, for instance, as the limit of a sequence of 
solutions of suitable problems of Cauchy for space-like initial manifolds that 
tend to C Q , convergence being assured by estimates easily obtainable from 
our integral relations. The third step consists in observing that inequalities 
of the type given by Friedrichs and Lewy, which are stated below, will 
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imply that, on any space-like manifold in R Q , (w ( * } ) and (dw^jdy*) are 
Cauchy sequences; these sequences, therefore, converge in the mean on each 
space-like manifold 5 to functions w and w i , respectively, of class L 2 in 5. 
Finally, we let ->oo in Green's identity (1.1) written for w ( *^ and thereby 
obtain (2.1). Obviously, 



= lim LQ 

X->00 ^ S 



The requisite inequalities we now formulate in the following lemma. 
Both statement and proof are after Friedrichs and Lewy. 11 

LEMMA 1. Let D be the region of x*-space enclosed between a back charac- 
teristic conoid C and a space-like manifold S relative to a hyperbolic equation 

d 2 u t du 

which has bounded coefficients and continuously differentiable leading co- 
efficients a li in the closure D of D. The boundary of D is assumed to be 
C s -\-S, C s being the part belonging to C. Then there exists a constant A 
such that the inequality 

du 2 n 

(2.3) IMI1+2 5-1 ^{IHIc s +2ll*Vllc s } 

t =o ox s p== i 

holds for any solution of this equation which is of class C 2 in D, the D^u here 
being n linearly independent inner derivatives of u relative to C, say 



where (a t -) is the unit "forward" -pointing normal to C. 

Let us assume that X Q is a time-like variable in D and that 

a > 0, 

and let us also take S as a plane X Q t const. The lemma is based upon 
the identity 



a subscript / indicating partial differentiation with respect to x* t in which 
q(u t , u) is a quadratic expression in the u i and in u with coefficients that 
depend linearly on the coefficients in N and on the first derivatives of the 
a i3 . Integrating the two sides of this- identity over D, and applying Gauss' 



"Cf. [1, p. 379] and [31. 
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theorem, we obtain 

= J Cs+s {^* M ^- a "*^ 
= Jc s +S w oH tt o Ww . w ^ flM ( W po-op)((io--o)}^ 5 + 

dV and ^5 here representing the elements of volume and area in airspace fo 
D and for its boundary C S +S, respectively, and n t being the components of 
the outward unit normal to the boundary. Since 

_ | -(5, on S, 
' l+oc; on C, 

and, since, furthermore, a^o^oc,, = on the characteristic conoid C, it 
follows that we have 



r 



>-a**n v u Q )dS 

. . Jo 



Now we recall that a 00 > and also, since the quadratic form a pq t v t Q is 
negative definite, that 

(2.5) *i2-* w V^*i2. *i><>, *i>- 

Hence, if we set 

^ 3 = min (a 00 , ftj) on S, A 4 = max I I on C 5 , 

\a / 

we have from (2.4) the inequality 



However, 



where ^ 6 is a bound for the absolute values of the coefficients of the quadratic 
form q and, furthermore, there is a constant k B such that 



JD 

Hence, for a suitable constant k, 



Let us apply this inequality to a variable plane 5^: %P = t, denoting by D t 
the region inside the cone cut off by S t . Since 
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the inequality implies that 

where 
and 



From this, it is seen that ^ e kt which together with the easily proved 
fact that 



(& 7 = const.), implies the lemma. 

3. Proof of Theorem 1 

If Huygens' Principle is valid, then by (2.2) the integral expression 

Jy? [wv+^K^w >)] VhdS 

is determined by the values assumed by < and by y on the boundary of the 
domain of integration alone. Taking < == we thus find, in particular, that 
the integral 

I wy> VhdS 

is the same for all functions y> with identical values on the boundary of 
/^. Hence, w = almost everywhere on */^. Now it follows that the 
integral 

f Q <f>w v VhdS 

is the same for all functions <f> with identical boundary values and that, 
therefore, w v almost everywhere on S Q . Since *P Q is arbitrary, both w 
and z# v = h i3 v t w j} therefore, vanish almost everywhere on each member of 
any family of space-like surfaces that simply cover D^ (or that simply cover 
any fixed part of D^ to which we may desire to confine attention). This 
implies that w and the w t vanish almost everywhere in D^ (an (w+l)-di- 
mensional region) from which fact, and from Fubini's theorem, we can furth- 
er conclude that there is a space-like surface (an w-dimensional region) on 
which w = w { = almost everywhere. The conclusion that K(Q, P) a 
continuous function for P ^ Q which is the limit in the mean of combina- 
tions of ze> (x) with its first derivatives vanishes on C Q t will follow at once, 
when we have established 



104 A, DOUGLIS 

LEMMA 2. Suppose that w and the w t satisfy the same conditions as in 
2 and that, in addition, on the fixed space-like surface S, we have 



and 



as K -> oo. 

lk (x) ll c c>-*0> ||Z)^;W|| cQ ->0 as x->oo. 

The hypotheses at once imply that ||^ (x) |Lg -> 0. The other limit 
relations follow like (2.3) from identity (2.4) and inequality (2.5). 

4. Proof of Theorem 2 

Subtracting (2a) from (2) gives us 

(4.1) /-/i+f c o(K-X 1 )iS = 0. 

jc^ 

We now repeat the arguments given in support of Theorem 1 with (4.1) in 
place of (2). 
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Singularities of Generalized Axially 
Symmetric Potentials 

ARTHUR ERDfiLYI 

California Institute of Technology 

1. Let * "i * "2 > " " * k e a sequence of real numbers such that 
(1) limsup K| I/W = 1, 

and consider the two series 

co 



In the first of these series r and 6 are real variables, r ^ 0, <^ ^ rc; in 
the second, 2 is a complex variable, z = rtf 10 , r ^ 0, rc ^ ^ n. Both 
series converge when r < 1 and diverge when r > 1; the first series defines 
a regular axially symmetric potential in the unit sphere in three dimensions, 
r and being two of the spherical polar coordinates, and the second series 
defines a regular analytic function in the unit circle of the complex z-plane. 
Each of these functions may possibly be continued analytically beyond the 
region of convergence of the series. Szego [2] proved the following inter- 
esting theorem: z = e i6 is a singular point of f(z) if and only if r = 1, 
= is a singular circle of u. 

Szego 's theorem is of considerable importance in that the numerous 
known results on the behavior of power series on their circle of convergence 
may now be utilized in the theory of zonal harmonic expansions, and also in 
investigations of the Abel summability of series of Legendre polynomials. 
Szego himself gave an interesting application of his theorem: If the a n are 
real, and satisfy (1), if N (n) denotes the number of non-zero coefficients in 



(4) lim #()/* = 0, 

W->00 

then u is singular at every point of the unit sphere. 

We shall look at Szego's result from a slightly different point of view, 
comparing u with 

(5) v = &ef(re* e ) = JT a n r n cos nO 

n-O 
105 
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rather than with f(z). We then have a three-dimensional axially symmetric 
potential u and a two-dimensional symmetric potential v, and it is sufficient 
to consider these in the half-plane r ^ 0, <g 6 f n. Both potentials are 
regular in the semi-circle r < 1, and they are equal on the diameter of that 
semi-circle. Szego's theorem now asserts that ike singularities of u on the 
boundary of the semi-circle of regularity coincide with those of v. 

This point of view throws new light on Szego's result, and leads in a 
natural manner to some extensions of it. First, it is plausible to conjecture 
that the number of dimensions need not be three. Accordingly, we shall re- 
place u by an axially symmetric poteatial in any number of dimensions. If 
use is made of the theory of generalized axially symmetric potentials deve- 
loped in recent years by A. Weinstein and others, the "number of dimen- 
sions' ' need not be restricted to an integer. Such an extension emphasizes 
the fact that the essence of Szego's theorem is the comparison of the singu- 
larities of related solutions of two similar partial differential equations in two 
independent variables, and it explains the necessity (mentioned by Szego) 
of restricting the discussion to zonal harmonics rather than including arbi- 
trary solid harmonics. 

The semi-circular regions are the most natiiral regions to consider in 
connection with the series expansions on the right-hand sides of (2), (3), (5), 
but they appear unnaturally restrictive once one compares solutions of 
partial differential equations. Thus, secondly, it is tempting to try to replace 
the semi-circular regions by more general regions of regularity. The regions 
to be discussed here have about the same degree of generality and are maxi- 
mal in the same sense as the Mittag-Leffler star of an analytic function with 
respect to a point. 

Thirdly, in the comparison of u and v, as distinct from the comparison 
of u and /, the restriction to real values of the a n , or, what is the same, to 
real values of u on the axis of symmetry, is no longer pertinent. 

The results to be presented here are closely related to S. Bergman's 
researches on the singularities of solutions of partial differential equations, 
but this connection will not be followed up in the present lecture. 

2. Before discussing the comparison theorem, it will be useful to give 
a rapid survey of the salient points of generalized axially symmetric potential 
theory. This survey is based mainly on [3] and other papers by A. Weinstein. 

Let us consider solutions of the ^-dimensional Laplace equation 



6 1TT V 2 

dx\ da* 

which depend only on the two variables 
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Such solutions V = u(x, y) satisfy the partial differential equation 

, x d 2 u 3 2 u k du 

< 7 > ^w+y+i,*- ' 

where 

k = n 2; 

it is clearly sufficient to consider such a solution in the half y ^ of the 
x, y-plane. 

The partial differential equation (7) will from now on be considered 
with real, not necessarily integer, values of the parameter k, and will be 
called the differential equation of generalized axially symmetric potentials. 
Odd negative integer values of k will be excluded throughout the paper. 

It may be remarked parenthetically that it is not necessary to interpret 
(7) as governing certain solutions of Laplace's equation in k+2 dimensions. 
If ft is a solution of (7), and 



then U(x, y, <f>) satisfies the partial differential equation 

ldU 



which is the three-dimensional Laplace equation in cylindrical coordinates, 
so that (7) arises also in connection with certain, possibly multi-valued, 
three-dimensional potentials. 

The introduction of non-integer values of k in (7) is justified by the 
resulting elegant theory (called GASPT by Weinstein) and also by the 
existence of important applications of (7) with non-integer values of k. Thus, 
the well-known Tricomi equation can be transformed into (7) with k = 1/3. 

In either of the half-planes y > and y < 0, (7) is an elliptic partial 
differential equation with analytic coefficients, and hence every twice con- 
tinuously differentiable solution is an analytic function of x and y. The line 
y = 0, which will be called the axis, is a singular line of (7). This singular 
line is of a nature similar to that of a regular singularity of an ordinary linear 
differential equation with analytic coefficients. The exponents belonging to 
this singular line are and 1 . Consequently, there are solutions of (7) 
which are regular on (some portion of) the axis. It is seen from the differen- 
tial equation that d<f>jdy = on the axis for regular solutions, and also that 
such solutions may be continued across the axis as even functions of y. 

The following nomenclature will.be used throughout this paper. The 
axis is the line y = 0. A region is an open connected set of points in the 
x, y-plane which is symmetric with respect to the axis. A region contains 
a portion of the axis. A simple region is a region whose intersection with each 
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line x = const is either empty or else an interval. A simple region is simply- 
connected and convex in the ^-direction. A half -region is that part of a region 
which lies in the half-plane y ^ 0. A half -region is neither open nor closed. 
A symmetric potential is a solution of (7) which is regular in some region, and 
hence in some half-region, and is an even function of y. If k is not zero or a 
negative integer, it can be proved that a regular solution of (7) is an even 
function of y. If k 0, 2, 4, , the assumption that u is an even 
function of y is part of the definition. 

We now enumerate briefly some of the more important properties of 
symmetric potentials. If u(x, y) is a symmetric potential, then its value on 
the axis, 

(8) g(x) = u(x, 0), 

is an analytic function of x, regular on that portion of the axis which is con- 
tained in the region of regularity of u(x, y}. Conversely, given any analytic 
function g(x), regular on some interval 7 , there exists a region containing 
7 and a symmetric potential regular in that region such that (8) holds. That 
this symmetric potential is uniquely determined follows from the uniqueness 
theorem: Two symmetric potentials which are equal on some segment (or 
some bounded infinite point -set) of the axis, are equal everywhere where 
they exist. Symmetric potentials can be continued analytically for both 
real and complex values of the variables x and y. 

Negative odd integer values of k were excluded because, for such values 
of k, neither the existence theorem nor the uniqueness theorem holds. Note 
that the validity of the uniqueness theorem for k = 0, 2, 4, is due 
to our definition of symmetric potentials which, in this case, includes the 
condition that u be an even function of y. 

For the remainder of this section we assume k > 0. 

A symmetric potential u(x, y}, with k > 0, can be expressed explicitly 
in terms of its values (8) on the axis in the form 

(9) u(x, y) = C k ( n g(x+iy cos ajsin*- 1 a^a, k > 0, 
where 



Contour integral solutions of (7) which are related to (9) have been obtained 
by A. G. Mackie [1]; they extend (9) to negative values of k. 

Let C be a sufficiently smooth simple closed curve in the half-plane 
y ^> 0, traversed counterclockwise, and bounding a closed domain D\ let 5 
be the arc-length measured along C and let d/dn indicate differentiation in 
the direction of the exterior normal of C. For functions f(x, y) and g(x, y) t 
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which are twice continuously differentiable in D, we have Green's formulas 
for (7), 



(11) ds = 



D 

of which the first is a special case (g = 1) of the second. If C contains points 
of the axis, k > must be assumed in (11) and (12). 

We shall now apply these formulas to obtain a kind of converse to (9), 
expressing g as an integral involving u. We consider a finite number of con- 
tinuously differentiable arcs, denoted in their totality by F, which, together 
with portions of the axis, bound a simply-connected half-region. The closure 
of this half -region will be denoted by D, and the boundary of D will be tra- 
versed counterclockwise, thus determining an orientation of F. In Z), we fix 
a point (, 0) on the axis and a counterclockwise semi-circle y with center 




at (f, 0), and denote the closed domain bounded by JT, y and portions of 
the axis by D y . If u(x, y) is a symmetric potential regular in some half- 
region containing D, k > and 

(13) e = [(x-SP+f]* ^ o, 

then we may apply (12) to the domain D y with / = u and g = g~ k . Clearly, 
these functions are twice continuously differentiable in D y ; moreover, 
L(u) L(@~ k ) = so that the double integral vanishes, and du/dn ~ 
d@~ k /dn = on the axis so that the integral extended over portions of the 
axis also vanishes. Thus, 



f f / l Su d e~ k \ 
- y \e IT- U -T~ * = o, 

Jr Jy \ Bn dn / 



where d/dn indicates differentiation in the direction of the exterior normal 
of D y . If the radius of y is e, we have on y 

x = S+e cos 0; y = e sin 0, 0^6^ n, 



- 

dn 
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and making e -> we obtain 



= **(, 0) J'sin* 6 M = fcC&wtf, 0), 
where C m is defined by (10). We thus arrive at 



where & > 0, is any symmetric potential regular in some half-region con- 
taining D and d/dn indicates differentiation in the direction of the exterior 
normal. 

In particular, let F be a semi-circle of radius a with center at ({ , 0). 
Then 

f r*fV* = -*f |V& = o 

Jr 3w Jr3 

by (11); also, 



on .T, and hence we obtain the mean value theorem 

(15) (& 0) = C w J* tf + cos 0, a sin 6) sin* <W, A > 0. 

3. Alongside with symmetric potentials we shall consider symmetric 
harmonic functions v(x, y). These are solutions of Laplace's equation 



which are even functions of y, v(x, y) = v(x t y), and are regular in some 
region; in short, they are symmetric potentials for k = 0. The relation 

(17) u(x, 0) = 1(9, 0) = g(9) 

sets up a correspondence between symmetric potentials (for a fixed k) and 
symmetric harmonic functions. For a fixed simply connected region of 
regularity, both u and v are uniquely determined by g(x), and (17) represents 
a one-one correspondence. We shall represent explicitly each of the two 
functions u, v in terms of the other. 

To express u in terms of v, we remark that 

(18) 2v(x, y) = g(x+iy)+g(x-iy), 
and hence 
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(19) u(x, y) = 2C k /2 v(x, y cos a) sin*- 1 a <2a 



by (9). In order to obtain a form valid also for negative k, we follow Mackie 
in introducing contour integrals, and re-writing (19) as 

f v(x ) 
(20) *(x, y} = 



where the path of integration will be specified presently. Setting, for the 
moment, 

9v(x, y) 



Sy 
the identity 

! B 2 k 



= w(x, y), 



may be verified by explicit computation using (16). From this identity it 
follows that the right-hand side of (20) satisfies (7) provided that v satisfies 
(16) and C is a path of integration for which 

* 2 )* /a ] = 0. 

Moreover, under these circumstances clearly u(x t y) is an even function of y 
and u(x, 0) = v(x t 0). If k > 0, the interval from t = to t = 1 may be 
taken as the path of integration, since w(x, yt) is an odd function of t and 
w(x, 0) = 0. In general, we may take C to be a loop beginning and ending 
at t = and encircling t = 1 counterclockwise, except that we must exclude 
odd negative integer and even positive integer values of k for which the 
denominator in (20) vanishes. There are many other possible paths, but for 
our purposes it will not be necessary to specify C in (20). 

To express v in terms of u, we may proceed in either of two possible 
ways. Setting 



z = z+iy, z = xiy 
we have from (13), 

e =(*-f 

and from (18) and (14), 
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(2D .(f.n) = b(f)+(C)]-c m ^*-*, k>o, 

Where 



2h(x, y, & f,) = [( 

That branch of h must be taken for which both fractional powers are positive 
when (x, y) is on JTand (f, 77) is a point on the axis in DF. This branch is 
an analytic function of the four real variables x, y, f , 77 which is single- valued 
and regular when (x, y) ranges over F and (f, 97) ranges over DF. Thus, 

(21) defines a symmetric harmonic function in the half-region DF, and 
for this harmonic function v(g, 0) = ?/(f, 0) g() by (14). 

There does not seem to be any obvious way of extending (21) to nega- 
tive values of k. Instead, we shall follow Mackie in regarding (19) or (20) as 
an integral equation for v. Solution of that integral equation leads to 

f 

(22) v(x, y} = jc 

A computation similar to that carried out in the proof of (20) shows that, 
u(x, y) being a symmetric potential, the right-hand side of (22) is meaning- 
ful and satisfies Laplace's equation, provided that the path of integration 
C is chosen so that 

f /*(] _/*)-*/a-i<ft = 0, f d \ d " (x, j^)**(l -* 2 )-*/l= 0. 

J Jc Lay J 

Clearly, v(x, y), as defined by (22), is an even function of y, and v(x t 0) = 
u(x, 0). The following special contours may be used in (22): a path from 
2 = to rf = 1 if 1 < k <Q, a loop starting and ending at t and en- 
circling t 1 if k > 1 , and a loop starting and ending at t = 1 and en- 
circling t if k < 0. For our purposes it will not be necessary to specify 
C in (22). 

Equations (20) and (22) are particular cases of a relation connecting 
symmetric potentials of different "dimensions". Let k, mbe real numbers, 
neither of them a negative odd integer. Let u k be a regular solution of (7) 
which is an even function of y, and let u m be a similar solution of the differ- 
ential equation obtained by replacing k by m in (7). If we set, for the moment 



the identity y 



- T> 

y o,t 
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may be verified by explicit computation, and the relation 

f (*, 
(23) u k (x, y) = j ^- 



for paths of integration satisfying 



c 



d[w(x, y/)P (I -/*) <*-*>/*] = 



follows as before. The correspondence between symmetric potentials of dif- 
ferent dimensions is established by the relation 

w t (*,0) = w fll (a? f O) 
which is clearly satisfied by (23). 

4. We are now ready to discuss singularities of symmetric potentials. 

Let u(x t y} be a symmetric potential, regular in some region containing 
an open interval J of the axis. Then g(x) u(x, 0) is an analytic function 
of x, regular on / . Continuing g(x) analytically along the axis, we obtain 
a unique maximal interval / such that / C J and g(x) is regular on /. (/ may 
be finite or infinite.) The exl ended function g(x) on / determines uniquely a 
symmetric potential which is regular in some region containing /, and re- 
duces to g(x) on /. By the uniqueness theorem, this symmetric potential is 
an analytic continuation of the given symmetric potential and may be 
denoted by u(x, y). For each x in 7, there is a maximal interval J 9 : /?(#) < 
y < p(x) on the line through (x, 0) parallel to the /-axis such that u(x, y} is 
regular on J x . The union of all the intervals J 9 , where x runs over 7, is a 
simple region R. Being simple, R is simply connected, and it is single-valued 
and regular in R. This region will be called the simple region of regularity of u 
with respect to / . We shall also write I(u), R(u) in order to indicate the 
dependence of the interval I and of the region R on u. I and R depend also 
on 7 but this dependence will not be indicated in the notation. 

The same construction may be repeated with a symmetric harmonic 
function v(x, y), thus leading to R(v), the simple region of regularity of the 
symmetric harmonic function v with respect to / . 

THEOREM. Let k T 1, 3, , and let u(x, y) be a symmetric potential 
and v(x, y} a symmetric harmonic function. If u(x, 0) = v(x, 0) on some 
interval 7 of the axis, then the simple regions of regularity of u and v with 
respect to I coincide. 

COROLLARY. For a fixed analytic function g(x), regular on some interval 
IQ of the axis, let u(x, y) be the symmetric potential for which u(x, 0) g(#). 
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Then the simple region of regularity of u with respect to 7 is independent of k, 
k^-I, -3, -5, . 

Proof of the theorem: Since u(x, 0) v(x, 0) g(x) on / , clearly 
I(u] = I(v) I. If (x, Y) is a point in R(v), then v is regular at (x, y) for 
^ y ^ Y. For k > 0, we see that v(x, yt) is a regular function of the real 
variables x and y for fg / <J Y, fjrf 5g 1, and from (19), u(x, y) is regular 
for ^ y ^ Y. Thus #() D jR(v) if A > 0. If * < 0, we remark that 
v(x, y) may be continued to complex values of y, and v(x t yt) is regular if 
5j* y 5j Y and is in a sufficiently small complex neighborhood of the 
segment 5j t fg 1. Since C may always be chosen to lie within this neigh- 
borhood, it follows from (20) that R(u) D R(v) also for negative values of k. 
By a similar argument it follows from (22), or, in the case of positive k from 
(21), that R(u)CR(v). Hence R(u) = R(v). 

The corollary is a simple consequence of the theorem. Alternatively, 
it may be proved by means of (23). 

Our theorem states that, broadly speaking, the position of the singulari- 
ties of the symmetric potential n(x, y) depends only on g(x) = u(x t 0), and is 
independent of k. It is natural to ask whether the nature of the singularities 
is also independent of k. The following examples show that the answer to 
this question is in the negative. 

The fundamental solution of (7) with a singularity at (0, 0) is ([3] p. 31) 

!(*, y) = (x*+y*)-*, 

and the symmetric harmonic function determined by the condition v^x, 0) 
Ui(x t 0) for x > is 

"i(*> y) = 



In polar coordinates r, 6, where 

x = r cos 0, y ~ r sin 0, 
we have 

u = r~ k , V-L = f- & cos & 6. 

Thus, % = Vj when = 0, but w x and v 1 behave differently as (x, y) -> (0, 0). 
The second example will show that even the order of the singularity 
may depend on k. The fundamental solution of (7) with singularities at 
(0, 6), b > 0, is ([3] p. 32) 

uJx, y) = C k I** ( 2 +/ 2 +6 2 tyb cos oc)- fc/2 sin*- 1 a <fa, ft > 0. 

Jo 
Here 

&(*) = ,(*, 0) = (*+ft)-*'. 
and the corresponding symmetric harmonic function is 



SYMMETRIC POTENTIALS 115 

(*> y) 

Thus, 



|-M) as (a, y) -> (0, 6), 

while it is known that % has a logarithmic singularity at (0, b). 

The third and last example shows the influence of k on the nature of the 
singularity. We set 

&(*) = (*+**)-, 

where & > 0, 5 > 0, and take that branch of g 3 (x) for which 3 (0) > 0. The 
corresponding symmetric potential and symmetric harmonic function are 

u 3 (x, y] = C k (* (b+ix+y cos a)~ 8 sin*- 1 a <Za, 



They both have singularities at (0, &), and no other finite singularities. 
Now, the integral in % is a known integral representation of Legendre func- 
tions, and its behavior as (x, y} -> (0, b) may be determined by means of the 
known behavior of Legendre functions in the neighborhood of a singularity. 
It will be sufficient to give the results here. It turns out that 

0(1) if k > 2s, 

0(log \z-ib\) if k -= 2s, 

f)(\<? <ih\~~ *+fc/2\ -J-f jf> ,-- 9c 

\J \y* ~~^ IfU I I 11 t\f < -~^ *JO. 

5. Results of the nature of Szego's theorem follow easily from the 
discussion of the preceding section. For the sake of simplicity we assume 
that k 7^ 0, 1, 2, . Let us introduce polar coordinates r, 6 by setting 

x = r cos 6, y = r sin 0, n ^ <; n, 

with 5g 6 5j n in the half-plane. Symmetric product solutions of (7), ob- 
tained by separation of the variables r and 0, are of the form 

r"C% 2 (cos 6), n = 0, 1, 2, , 

where C*' 2 (cos 0) is the Gegenbauer (ultraspherical) polynomial defined by 
the generating function 

^1 M> cos ()~\~t ) === ^^ ' C/ n (cos CM. 

n-O 

In particular, Cjf(l) ^ for k ^ 0, 1, -2, - , = 0, 1, 2, , and 



Symmetric product solutions of the two-dimensional Laplace equation are 
of the form 

r n cosnO, n = 0, 1, 2, . 
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Suppose now that u is a symmetric potential and v a symmetric har- 
monic function such that u(x, 0) = v(x, 0) g(x) on some interval / con- 
taining the origin. Then g(x) is regular in some neighborhood of the origin, 
and possesses a power series expansion 

g(x) = u(x, 0) = v(x, 0) --= 2 a n x n . 

n-O 

We now claim that 

C* /2 (cos 6) 

,(.,) = i '.- 



(25) v(aj, y) 2 <V W cos n 0- 

77-0 

Indeed, the series for u and t; have the same radius of convergence (in the 
real r y 0-plane) as the series for g (in the complex as-plane). Within their 
circle of convergence, (24) and (25) represent, respectively, a symmetric 
potential and a symmetric harmonic function, and both u and v reduce to 
g when y = 0. 

The infinite series in (24) and (25) converge in the largest open circular 
disk with center at the origin and contained in the common simple region 
of regularity of u and v with respect to an interval containing the origin; 
on the boundary of the circle of convergence u is regular (singular) wherever 
v is regular (singular). 

If, in particular, g(x) is a real function of the real variable x, i.e., if the 
a n are all real, than the singularities of 

(20) e(*+iy) = 2a n w 

n=0 

are symmetrically situated with respect to the axis and are, in fact, identical 
with the singularities of v. In this case we may compare (24) and (26) instead 
of (24) and (25). 
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Growth Properties of Solutions 
of Non-linear Elliptic Equations * 

ROBERT FINN 

University of Southern California 

1. We shall consider non-linear elliptic second order partial differen- 
tial equations of the form 

, L) <*(*> V, (p. p, q)y xa} +2b(x, y, y, p, q)<r xy +c(x, y, <p y p, q)<r vy 

( ' = /)(*,*/, ?>,,?) 

where p = q> x , q = (p y , and the coefficients are assumed normalized so that 
a > and ac~ b* = 1. 

It is known that if D and if there is a fixed constant K < oo such 
that a+c <K for every solution of (1 ) throughout the domain of definition 
(i.e. if the equation is uniformly elliptic), then the solutions exhibit a beha- 
vior which patterns itself very closely on that of harmonic functions. In 
particular, there is an a priori estimate on the magnitude of the gradient, 
and also of the higher derivatives, of a bounded solution in a compact sub- 
domain of the region of regularity, and the first boundary value problem 
(Dirichlct problem) will in general be correctly set in the sense of Hadamard 
[8], Now there are some equations of the form (1 ) for which similar behavior 
of the solutions is to be expected on the basis of physical considerations, 
but which do not fall into the category of uniformly elliptic equations. For 
such equations the usual methods of proof break down, and it is therefore 
desirable to discuss the behavior of solutions by methods which take account 
of the non-linearity of the equation in a natural manner. We shall approach 
this question by a study of the consequences of abstracting essential features 
of the non-linearities which occur in the minimal surface equation 



where 

1+-7 2 . -pq _ l+/> 2 



OC -^ 



the equation whose solutions rcpre^entsurfaces of constant mean curvature/if, 
(3) " 



This investigation was supported by the Oifice of Naval Rcseaich. 
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and the equation of polytropic flow of an ideal gas, 



where c 2 1 --- (9^+9^) > anc ^ 7 * s ^ e ra ti of specif ic heats for the gas. 

2> 

2. The results of the present study suggest the formulation of a ge- 
neral principle. Many of the properties of the solutions of an equation of 
form (1) can be obtained as consequences of simple requirements on the 
con/ormal structure of certain Riemannian metrics which are defined over the 
x, 2/-plane in a natural manner by every solution of the equation. These 
requirements can be characterized a priori by simple conditions on the co- 
efficients. For example, the coefficients of (1) induce a metric over the 
x, y-planc, 

R! : ds* = c dx*-2b dx dy+a dy*. 

The requirement of uniform ellipticity is equivalent to the requirement that 
this metric should be quasi-conformal with respect to the Euclidean metric 
of the plane. By this is meant the following: Denote the Euclidean metric of 
the plane by 

R : dsl = dx*+dy*. 

Let Q M (x, y) = maxtfej/rfsp at the point (x, y) for all choices of the ratio 
dy/dx, and let Q m (x, y) = min dsjds^ among all such ratios. We shall say 
that the metrics R l and R are quasi-conformally related in a region G pro- 
vided there is a fixed constant K < co such that Q M /Q m < K for all (x, y) 
in G. In this case we shall write R l <^ R . (Clearly Q M /Q m = 1 at a point if 
and only if the metrics coincide up to a multiplicative factor.) Thus, uni- 
form ellipticity of (1) is equivalent to the condition R^^^^RQ. 

One may also consider the metric induced over the plane by the surface 
S 9 represented in x, y, 9?-space by a solution y(x t y) of (1) 

R 2 : ds\ = ydx*2p dx dy+<x. dy 2 

where a, /?, y are the coefficients of the second order terms in the equation (3) 
of surfaces of constant mean curvature. Thus, R z and R 1 are conformally 
related for every solution of (3). The condition that R 2 and R t should be 
in quasi-conformal relation, R 2 ^ R t , is simply expressed. It is 

(5) y+ca-26)8 ^ K 

for some constant K < co. 

Finally, one may consider equations (1) which have a self-adjoint form, 1 

fo y. <P> P> q) 



Conditions under which (1) may be written in the form (6) have been given by Bers [5] . 
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Equation (6) is an integrability condition. We may conclude the existence 
of a conjugate function y(x, y), with y) v jtf, y> x = ^, and we may con- 
sider the metric 

R 3 : ds\ = d<p*+dy*. 

The function ip(x, y) defines a surface S v and the associated metric 

Rt : dsl^G dx*-2F dx dy+E dy* 
where E, F, G are expressed in terms of the functions $f and 38 



~~ ' ~ 



The condition ^ ^ 7? 4 is particularly simple. It is 
(7) ^ 2 +^ 2 < X 2 < oo. 

It should be noted that for a given equation (1) the functions / and 38 
are not uniquely determined. For example, to any two functions j/, 38, the 
functions 30 = jtf+q, & = &p, give rise to the same equation. Hypothe- 
ses introduced in this paper on j/ and ^ should be understood to mean that 
it is possible to choose these functions to have the specified properties. We 
may note also that when these hypotheses are satisfied for a particular 
solution <p (x, y) then the appropriate theorems are valid for this solution. 
The main interest of the theorems lies of course in the a priori estimates 
which result from properties of ^/ and 38 which are independent of the 
solution considered. 

In the cases of equations (2), (3), and (4) the forms for j/ and 88 
arising from the considerations of classical mechanics are of special interest : 

(2a) 

(3a) 



where 



-I 1 - 



Note that # /^/ fl 4 for any solution of (2a), (3a) or (4a), 2?! ^ R z for 
any solution of (2a) or (3a). 

3. We shall now state some of the consequences of imposing relations 
of quasi-conformality among the metrics introduced in 2. No attempt will 
be made to present an exhaustive discussion; rather we shall try to emphasize 
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the sense of the main contributions. For a more complete presentation, the 
reader is referred to the references cited. 

THEOREM 1. Suppose i} D = and ii) R I r^ R 2 (i.e., ay+c<x.2bj3 g 
K < oo ). Let (p(x, y) be a solution of (1) in the disc x 2 -\~y 2 < R 2 , and denote 
by 91 the area of the surface S^ represented by cp(x, y). Then, setting (o(x, y} -= 
(P*+q*) v *, 

40 9J 



In particular, we obtain an a priori estimate for the inclination of a 
minimal surface <p(x, y} in terms of the area of the surface and the distance 
to the boundary of the region of regularity [11]. 

THEOREM 2. Suppose i} D 0, ii) R 1 ~ R 2 , in) additional conditions. 2 
Then any function <p(x, y) which is a solution of (1) throughout the x, y-plane 
is necessarily a linear function <p = Ax-\-l$y-}-C [12]. 

This result generalizes a celebrated theorem of S. N. Bernstein [3] 
on solutions of the minimal surface equation. 3 Another result of this type 
has been obtained independently by Bers [7]. 

THEOREM 3. Suppose i) RQ~ R& (i.e., <$/ 2 +& 2 < K 2 < oo), ii) addi- 
tional conditions . 4 Let cp(x, y) be a solution of (6) in the disc x 2 -\~y 2 < R 2 , 
and suppose \y\ < M < oo. Denote by 91 the area of the surface S^ defined by 
<p(x, y) in x 2 -}-y 2 < R 2 . Then there are constants A x and A 2 , depending only on 
the equation and not on the solution considered, such that 

91 < ^R 2 +^MR. 

We remark that under weaker conditions it is possible to find a bound 
for the area in any concentric subcirclc. Such conditions are formulated in 
Lemma 6 of [11]. 

THEOREM 4. Under the hypotheses of Theorems 1 and 3, there exists a 
bound (explicitly known] for the magnitude of the gradient of a solid ion <p(x, y) 
of (6), which depends only on a bound for \<p(x, y}\, on the distance to the bound- 
ary of the domain of definition, and on the equation considered [11]. 

This result is an immediate consequence of Theorems 1 and 3. 

The effect of Theorem 4 is that for all solutions q>(x, y) of (6) which are 
bounded in magnitude throughout a region G of regularity, equation (6) will 



2 For a detailed statement, see [12], Essentially tho equation is assumed to arise from a 
suitdble vanatioiial problem This restriction is believed by the author to be unnecessary. 

8 For the equation (3) with H ^ the conclusion of Theorem 2 is almost a triviality. 

4 It is sufficient that the function 9 does not occur explicitly in jtf or ^*. However, much 
more general conditions can be considered. See [llj where the extensions are not given but 
are evident from the method of proof. 
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remain uniformly elliptic in any compact subdomain G x of G. According to 
a theorem of Morrey [18], the first derivatives of any such solution will 
satisfy a fixed Holder condition 5 in G x , and by a theorem of E. Hopf [14] the 
second derivatives will similarly satisfy a Holder condition. Using a theorem 
of McShane [17] on the conformal representation of surfaces, we obtain the 
following result: 

THEOREM 5. Under the hypotheses of Theorems \ and 3, the first boundary 
value problem (Dirichlei problem] for an equation (G) can be solved for arbitrary 
continuous prescribed data (f> c on any convex plane curve F [11]. 

Previous results of this type [1, 10, 19] had required that the boundary 
curve satisfy a three point condition (see, e.g. [20]). Theorem 5 thus gives 
sufficient conditions under which the three point condition becomes super- 
fluous. Convexity of the curve F is known to be necessary. 

Theorem 5 derives particular interest from Theorem 6, which we state 
in a qualitative manner. 

THEOREM 6. Theorem 5 cannot be extended to a significantly broader 
class of equations. 

Clearly the region of validity for the conclusion of Theorem 5 cannot be 
sharply deiined. We may, however, give an example of an equation (6) 
which satisfies all the hypotheses of Theorem 5 except the condition R%~ R lf 
and for which the first boundary value problem cannot in general be solved 
for continuous data on a convex curve. Since this example is particularly 
simple we include il in this report. , , . 

Let N be any integer, N ^ 2. Let s/(p) = ill -- }torp>1 t 

/ 1 \ ^ 3 ^ 3/ 

3/(p} =. i 1 -- for p < 1. In the interval J < p <i 1 we may 
\ri 2^ t ^j r r 

define js/(p) so that tf v (p) > for all p, jf(Q) ^ 0, and j/(p) is N times 
continuously differentiate for all p. Now define &(q) lq for \q\ ^ 1, 
and a(q) N times differentiable with & q > and \&\ <\^~Z for all q. 
Clearly j/ 2 +^ 2 < 1 for all (p, q}. 

We easily verify that the function 



is a continuous function throughout the disc x-}-y 2 ^ I , and a solution of 
the elliptic partial differential equation 

(8) < 



6 A function f(x, y) is said to satisfy a Holder condition with constant A" and exponent 
in a region G, if 

|/(*i.yi)-/te.!fr)| ^A'fte-a^ (^-y,)*]"' 1 
for any two points (x v y^, (x z> y t ) of G. 
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except on the line x = 0, where g? becomes unbounded. On the circum- 
ference F: # 2 +2/ 2 = 1* 99(# y) defines a continuous function of arc <p c . Let 
us choose 9? c as prescribed data. 

If there should exist in the unit disc a solution <p(x, y) which assumes the 
values <p c on F, then the function <P(x, y) = <p(x, y) would be another 
such solution. For, in the range of values (p, q) assumed by <p(x, y) in the disc 
(8) takes the form 

1 



and <p c is antisymmetric with respect to reflection in the line x = 0. By 
general uniqueness theorems for quasi-linear elliptic equations (see e.g. [9]) 
we find &(x, y) == <p(x, y), and hence <p(x, y) = on the line x = 0. Con- 
sequently <p(x, y) assumes, on the semi-circle for winch (say) x ^ 0, the 
same boundary values as 95 (x, y). Another application of the uniqueness 
theorem shows that <p(x t y) == <p(x, y). Therefore <p(x, y) cannot be a solu- 
tion throughout the disc; that is, the boundary value problem has no solution 
for the continuous prescribed data (p c . 

We remark that an assertion of S. N. Bernstein [2], that the first bound- 
ary value problem can be solved for continuous data on a circle whenever it 
can be solved for analytic data, is evidently incorrect. 

Our next theorem can be regarded as an analogue of Schwarz's lemma. 



THEOREM 7. Suppose i) R ~ RI (i.e., $0*-\-@l* < K 2 < oo), ii) addi- 
tional conditions* Then to every equation (6) and positive real number R there 
corresponds a positive increasing function f R (o), with f R (o) < 1 for ^ Q < R 
such that if q>(x, y) is a solution of (6) in x z +y 2 < R* and y(x, y} is its con- 
jugate function, the relations a) g?(0, 0)+*y(0, 0) = and b) |g?+*Vl < 1, 
imply the relation \<p(x,y)+iy(x,y)\ <f R (Vx 2 +y 2 ). 

A suitable function f R (()) can be found explicitly [13]. The author does 
not know whether this function can be chosen so that f R (0) = 0. If so, it 
must have an infinite slope at this point, for the counterexample given above 
shows that the conditions of the theorem are not enough to impose an 
a priori bound on the gradient of a solution. If the condition R t ^ R 2 is 
also imposed, a more striking analogy with classical function theory is 
obtained [11]. 

As a final result, we include a theorem which was first obtained by 
quite different considerations, but which can be viewed within the frame- 
work of this paper. 

6 It is sufficient that jj/ j/(x, y, p, q} t 2 = 38(x, y, p, q) t and that jtf(x, y, 0, 0) and 
^(a*> y, 0, 0) are constant for all (x, y) in the region considered. These conditions include the 
cases of principal interest, but are stronger than necessary (see [131) 
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THEOREM 8. Suppose jaf = s/(p, q), Si = 3$(p t q), and that 
K 2 < oo for all (p t q). Let H denote any constant, and suppose that the domain 
of values (p, q) for which the equation 

(6a) ^ x +@ v = 2H 

is of elliptic type is a convex set in the p, q-plane. Then a single valued solu- 
tion <p(x, y), for which (6a) is elliptic, admits no isolated singularities [10]. 

This theorem was first proved for the minimal surface equation (2) by 
Bers [4], who also conjectured that a stronger result would be true. The 
present result includes the minimal surface equation, the equation (3) for 
surfaces of constant mean curvature 7 , and subsonic solutions (4) of the 
equation of gas-dynamics. In particular, it yields the result that a subsonic 
flow of an ideal gas cannot become sonic at an isolated point. The method of 
proof given by this author dif feres essentially from that of Bers and seems 
also to be simpler. 

It is of interest to note that the equation considered in the counter- 
example given above satisfies the hypotheses of Theorem 8. Thus we find 
that under hypotheses sufficient to impose both, a striking regularity on the 
local behavior of a solution and an a priori estimate on the growth of a 
solution in a circle (Theorem 7), it is nevertheless impossible to find a bound 
on the gradient of a solution interior to its domain of definition. 

4. We include here the statements of a few of the principal lemmas 
and brief outlines of their application to the theorems stated in 3. For a 
more complete discussion the reader must be referred to the cited literature. 

LEMMA 1. Let <p(x, y) be of class C" in the unit disc x 2 +y 2 5^ 1, and 
denote by 91 the area of the surface S v defined by q>(x, y). Suppose that S v is 
mapped conformally onto the unit disc \w\ ^ 1 of the w = u-\-iv plane. Then, 
setting z = x-\-iy, 



This is immediate, since the area of a surface expressed in isothermal 
coordinates is an integral of a sum of squares, of which we have discarded 
those involving 9?. 

If we now apply a device due to Lebesgue [15], we find that, after a 
suitable normalization of the mapping, it is possible to estimate the oscil- 
lation of the mapping function z(w) near the boundary of the disc \w\ ^ 1 
(see [11], p. 403). 



7 The theorem is stated in [10] only for the case H = 0. However, the extension to the 
more general case is immediate. 
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LEMMA 2. Subject to the restrictions indicated in footnote 4, for any 
elliptic equation (6) there are constants k and k t such that 



for all (p, q). 

A special case of this lemma is proved in [1 1], p. 404. Theorem 3 follows 
immediately from Lemma 2 and a simple Green's identity. 

LEMMA 3. If jtf and $8 are suitably restricted functions (see footnote 6) 
and if R Q ^ R , then R z /*w 7? 3 , that is, <p-\-iy is quasi-conformal as a function 
of u-\-iv. 

This result can be obtained as a consequence of Lemma 2. Together 
with Lemma 1 it implies Theorem 7 (see [13]). 

LEMMA 4. // D = and if ay+c<x.-2bp rg K < oo, then the (bounded] 
function (piq)/[\ + (l + p 2 + q 2 ) y& ] is quasi-con formal in u + iv for any 
solution of (1). 

A proof of Lemma 4 appears in [11], p. 40G. Lemmas I arid 4 imply 
Theorem 1; together with Lemma 2 they yield Theorem 4. Theorem 2 ib 
based on Lemma 4 but requires some further discussion that cannot be given 
here. 

The proof of Theorem 8 given by the author is based on considerations 
other than those of this paper. An approach which is closer to the spirit of 
the present context has been given by Bers [6J. However, an extension of 
Theorem 8 to the case where H is a function of the unknown 99, obtained 
recently by Howard Jenkins and the author, does not seem amenable to the 
method of Bers. 
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Difference Methods on a Digital Computer 

for Laplacian Boundary Value 

and Eigenvalue Problems* 

GEORGE E. FORSYTHE 

University of California, Los Angeles 

1. Finite Difference Approximations 

We begin with 

DEFINITION 1. A simple closed curve F: x(s)+iy(s) (0 <g s < s t ) is said 
to be piecewise analytic if x(s) and y(s) are real analytic functions of the arc 
length s of F in each of a finite number t of closed intervals s g s ^ s 1 , 

5 X <: s ^ s 2 , - - , s t _! <; s <; $i . 

Let the open region R of the x, y-plane have a boundary C which is the 
union of a finite number of piecewise analytic simple closed curves. For real- 
valued functions u = u(x, y) defined on 7? u C, denote by Au the Laplacian 
u nsx~^~ u vv - ^ n numerical computations R, C, u, and^dw are frequently replaced 
by corresponding quantities associated with a finite difference network. 
These may be introduced as follows (see [1] for a similar treatment): 

For a given mesh constant h > let a net consist of the lines x = ph, 
y = v h,ft,v = 0, 1, 2, . The points (fih, vh) are called nodes. The 
M nodes which arc within R form the net region R h , assumed to be connect- 
able by line segments of the net within R. A point (ph, vh) of R h is said to be 
a regular interior point if each of the four neighboring nodes (/thh t vh^h) 
is in R u C. All other points of R h are called irregular interior points. Certain 
points P of R h have some number p (1 ^ p <^ 4) of neighboring nodes P l , 
, P p not in the open region R. For any such point P, let S k denote the 
closed segment of the net joining P to P k . For each k = !,,, the point 
of S k n C closest to P will be called a boundary point of the net. The set of 
boundary points will be denoted by C h . Some points of C h may be nodes, but 
each irregular interior point of R h has one or more neighboring points in C h 
which are not nodes. (The definition of C h given in [2], although intended to 
be the same, is not precise.) 



*The research leading to this paper was sponsored jointly by the Office of Naval Re- 
search, project NR-044-144, and the Office of Ordnance Research, project TB2-0001(1210). 
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Corresponding to u, defined on R(jC, is a real-valued net-function 
u =. u h defined on R h \jC h . Corresponding to Au is A (h) u defined as follows. 
For each point P : (x, y) of R h , let the neighboring points of R h \jC h be 
denoted by (x+h E , y), (x, y+h N ), (xh w , y), and (x, yh s ), where each 
of the A's is positive (E ~ "east"; N ~ "north", etc.). Let b E = h E /h, 
b N h N /h, etc. For regular interior points b E = b N = 1. Let 
u(x, y) n jt , u(x+h E , y) = JE , n(x, y+h N ) = U N , etc. 

Define the residual r p at P by 

m f = M * + _ _J!21__ + _ *^_ ._ _Jis . __ 4M 
1 ; " b K (b E +b w )l^b w (b E +b w )B^b N (b N +b,)B^b s (b N +b s )J3 p> 
where 



Then 



(The definition of A (h) u in [2] differs by the factor 2#.) In case P is a regular 
interior point, (1) reduces to the usual formula 

(3) r p u E +u w +u N +u s 4iij, 

When there are irregular interior points, the operator A (h) is not self-adjoint 
over R h . For treating the eigenvalue problem it is often more convenient 
to deal with the self-adjoint part of A (h) , denoted here and in [2] by A h . 

2. Asymptotic Inequalities for All Eigenvalues 

For the operator A, the eigenvalue problem 

i = in R, 



' ' u = on C 

is known to have an infinite sequence of linearly independent eigenfunctions 
u (k) and corresponding eigenvalues A (fc) , numbered so that 

(5) < KV < A< 2 > ^ A< 3 > ^ . 

Similarly, the eigenvalue problem 

, } A h u+A h u = on R h , 

v ; u = on C h 

has a finite sequence of linearly independent eigenfunctions u^ and eigen- 

values h ( j , where 

< Af < Af ^ Af ^ ^ 
(Recall that M is the number of points of R h .) 
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For rectangles whose sides are lines of the net, it is well known that 
(7) JW < A<*>, k = 1, , Mi 

see also below. Since for general regions R close lower bounds for the A (fc) 
are not easily found, the author has been investigating [3, 5a, 2, 4] whether 

(7) might also hold for other regions. 

Suppose one deals with a polygonal region R which is a finite union of 
squares and half-squares of a net of mesh constant 2A. Then R^ has no ir- 
regular interior points, and neither does R h , obtained by refining the net. 
At any point (x, y) of R^ , 

(8) A^u = A h u+lh*L h u, 
where L h u = h~*{u xx ~+u vv ~}. Here 

u *xxx = (*-2A, y)-4u(xh, y) + tot(x, y)-u( x +h, y)+u(x+2h, y) t 

and M VVV -~ is defined analogously. Following the idea [3] of putting the fun- 
damental eigenf unction u h u^ of the problem for R h into the minimization 
problem for R m , one finds that 



(2*) 

where 2 denotes a sum over the points of R^ . Hence whenever 

(2ft) 

(10) 2V>* > 

(2ft) 

it follows that 



If (11) should hold also for h replaced by A/2, A/4, A/8, , it would then 
follow that 4 1 * < A (1) , since the methods of [5] show that A A 1} -> A (1) , as 
A->0. 

Recent computation with SWAC (see Section 4 below) for the L- 
shaped region of [3] shows that (11) fails for A = 1/16. Hence (10) is not 
true for all polygonal regions of the type considered here. I conjecture, 
however, that (10) holds for any convex R which is the union of squares and 
half -squares of the net. 

Lacking a proof of this conjecture, the author proved [3] an asymptotic 
form of (7) for k = 1, and in [5a] and [2] generalized it to include certain 
regions with curved boundaries (the case k = 1 of Theorem 2 below). Thus, 
under the hypotheses of Theorem 2 below, the desired inequality (7) has al- 
ready been proved for the first eigenvalue, though only for sufficiently small 
h. Less delicate inequalities of type $ ] < A (1) , valid for all A, have since 
been found by Weinberger [6, 7] and Hersch [8] without such stringent 
hypotheses on R, by allowing R h to correspond to a region a little larger than 
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R. Assuming x(s), y(s) defining F to be seven times continuously differen- 
tiate, Saul'ev [8a] has recently found inequalities of the type \A ( * } A (fc) | 
0(h 2 -*), as h -> 0. 

During the 1955 Berkeley Conference for Partial Differential Equations, 
at which this paper was presented, the author completed an extension of the 
results of [2] to all eigenvalues of A and A h . This has been abstracted in [4], 
and will now be summarized. Let r be the angle between the oj-axis and the 
positive direction of the tangent to C. For any function v, let v n denote the 
inner normal derivative of v on C. For any two functions v, w, define an 
inner product (v, w) by the formula 

12(, w) = jj(v xx w xx +v yv w yv )dxdy+jv n w n sin*2TdT. 

R c 

Let the infinite symmetric matrix D have elements d t} = (u (l) , u (3) ), i, j = 
1, 2, , where u (k) is an eigenfunction of (4) belonging to A (fc) , normalized 

so that IT (u (k) ) 2 dx dy 1. Corresponding to an m-fold multiple eigenvalue 

of A, we are to take m linearly independent functions u (k) . 

Define a sequence of real numbers y (k \ k 1, 2, - , as follows. If 
A (fc > is a simple eigenvalue of (4), take y<*> = d kk . If A<*> A (A;+1) = 
(k+m-i) j s an W .f id multiple eigenvalue of (4), then define y (k) ^ y(*+D ^ 
2?; y( fr +m~i) t o be the m (real) eigenvalues of (d ti ), i>j k,---, k-{-m 1, 
the corresponding w-rowed principal minor of D. 

DEFINITION 2. A region R bounded by a finite number of piecewisc 
analytic curves is said to have strictly convex corners if, at any point x(s 3 ) + 
iy(Sj] where distinct analytic curves meet (see Definition I), the interior angle is 
less than n (equality not permitted). 

THEOREM 1. Let R, an open region with strictly convex corners, be bounded 
by C, the union of a finite number of piecewise analytic, simple closed curves. 
Define h, A (fr) , AjM, y (k) as above. Then for k = 1, 2, - one has oo < y<*> < 
oo and, as h -> 0, 

(12) A^ ^ K k >-yWh*+o(h*). 

A proof of Theorem 1 will appear in a later paper. If R is also convex, 
then C is a simple closed curve with dr ^ 0, and D is therefore a Gramian 
matrix. Hence all y (k) > 0, and we have the following corollary to 
Theorem 1: 

THEOREM 2. Let R, a convex open region with strictly convex corners, be 
bounded by C, a piecewise analytic, simple closed curve. Then, with the above 
notation, < y<*> < oo, and for each k = 1, 2, there exists h (k) > such 
that A<*> < A<*> */ h ^ A (*)- 
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The case k = 1 of Theorems 1 and 2 is the result proved in [2]. (In 
Theorem 1 of [2] the assumption that R be simply connected was never 
used. Note: The proof of Lemma 1 in [2] is incorrect.) 

As an asymptotic result Theorem 1 is the best possible, in the following 
sense. For a rectangle R of sides n/p, n/q, the relation (12) is actually an 
equality for all k, up to the term o(h 2 ). For, corresponding to the eigenfunc- 
tion u (m > n) sin mpxsmnqy of both (4) and (C) (it is convenient here to 
use a double superscript m, n instead of the single superscript k), one has 



and, as h -> over values of h for which R is a union of squares of the net, 
4 mffl) = ^in 2 (mph/2) + sin 2 (nqh/2) 
(hjVf 



Since (w (m * n) , uP t9 ') ~ unless |w //| + |w ?| = 0, one has y< m - n > = 
((*), ^( n ))/l 2, even for multiple eigenvalues. Hence (13) shows that 
(12) is an equality for the rectangle R, up to the term o(h 2 ). 

3. Solving the Difference Equations on a Machine 

Let us first consider solving the Dirichlet difference problem 
(14a) A^u = on R h f 

(14b) u = prescribed function on C h 

on an automatic digital computer. Assume there are no irregular interior 
points of R h , so that (14a) is equivalent to 

(14c) r p = u E +u N +u w +u s Up = on R h . 

To solve the system of M equations (14c) in the unknown values of u at the 
M points of R h , iterative methods are usually preferable to elimination 
methods, because of their simplicity. The successive overrelaxation process 
of [10] and [9] has proved very successful. In it the points of R h arc re- 
peatedly scanned in a cyclic order. In its turn, at each point P of R h the 
value Up is immediately replaced by a new value u p , 

where /? (1 ^ /S < 2) is a parameter to be discussed below. Using the new 
value of u p , one goes on to the next point of R h , and so on. For ft = 1 this 
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is the Liebmann process [11], in which u' p = (%+%+%+%). Any 
reasonable initial values uf ] of the function u over R h will suffice, and one 
may take all uf = 0. 

Let ujf* be the result of k sweeps through R h with successive overrelaxa- 
tion. Let u (co) be the exact solution of (14); define the error e ( ^ = u ( f } u ( *l 
Since the solution process is linear, one knows that 



where H ft is a certain linear transformation of R h into itself. The conver- 
gence of e ( f } to 0, as k -> oo, depends on the maximum modulus of the eigen- 
values A,(//0) of H p . For the Dirichlet problem it is known [9] that \^(H ft )\ 
< 1 (all i t < ft < 2), so that successive overrelaxation (1 ^ ft < 2) always 
converges. The ultimate speed of convergence depends on max t . |A,(fl^)|. 
Now, for any single step (15), to choose f) = 1 is the best tactic, in the sense 
that the negative definite error function R eA (h) e is brought as close to the 
desired value as is possible in the one step, by choosing ft = 1 in (15). 
However, hand computers have long observed [12] that certain choices 
{} > 1 apparently represent a better strategy than ft = 1, in the sense that 
e^ -> faster asymptotically, as k -> oo. (Related ideas of strategy and 
tactics for other linear processes will be found in [13].) In [10] and [9] the 
matter of a best strategy is settled by showing how to pick the unique /? 
for which max t \Ji t (Hp)\ is minimized. Indeed, 

(16) & 



cr 
where 



(17) a = max, 1 

The number cr is easily approximated by setting ft = 1 and estimating the 

asymptotic value of ||4* +1) ll/ll4 fc) ll' as ^~^ where ||-|| denotes some con- 

venient norm function. When ft = p Q , all the \^ t (H ft )\ t i 1, , M, turn 

out to be equal, so that the manner of approach of H^U to is utterly un- 

predictable. 

When R has a curvilinear boundary C, the theory of [9] still holds, and 
the successive overrelaxation method is just as attractive. One simply re- 
places the formula (3) for r p at irregular interior points P of R h by the for- 
mula (1). 

For the eigenvalue problem (6) successive overrelaxation is readily 
adaptable to getting Aj^ and its associated eigenvector u^ . One uses a trial 
value A for Aj^, and solves the system 

= on R h , 
u = on C h 
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by successive overrelaxation starting with some nonzero vector uf } . For the 
residual, assuming that R h has only regular interior points (so that A h s 
A (h} ), one uses 
(19) r p = u E +u N +u w +u s -4M P +fa P 

in (15). If A were exactly equal to A , the iterates u ( f would stay roughly 
in the affine subspace S (of M-dimensional space) which is orthogonal to 
u } and passes through #j, 0) . Apart from an exceptional set of u } of zero 
measure, one would always have u ( f } -> OLU ( ^ , as k -> oo, where a is some 
nonzero number depending on ^ 0) . If A is near Aj^ but not equal to it, one 
finds that u { f } moves asymptotically into the line <x.u } while converging to 
or oo. An improved value of A is then obtainable from the Rayleigh quo- 
tient Q h (u ( f ] ) f where 

(20) QM = 



One then uses the better A in (19), and alternates a few steps of succes- 
sive overrelaxation with the Rayleigh quotient calculation, until a satis- 
factory ai x) is obtained. 

For getting Ai*> and u ( *> (k>l), the idea of solving (18) with A near 
Ai k) is undoubtedly still a good one, but successive overrelaxation no longer 
converges, because A h + Aj^/ is not semidefinitc for k > I . A simple iteration 
which can solve indefinite systems must be substituted perhaps that of 
Kaczmarz [14]. 

4. SWAG Codes 

SWAC is an electronic digital computer built by the National Bureau of 
Standards, but now owned by the Department of Defense and loaned to the 
University of California, Los Angeles, for research in numerical analysis. 
It is a three or four address machine with a Williams tube memory of 256 
words; each word consists of 36 binary digits and a sign. Add time is 
.000064 second; multiplication time is slightly less than six add times. An 
auxiliary magnetic drum memory holds 4096 words in 128 channels of 32 
words each (increased to 8192 words in late 1955). One can transfer a block 
of up to 32 words between the drum and the Williams tube memory in 
.017 second. For substantial problems, computing time is measured in 
hours, while coding time is measured in weeks. 

In connection with the author's graduate seminar on numerical methods 
for elliptic partial differential equations, held in the spring of 1955, a few 
general codes were prepared following the methods of Section 3 above. 

In all these codes the net region R h is represented by a subset of the 
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32 by 128 rectangular array of cells on SWAC's magnetic drum. Parameters 
indicate the smallest rectangle in which R h is contained. In all the codes the 
data in successive drum channels arc brought to the Williams tube memory 
for the relaxation process, and the improved values are sent back when they 
are no longer needed. 

The author's basic Code 60 solves Dirichlet's problem for the operator 
A (h) r= A h for a region with no irregular interior points. Here C h consists 
solely of nodes of the net, and can thus also be represented by cells of the 
drum. Points of R h have a in the most significant binary digit. Points not 
in R h are tagged with a 1 in the same digit, and can be an arbitrary subset of 
the 32 by 128 rectangular array. Code 60 assumes that the values of u have 
been placed in the drum cells representing C h , in digits less significant than 
the first (which is assumed to be tagged with a 1, as stated above). It per- 
forms successive overtaxation at all points of R h , leaving all other values of 
u unchanged. The overtaxation factor /? defined in Section 3 can be modi- 
fied at will by the SWAC operator. (It is fun for the operator to participate 
in the solution. Having the operator manage ft, while SWAC manages all 
other numbers, seems a satisfactory division of labor!) The error measure 
used, denoted by H^ll* is the first power norm of r (k) \ it is displayed at the 
end of each sweep through R h . It is easily accumulated during the algorithm 
(15), since 



The ratio | \e ( f } \ \ / 1 \e { ~ 1} \ \ is also displayed, and is useful, for example, 
in approximating the a of (17). 

When R h is a rectangle of 30 by 68 interior points, a relaxation sweep 
through the 2040 points takes SWAC 8.5 seconds. When ft = 1, to reduce 
e[ k) by a factor of 10~ 6 would take about 2300 sweepsover five hours on 
SWAC. Using the optimal value /? = /? = 1.858+, only 90 sweeps would be 
needed about 13 minutes on SWAC. Including the time necessary to 
estimate that 1.875 is a pretty good value for /?, and running with this /?, a 
reduction of 10~ 6 in e ( * is found in practice to take 20 or 30 minutes (sec [15]). 

Code 61 is a modification of Code 60 in which boundary conditions cor- 
responding to du/dn u n are permitted at any point of C h . Suppose, 
for example, that it is desired to have du/dx = for x = 0, where R is a 
region with x > 0. Then values of u(x, y) for the lines x = h, x = 0, 
x = h, x = 2h, arc all stored on the drum for appropriate values of y. 
When the code comes tou(h,y) for any y, the value is simply replaced by 
u(h> y). The values u(Q, y), u(h, y), u(2h, y), are all relaxed according to 
(15). Again the relaxation routine is notified of the different types of interior 
and boundary points by suitable identification digits. 
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Mr. Kenneth Ralston of U.C.L.A. has prepared a SWAC code analogous 
to Code 60, dealing with curvilinear boundaries. Note in this case that it is 
no longer possible to map C h onto the drum in a simple manner. For example, 
the point of C h "north" of the point (^A, vh) of R h may not be the same as the 
point of C h "west" of (fih+h, vh+h). Identification digits distinguish: 
(a) points not in R h , to be left alone, (b) regular interior points, to be treated 
by (15), with r p as in (3), and (c) irregular interior points, to be treated by 
(15), with r p as in (1). 

To deal with irregular interior points Ralston stores the coefficients of 
HE > u w > % % * n formula (1) in four cells of certain special channels of the 
drum. Since one meets the irregular interior points of R h in a fixed order, all 
these special coefficients can be stored once and for all in the proper sequence. 
(Such of the U E , u w , % , % as are fixed boundary values arc actually 
multiplied into the coefficients stored in the special channels.) Ralston can 
also use the special channels to simulate a general mixed boundary condition 
au n +bu+c = on a straight boundary segment parallel to the x or y axis. 

The author's Code 70 performs successive overtaxation for the eigen- 
value problem (6) over regions with no irregular interior points, following 
the method described in Section 3. The quantities ft and 4 A are both 
parameters of the code. Auxiliary to Code 70 are three other codes: Code 80 
doubles the values of u over R h , while Code 82 halves these values of u. 
Code 81 forms the Rayleigh quotient (20). 

With Codes 7082 the author found the fundamental eigenvalue for 
the L-shaped region of [3] for various A, and found the counter-example 
mentioned after (11). Code 61 has been adapted for some soil engineering 
calculations by Mr. D. Ishcrwood and Mrs. Louise Straus of U.C.L.A. Code 
60 has been modified by Miss Rita Powers at U.C.L.A. to study the influence 
of the order in which the points of R h are relaxed on the rate of convergence 
of successive overrelaxation. 

To make Ralston's code more available for problems, a code is badly 
needed to tag the drum cells with the identification digits, to precompute the 
coefficients (1), and to store the latter on the special channels. Ralston and 
the author have outlined such a code, assuming C to be a piccewise quadratic 
function of x, y. Another needed code is one to get $\ for k > 1. 

Using the ORACLE computer at Oak Ridge National Laboratories, 
W. C. Sangren [unpublished] has also computed Aj^ for the L-shaped region 
of [3] and for other simple regions with rectilinear boundaries. 
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On the Local Behavior of Solutions of 

Aw g(x, u, Vur) 
PHILIP HARTMAN 

The Johns Hopkins University 

1. Introduction 

This note is a resum of a paper "On the local behavior of solutions of 
non-parabolic partial differential equations. III.", by Wintner and myself, 
which will appear shortly in the American Journal of Mathematics. 1 The 
results of the paper concern the asymptotic behavior, near a zero or an isolat- 
ed singularity, of functions u = u(x) subject to a differential inequality of 
the form 

(1) \Au\ ^ const. (|V|+||), 

where Au is the Euclidean Laplacian and Vu the gradient of u. For example, 

(1) holds if u is the solution of a non-linear partial differential equation 

(2) Au = g(x, u, Vu), 
where 

(3) \g(x, u, Vu)\ ^ const. (|V|+M) ; 
in particular, if u is the solution of a linear equation 

(4) Au+A Vu+pu = 0. 

where p, = fi(x) is a continuous scalar, A = A(x) is a continuous vector and a 
dot denotes scalar multiplication. 

For the sake of simplicity, the results will be stated and the proofs in- 
dicated for the case (4). It will also be assumed that the position vector x is 
3-dimensional; it will be clear that analogous results hold if a: is a vector of 
any number (^2) of dimensions. 

The theorems to be obtained are known in the case when the number of 
independent variables in (4) is 2, that is, when a; is a binary vector ([4, 5]; 
for earlier results and references to the literature, seeBers[l]). In this case, 



*Note added May 15, 1966: This paper has appeared in Amer. J. Math., Vol. 77, 1955, 
pp. 453-474. For other results of the type discussed here, see L. Bers, Local behavior of 
solutions of general linear elliptic equations, Comm. Pure Appl. Math., Vol. 8, 1955, pp. 
473-496, and a forthcoming paper of N. Aronszajn (Abstract 184, Bull. Amer. Math. Soc., 
Vol. 62, 1956, p. 154). 

137 



138 PH. HARTMAN 

Au in (4) can be replaced by a more general linear combination of second 
order derivatives with sufficiently smooth coefficients, since this more 
general situation can be reduced to (4) by a conformal mapping.The problem 
of replacing A by a more general operator, when x is not a binary vector, will 
be left open. 

In the plane, the results are obtained by applications of a device of 
Carleman [3]. This device depends on the use of the Cauchy-Riemann equa- 
tions and cannot be applied in space. The methods to be employed below 
are a refinement (and at the same time, a simplification) of a method used by 
C. Miiller [7] to obtain an extension of Carleman's uniqueness theorem from 
the plane to space. This method depends on the use of Fourier expansions 
for u u(x) on spheres \x\ = const, in terms of spherical harmonics. The 
desired asymptotic formulae are first proved in the sense of the Z, 2 -mean. 

2. A Zero of u(x) 

For the sake of simplicity, it will be supposed that h(x] and fi(x] are 
continuous vector and scalar functions, respectively, on the closed sphere 
\x\ 5^ 1. This assumption will not be repeated below. By a CVsolution 
u = u(x) of (4) one means that u(x) is of class C 1 and that u(x) is the sum of 
a harmonic function and of the Newtonian potential of (A V J u -\-fjiu} / '4n. 

(I) Let u = u(x) be a C l -solution of (4) on \x\ fg 1 satisfying 

(5) u(x) = o(\x\ n ) as a?->0, n = 0, 1, . 

Then u(x) = on \x\ ^ 1. 

This can be considered to be an extension of Miiller's [7] uniqueness 
theorem. Miiller assumes an inequality of the form \Au\ ^ const. \u\, in- 
stead of the more general inequality (1) implied by (4). Actually, Miiller 
assumes an integrated form of the inequality \Au\ ^ const. \u\ but it will 
be clear, from the proof of (I), that (1) can be replaced by an integrated form 
of (1). The proof of (I) below avoids Miiller's procedure of extending the 
domain of definition of u(x) from \x\ ^ 1 to the entire #-space. 

Theorem (I) and its proof contain the uniqueness theorem of Heinz [6], 
in which (5) is replaced by the assumption that u(x) === on some small 
sphere \x\ ^ e. Lemmas 1, 2 and 3 below give a differentiated (hence a 
sharper) form of the main inequalities of Heinz ([6] Satz 1, p. 7). 

The main result on the behavior of solutions of (4) near a zero is the 
following: 

(II) Let u u(x) = be a C l -solulion of (4) on \x\ ^ 1 satisfying 

(6) (0) = 0. 

Then there exist a positive integer N and a spherical harmonic S N (e) ^ of 
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order N satisfying 

(7) u(x) - ^Stf+ofr*), Vu(x) --= V(r"S N )+0(r"-i), 

as r = |#| -> 0, uniformly in e. 

In (II) and in the sequel cc re, when r == \x\ and e is a unit vector. It 
will be clear from the proof that the remainder terms o(^), o^' 1 ) in (7) 
can be improved to (^^{log r\) , Oology]), respectively. 

An immediate consequence of the second of the asymptotic relations (7) 
is the following 

COROLLARY. Under the assumptions of (II), the zeros of Vu(x) cannot 
cluster at x =- 0. 

It may be mentioned that if one assumes that A and /* are of class C 1 (so 
that u is of class C 2 ), then the asymptotic formula for u in (7) can be "differ- 
entiated" twice. 

3. Isolated Singularities 

The next three theorems deal with a (^-solution u = u(x) of (4) on a 
punctured sphere < \x\ ^ 1. The first theorem concerns "removable" 
singulaiitics: 

(III) Let u u (x) be a C l -solulion of (4) on < \x\ ^ 1 and let 

(8) u(x) = o I I as r = \x\ -+ 0. 

Then u(x) can be defined at x = so as to be of class C 1 on \x\ !g 1 (that is, at 
x also). 

Note that there is no assumption on Vu in (III). 

The next theorem concerns the uniqueness of the Green singularity: 

(IV) Let u u(x) be a ^-solution of (4) on < \x\ 5j 1 and let 

(9) u(x) -> oo as r = \x\ -> 0. 
Then there exists a constant c > satisfying, as r > 0, 

(10) u(x) =-L 

Theorems (III) and (IV) are known under more severe smoothness 
assumptions on A and /* (Bocher [2]). Actually, Bocher assumes that A and p 
are analytic, but his proof is applicable if, for example, A and /* are of class C 2 . 

In contrast to the proofs of (I), (II) above and of (V) below, the proof of 
(IV) will not depend on Fourier analysis, but on a certain type of Green's 
identity (which can be considered to b6 a generalization of Carleman's planar 
identity [3]). 

Theorem (III) will depend on (IV) and a corresponding existence 
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theorem which states that on a sufficiently small punctured sphere < \x\ 
^ e, the equation (4) has a (^solution u = G(x) satisfying G(x) ~ 1/f as 
r == \x\ -> (Liechtenstein; cf. [5] for references and indications of a proof 
of the corresponding theorem in the plane). Theorem (IV) and the existence 
theorem just mentioned furnish estimates for Vu as x ~ in (III). The proof 
of (III) then follows by a variant of the proof of (II). The details will not 
be given in this resum. 

The last theorem deals with "pole-like" singularities: 

(V) Let u = u(x) be a C*-solution of (4) on < \x\ ^ 1 satisfying, as 



(11) u(x) = o(r~ N -*), Vu(x) = o(f--*) for some integer N^O. 

Then there exists a spherical harmonic S N (e) of order N (possibly S N (e) =s 0) 
satisfying, as r -> 0, 

u = r-~ l S N 



uniformly in e. 

The proof of this theorem is also similar to that of (II) and will not be 
given in this note. 

4. Preliminaries 

When it is convenient, a function u(x) of x will be considered as a func- 
tion u(r, e)ofr = \x\ and e = x/\x\ if x ^ 0. For a fixed r, the function 
u(r, e) is a function on the unit sphere 

(12) B: \e\ = 1. 

The symbol ||- -|| will refer to the L 2 -norm on (12), so that \\u(r, e)\\ is a 
function of r . The element of area on B will be denoted by da and geographic- 
al coordinates on B by (9, q>) (so that x = (r cos q> sin 0, r sin <p sin 0, r cos 8) 
and, for example, da = sin dO d<p). 

Let S ni (e) be the spherical harmonic 

(13) S ni = c n ,P ni (0)cosj<p or S n , +n = c ni P n ,(6) sin;>, n = 0, 1, - , 

for j = 0, 1, , n or / = 1, , n, respectively, where the P ni (0) are the 
Legendre functions and c ni are normalizing factors. Thus S ni , where / == 
0, 1, , 2 and n ~ 0, 1, , is a complete orthonormal sequence on B. 
Let /(*) be a continuous function on |a?| ^ 1 and let u = (*) be a C 1 - 
solution of the Poisson equation 

(14) Au = /. 

Let F n j(r) and U ni (r) denote the Fourier constants 
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of / and u, respectively. Thus u has the Fourier series 

(16) u(r,e)~j, ZU ni (,)S n ,(e); 

n~0 *-0 

u N (r, e) will denote the partial sum 

(17) u(r,e)= 



n=0 J=0 

The Parseval relation for / can be written as 

(is) *M- ll/fc )ll'= IS |FMI*. 

n=0 *-0 

The main lemmas given below will deal with estimates for U ni and for 
\\u(r, e)u N (r, e)\\ 2 in terms of &(r). The starting point for the proof of 
these lemmas will be the fact that U ni satisfies the singular, inhomogeneous 
differential equation 

(19) (r z U')'-n(n+l)U = r*F, 

where ' = djdr, U U n3 and jp = F ni . For a given F, the general 
solution of (19) is 

(20) (2n+l)U = r n (A- V-" F(s) ds)-r-i- (B- s n+2 F(s) ds), 



where A = A ni , B = B ni are integration constants. 

The continuity of u(x) implies that U nj (r) is continuous at r = in 
which case (20) reduces to 

(21) (2n+l)U = r(A- jV~ n .F(s) ds) -r- 1 J% n+2 F(s) &. 

Since w(r, ^) is of class C 1 , the partial derivative r = 9w/9r has the Fourier 
coefficient 

(22) U ni '(r)=j B u r (r,e)S ni (e)d ff 
obtained by differentiating (21): 

(23) (2n+l)U' = nr~ l (A- s 1 -" F(s 



On putting r == 1 in (21) and (23), it follows that the integration constant A 
is given by 

(24) A = (n+l)U(l)+U'(l), A=A ni ,U=U nit 
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so that Bessel's inequality implies the estimate 
(25) I f < (|M| + |K|| 



In addition to the Fourier constants U, U' of u, u r , the Fourier constant 



of u v == dujd<p will be needed. Since da sin 6 dd d<p, a partial integration 
shows that 



It is clear from the definition (13) of S n , that S ni 9 = / S n j+n if / 0, - , n 
and that S niv = (j~n)S n ,_ n if / = n+l f - , 2n\ thus 

(27) V = i ^ wHw r = ? ="- w ' 

v(/~)^ n ^-i, for+l^/^2w. 

5. Estimates for Large N 

In view of (21), 

(28) ^(2^+l) 2 C7 2 ^^4 2 y 2n +r 2n ([* s l ~ n F (s)dsY -\-r~ 2(l + n) l( r s n+2 F(s)dsY. 

If Schwarz's inequality is applied to each of the last two integrals, one ob- 
tains, after some simple calculation, 



(29) 

if 7 == 0, 1, , 2n and n = N+l, N+2, , where N > a+J. If the in- 
equalities (29) are summed for / = 0, J, , 2n and n = JV-f-1, 7V+2, , 
then Parseval's relation leads to the following 

LEMMA 1. Let f(x) be a continuous function on \x\ ^ 1 and let u(x) be 
a C l -solution of the Poisson equation (14) on \x\ <; 1. Let ai.be a (non-negative) 
number and N an integer satisfying 

(30) JV>oc+|. 

Then there exists a constant C (depending only on bounds for \u\ and |Vw| on 
\x\ = 1, and independent of N, a) such that 

(31) 
where 



(32) %(r) = f 2N+2 +(2]V-2a-l)-V 2a+8 s- 2a 0(s)^s (^ oo). 
A modification of the arguments leading to this result yields 
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LEMMA 2. Under the conditions of Lemma 1 on u, f, N and a, there exists a 
constant C (depending only on the bounds for \u\ and \Vu\ on \x\ = 1, and in- 
dependent of N, a) such that 

(33) f"||n>-||, || V-<ll 2 ^ C X *(r) forO<r<l, 

where 



(34) x*(r) = 7VV 2/v+2 (l-r 2 )- 3 +(2^-2a-l)- 1 r 2 "* 3 2a 0(s)<& (^ oo). 



6. The Main Lemmas 

Let N be an integer and y a number (not necessarily an integer) subject 
to the inequalities 

(35) 2^N^y+2. 

The estimates to be obtained for small n will be based on assumptions that, 
as r -> 0, 

(36) 0( f ) = (r), 

(37) H^.OII-^- 1 ). 

In view of Schwarz's inequalities and ( 15), (16), these assumptions imply 
that, as r -> 0, 

(38) F ni (r) = o(n 

(39) ^(f) = (r^-i). 
In view of (38), 

(40) r-*~ n J^ s n+2 F(s) ds = o(r 2+y ) as r -^ 0; 
hence, in view of (21), (39) and y+2 ^ JV, 

(41) / == o(l) if n<N, where / = 7 B ,(r) = ^ - J^ s 1 -F(s) ^s. 
Thus, if n <N, the relation (21) becomes 

(42) (2n+ 1) C7 - r w J r s 1 -" F(s) ^s-r- 1 -^ J r s w+2 F(s) ds. 
Arguments, similar to those used to obtain (29), give 

(43) (2n+I)*U* ^ (3-2^+2^)-! r^ +3 J%- 2 ^F 2 (s)ds 

if n < N < ft +3/2. 

Summing the inequalities (43) for n = 0, 1, , JV 1 and / = 0, 1, 
, 2n and applying Parseval's relation yield the part of the following 
lemma dealing with u N ~ 1 ', the parts involving w^"" 1 , u%~ 1 are proved similarly. 

LEMMA 3. Let the conditions on u, f of Lemma 1 hold. In addition, let there 
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exist an integer N and a number y satisfying (35) (37). Finally, let ft be a 
number satisfying 

(44) 

Then, for < r ^ 1, 

(45) IK" 1 !!*, 
where 

(46) ***(r) = (5-2N+2p)~ 1 r 2ft +* J r s-*0(s) ds. 

In order to complete the set of estimates furnished by Lemmas 13, 
note that (21) and (35), (36) imply, for r -^ 0, 

(47) ^ w W = 0(|logf|)=o(f-) 

for every e > 0. If the last part of assumption (35) is strengthened to 

(48) 2^N<y+2, 
then (47) can be improved to 

(49) lim r^U Ni (r) = B Nj exists for / = 0, , 22V. 

r->0 

In this case, define a spherical harmonic S N (e) of order N by 

ZN 

(50) S N (e) = 2 B w S Nf (e). 

*-o 

Lemmas 1, 3 and the relations (47) or (49), (50) are used to obtain the 
following 

LEMMA 4. Let u, /, N and y satisfy the conditions of Lemma 3. Then, for 
every e > 0, 

(51) ||M|| = 0(7*-*) as r->0. 

// (35) is strengthened to (48), then (49) holds and (51) can be strengthened to 

(52) ||^-^S*|| = 0(^) asr-*Q, 
where S N = 5^(0) ^'s the spherical harmonic (50). 

Also, Lemmas 2, 3 and variants of (47), (49) , (50) imply that the asymp- 
totic relations (51), (52) can be "differentiated". 

LEMMA 5. Under the assumptions of Lemma 4 leading to (51), 

(53) ||Vif|| = off*- 1 -*) as r -> 0; 
under the assumptions leading to (52), 

(54) ||Vw-V(r"S N )|| = 0(r"- J ) as r - 0. 

Actually, (53) and (54) are first derived for the cases when V is replaced 
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by d/dr or by d/d<p. Note that 

(55) ru r = u x x+u v y+u z z, u 9 = u y xu x y. 

In these formulae, (x, y, z) represent the components of the vector x. The 
asymptotic formulae derived for u v have analogues for 

(56) u v = u x z u z x. 
From (55), (56), we obtain 

(57) r*u x = xru r yu 9 +zu v . 

This relation and the asymptotic formulae for u r , ti^ , u^ lead to correspond- 
ing formulae for u x . The partial derivatives u y , u e are treated in a similar 
way to obtain Lemma 5. 

7. Proof of (II) 

The Lemmas 15 are made applicable to solutions of (4) by writing 
(4) as a Poisson equation (14), where 

(58) f(x) = -(A(a?) - Vu(x)+p(x)u(x)). 

An outline of the proof of (II) will now be given; the detailed calculations 
will be omitted. 

The assumption (6) and the fact that u is of class C 1 imply that, for 
N = 1, there exists a spherical harmonic S^e) (of order 1) satisfying (7), as 
r -> 0, uniformly in e. If S I ^ 0, then the proof of (II) is complete. If 
S^e) == 0, then, for N == 2, 

(59) u(x) = o(r N ~ l ), Vu =- o(^~ 2 ). 

Assume (59) for a fixed TV ^ 2. The first relation in (59) gives (37); the 
relations (58) and (59) imply (35), (36) with y = N2. Applications of the 
first parts of Lemmas 4 and 5 imply (36) with y = Nle, where e > is 
arbitrary. Then applications of the second parts of Lemmas 4 and 5 imply 
the existence of an S N (e) (possibly S N =s 0) satisfying (52) and (54). 

The relations (52), (54) and the representation of u as a solution of the 
Poisson equation (14) in terms of the Green and Poisson kernels for \x\ < R 
and \x\ = R, respectively, permit the improvement of (52), (54) to (7). 

The existence of an N for which (7) holds and for which, in addition, 
S N (e) f then follows from (I), which remains to be proved. 

8. Proof of (I) 

The reasoning just completed shows that assumption (5) of (I) implies 
that, as r -> 0, 

(60) u(x) = o(r n ), Vu(x) = o(r n -*) for n = 0, 1, . 
Hence, Lemmas 1 3 and the arguments involving (55) (57) can be used to 



146 PH. HARTMAN 

show that, for every N, 
(61) #(f) ^c 

since *(r) ^ const. {||V|| 2 +|||| a }by (58). The constant C in (61) depends 
on the bounds of , V, A and p, but is independent of N. If (61) is multiplied 
by T 2 "" 2 ^, a quadrature gives 

rf A72 r /! t 

^*( S ) * ^ c p- + H s 2 -** *w * 
I & Jr ' 

for ^ r ^ (1 *)* 

It follows that 0(r) == on the sphere |g| ^ r if 1 JC ?* > and hence 
/ == there. But then u is harmonic, and thus (60) implies that u == on 
this sphere. In view of the (uniform) estimate for the radius of the sphere 
involved, assertion (I) follows. 

9. Proof of (IV) 

The proof of (IV) is analogous to the proof of the corresponding planar 
theorem [6], pp. 351362. A (local) standard type of existence theorem and 
a variation of constants show that there is no loss of generality in supposing 
that (A = 0, so that (4) reduces to 

(63) 4w+A Vu = 0. 

This implies that (II) is applicable to the function u(x)-~ u(x ) for every 
choice of x . Hence, the Corollary of (II) implies that Vu(x) has only a 
finite number of zeros in \x\ ^ const. < 1. In particular, (9) shows that there 
exists a sequence of constants satisfying C n -> oo as n -> oo and such that 
the locus 

(64) L = L C : u(x) = C 

is a closed Jordan ^-surface surrounding x = 0. Furthermore, the inward 

normal derivative u 9 on L satisfies 

(66) ^ on L. 

In what follows, T will denote a volume with a boundary S, p will 
denote the outward unit normal vector on 5. 

Let f be a 3-dimensional vector and let x have the components 

(X,Y,Z). Set 

g 

(66) =(*,)=, Q = \*-t\ 

(i.e., is the first component of V e (l/g)). Let w = w(, ) denote the 
vector potential 

i z y\ 

(67) 
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so that 

(68) Vxw = Vv, V = V t . 

If T has a smooth boundary 5 and if the points f = and f = x are not in 
T+5, then Green's identity gives 

(69) 



Since (68) holds, terms of the type Vv Vu and Vw (Vxze>) are eliminated 
from the volume integral in (69). 

Choose TT(C, s) to be the region in the f-space bounded by B : || = 1, 
L : #() = C and \x\ e> It is readily verified that the contribution 
of |# f | = e to the left side of (69) satisfies 

f Vu (vp+wxp)ds -> 40iu u (x) as e -> 0, 

J | f | = 8 

where % is the first component of Vu. 

Since L is a level surface of u, it follows that Vu (wxp) on L. 
Hence, if T = T(C, 0), (69) reduces to 



w (vp+wxp)dS. 

This relation, the corresponding relations for u 9 , u^ and Green's identity 
0= f AudT ( u,dS f Vu-pdS 

J T J L J B 

are the analogues of (22) and (28) in [5]. The remainder of the proof of (IV) 
now follows from the arguments of [5], pp. 356357. 
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The Scope and Limitations of the Method of 
Wiener and Hopf * 

ALBERT E. HEINS 

Carnegie Institute of Technology 

1. Introduction 

We shall discuss here a chapter in boundary value problems which arise 
in the solution of certain elliptic partial differential equations. These bound- 
ary value problems may be formulated as integral equations of the Wiener- 
Hopf type an integral equation which was first discussed seriously in 1931 
and the application of which was first made in 1944. 

An integral equation of the Wiener-Hopf type has the general form 



i(y)K(x-y)dy = g() 

where g(x) and K(x) are known functions of x, and /(#) is unknown. The 
homogeneous equation was discussed by Wiener and Hopf in 1931. The non- 
homogeneous case appears to be tractable once the homogeneous case is 
known. The kernel K (x) of the integral equation as well as the function g(x) 
are subject to certain order conditions at infinity which we shall discuss 
later. It was more than a decade after the fundamental work of Wiener 1 
and Hopf that this equation found some interesting and important applica- 
tions to some boundary value problems in the study of acoustics, hydrodyna- 
mics and electromagnetic theory. These problems distinguish themselves by 
two outstanding features. First they involve the solution of the partial 
differentia] equation 



where k is a constant not necessarily real, 2 but, for the present, not zero. The 



*This paper is based on research conducted in part under a contract between the Office 
of Ordnance Research of the Department of the Army and the Carnegie Institute of Techno- 
logy. 

1 Professor Wiener informed the writer in 1944 that he had been aware of one such 
application before this date 

"Actually k may depend on a, but we shall not discuss this aspect here. Equation (1.1) 
may be generalized to the form 

<> *bu c) d <> 

s^- | -^ + 

where now k = &(a, y), p p(tx. t y) and q q(&, y). 

149 
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boundary conditions under which this equation is to be solved are of the 
Sturm-Liouville type for the variable a and, for the variable f$, are appro- 
priately prescribed at infinity by the particular boundary- value problem at 
hand. In practice the most common boundary conditions are the vanishing 
of u t of the a-derivative of u, or a linear combination of such terms. 

The second feature is the geometry. Instead of having to solve equation 
(1.1) over a closed surface of an infinite cylinder whose generators are in the 
direction of the /?-axis, we prescribe boundary conditions on a semi-infinite 
cylinder or a half -plane. Thus, the elementary methods available for solution 
for the infinite cylindrical surfaces are not of any use here because the bound- 
ary conditions are assigned on part of a coordinate surface, that is, we are 
concerned with mixed boundary value problems. We are thus led to formu- 
late such a problem in terms of an integral equation. The particular surfaces 
we consider, coupled with the equation (1.1) and the Sturm-Liouville 
boundary conditions in a, permit, through an application of Green's Theo- 
rem with an appropriate Green's function, to formulate such problems as a 
Wiener- Hopf integral equation. For a kernel K with appropriate properties 
we have the methods of the Fourier transform in the complex domain and 
elementary aspects of analytic continuation to help us solve these integral 
equations. Accordingly we are in a position to find u at any point in space, 
at least as an integral representation. 

In order to keep the computational details down to a minimum, we shall 
concentrate the major portion of this talk on two simple problems in hydro- 
dynamics and acoustic diffraction. This will serve to indicate the major 
features of the method, in so far as the formulation as well as the solution of 
the problem is concerned. We shall also summarize other applications to 
problems in acoustics and electrodynamics, indicating those features which 
do not show up in this problem. 

In the more elementary problems (geometrical^) we note that other 
methods are available to solve these problems. One such example is the 
diffraction of a half-plane by the use of multi-valued solutions of the wave 
equation -~a procedure made familiar by Sommerfeld at the turn of the last 
century. No one appears to have been able to study any of the more general 
problems which we have described by Sommerf eld's method. Another 
method is the method of analytic continuation used by Lewy, Stoker and 
others at New York University. Here again one observes contact with the 
method we discuss, but no overlap. There are several problems 3 which ulti- 
mately can also be reduced to integral equations of the Wioner-Hopf type 
but which are what we may term accidents in the sense that neither the geo- 

3 Such cases, which involve a change in variables to provide the correct form of the kernel 
and appropriate limits of integration, are not difficult to recognize as a rule. 
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metrics nor the partial differential equations are appropriate. Such problems 
as these we wiU not discuss, but rather we will confine ourselves to the 
broad outlines regarding the geometry and' the particular partial differential 
equations which we described earlier in this section. 

The main tools which we employ are the complex Fourier transform and 
analytic continuation. In employing the Fourier transform we are limiting 
the growth at infinity of the various functions which require transforms. 
That is, at every stage, the unknown and known functions are dominated by 
the Fourier transforms of K (x) in appropriate regions of the complex plane. 
Since solutions of equation (1.1) for \k\ ^ are of this type, the methods will 
apply here. A second point to be made is that boundary conditions are 
supplied on a half-line. On occasion, we shall find it necessary to mutilate a 
function so that these methods will be applicable. The procedure of analytic 
continuation will be described in Section 3. 

2. Water Waves over a Channel of Infinite Depth 

A simple physical example which leads to an integral equation of the 
Wiencr-Hopf type is the study of water waves over a channel of infinite 
depth with a dock. This involves the solution f or y < of the partial 
differential equation 4 

(2.1) *.+Aw-*V = > < ft < 1, 
subject to the boundary conditions 

(2.2) fa = P<f>, y = 0, > (free surface), 
and 

(2.3) fa = 0, y = 0, x < (dock). 

It is required to find <[>(x, y) which vanishes at infinity save on the line 
y = 0, x > 0, while on this line <(, 0) will be bounded for x -> oo. As we 
shall see, this formulation will produce a standing wave solution for a? -> oo, 
y = if we assume that ^(x t y) is source free and jff 2 ft 2 > 0. In order to 
produce a traveling wave solution we shall have to find a second solution 
which is not source free, but this is elementary in this particular case. We 
observe that had only the boundary condition (2.2) or (2.3) been given on 
the entire surface y = 0, the problem would be trivial, but with the two con- 
ditions (2.2) and (2.3) we are compelled to employ more subtle methods. 
To this end we note that a Green's function of the form 



*Actually, the three-dimensional linear theory of gravity waves leads to the solution 
of # W +# W +# M = 0, but we have assumed that the propagation normal to the surface wave is 
not normal to the edge of the dock and hence a factor exp {ikz} may be suppressed from 
#(*, y t z}. See T. R. Greene and A. E. Hems [B3]. 
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(2.4) G(x, y, x', y') = -X. [k V (*-*)*+ (y-y')*\ 

zn 

is associated with equation (2.1). Here K Q is the imaginary Bessel function 
of the second kind. G satisfies equation (2.1) save at the point P(x t y) = 
P'(x r , y') where it possesses a logarithmic singularity. Furthermore for 
y = Vx z +y z -^ oo, G vanishes exponentially. Such a function may be used 
to provide the required representation for the <j>(x, y). Indeed, since (f> is 
source free we have 



(2.5) 0{*. y) = w [G+,-jGJdx', y' = 0. 

In its present form, equation (2.5) brings in boundary conditions on the 
entire line y' = 0. That is, 

(2.5a) +(x, y) = - f +G f da?+ f" [pG-G v .]<f,dx', y' = 0. 

J oo J 

We note, however, that if we replace G by G', where 
G' = G(x, y, x', y')+G(x, y, x' t -y'), 
we can supply a second possible representation of the form 

(2.6) t(x, y} = J" G'fodx', y' = 

in view of the fact that dG'/dy' = at y' = 0. Thus (2.6) has incorporated 
into it the boundary conditions (2.3). If we now employ the boundary 
condition (2.2), we are left with 

(2.7) f(x, y) = fij* G'(x, y, x' y 
which yields for y = the equation 

(2.8) $(x, 0) = ^ G'(x 9 0, x', 



Since G'(x t 0, x' t 0) is a function of x x' and the limits of integration run 
from zero to infinity, equation (2.8) is an integral equation of the Wiener- 
Hopf type and of the second kind. 

3. The Solution of Equation (2.8) 

The solution of equation (2.8) depends on an application of the complex 
form of the Fourier transform theorem. We observe in this equation a con- 
volution kernel with limits of integration which do not permit a direct use 
of the convolution theorem. Nevertheless, it is still possible to apply this 
theorem if we observe that only one part of </>(x, 0) appears under the integral 
sign, namely </>(x, 0) for x > 0. Accordingly let us write 
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__ f <t>( x > ) x > o, 

and 



Then equation (2.8) becomes 

= P C C'(*. 0, a;', 



(3-1) 

G' (*,(), *', 0)& (as*. 0)<fe'. 



The last equation looks somewhat odd in that our definitions of <, have cast 
this apparently from an equation in one unknown to one in two unknowns. 
We shall see that this split is essential for the application of the Fourier 
transform theorem. 

Suppose now we apply the Fourier transform theorem to equation (3. 1 ). 
If we write 



(3.2) &i(w) = -*"&(*, 0)<fe, 

(3.3) 0t(w) = f e- iw <f> 2 (x, 0)dx 

J 00 

and 

(3.4) g'(w] = C e-**G'(x, 0, 0, tydx 

J 00 

we would have formally 
(3.5) 



Equation (3.5) will make sense if there is at least one w for which 1 , 2 
and g' exist. As we shall see presently, there is actually a strip in the complex 
ze>-plane for which all three functions exist. Let us then examine the inte- 
grals (3.2), (3.3) and (3.4). In the first place, <f> is bounded for x -> oo, and 
for the present let us assume that it is integrable for finite positive x. 
Then : exists and defines a function of w, analytic in the lower half-plane 
*Pm w < since this inequality defines the ordinate of convergence of the 
integral. The function </> z (x, 0) vanishes exponentially of the order 0(e kx ) 
as x -> oo, as one can sec readily from equation (3.1), and if we again 
assume that <f> z (x, 0) is integrable for finite and negative x, we have that 
2 (w) is analytic in the upper half-plane J% w > ft. The function g'(w) 



can be calculated explicitly, and is indeed l/V 7 ft 2 +^ 2 . 5 Hence equation (3.5) 
is defined in the strip k < Jm w < 0. Upon rearranging this equation 
we obtain 



Cf. [Dl] p. 416. 
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(3.6) 



The method of Wiener and Hopf asks whether this equation (3.6) may 
be rewritten so that each side is analytic in an upper or lower half -plane and 
both sides are regular in a common strip. Suppose then that it is possible to 
write I@/Vk z +w 2 as K__(w)/K + (w) where K_(w) is analytic in an appro- 
priate lower half-plane and K + (w) is analytic in an appropriate upper half- 
plane with both functions analytic in the common strip. Then 
(3.7) K + (w)0 2 (w) = -K_(w)#i(w) 9 

and in this form we can determine the functions 0^(w) and 0%(w) but for a 
polynomial factor. For, now the left side of equation (3.7) analytic in the 
upper half-plane J>m w > k and the right side is analytic in the lower 
half-plane Jm w < 0. Both sides are analytic in a common strip and hence 
the left side is the analytic continuation of the right side. Therefore, each 
side is analytic everywhere, that is 

K + (w)&z(w) = -K^(w)0 1 (w) = E(w] 

where E(w) is an entire function. Before we can determine the entire func- 
tion E(w) we require the explicit form of the factors K__ and K + . 

The determination of K_ and K + can be carried out explicitly by apply- 
ing the Cauchy integral theorem to log [lfl/Vk 2 +w*]. That is, we de- 
compose \ogK(w) into \ogK_(w)logK+(w). Rather than working with 
the logarithm directly, we shall use its derivative which will simplify the 
calculation somewhat. We have 

K ^l = JL f *'(*) dt 
K(w) ZniJ 



K(w) K_(w) K + (w) 
where the path of integration in the integral is a rectangle, two of whose 
sides are parallel to the imaginary axis while the other two sides are parallel 
to the real axis. The sides parallel to the imaginary axis may be permitted 
to recede to infinity in view of the order condition on K'(t)IK(t) for |l| -> oo 
inside the strip; the sides parallel to the real axis run from ~oo+y t 
oo+iy and oo+tyj to 00+^ respectively, where k < y < *//// w < y x 
< 0. The integral over the upper path provides us with a function analytic 
in the lower half-plane Jm w < while the integral over the lower path gives 
us a function analytic in the upper half -plane *fm w > k. We find as a 
result of this calculation that 6 

6 We shall presently make an application of Liouville's theorem on polynomials. This 
requires that K_(w] and A' + (a;) be of algebraic order for \w\ -* oo, Jm w suitably limited For 
this reason we have added l//forf to K'_/K_ saidJK'JK+ Otherwise K_ (w) and K+(w) would be 
O(exp{wl/3m}), |te>|->oo, Jm w suitably limited. More subtle aspects of this notion are observed 
in many of the applications; see, for example, Carlson and Heins [C2], Levine and Schwmgcr 
[C12] 
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K'_(w) I 1 d 



f(w*-\-k*)f(w)w] 
2(w-ik) xpidze> l( ^ >n ' J 



" 



(w+a) 



ftf(a) fif(-o) , w 

i t \ / , \ i~ 



-fa) 2m(w a) ' ze> 2 a 2 
and 



where 



^ = _ _ an d o- 2 = /? 2 -^ 2 > 0. 
\w^k/ 

The branches of the radicals have been chosen so that 



and 



3w , ._. n 

- < arg (w-*fc) < - 



n , n 

- < arg (w+*A) < 



This enables us to find K_ and ^T + up to arbitrary constants of integration. 
The quotient of the constants can be determined by studying the asymptotic 
form of K_ and K + in the appropriate half-planes of analyticity and compar- 
ing it with the asymptotic form of K in its strip of regularity. We observe 
that 



and 



r 28 ~\ 

K(w) == cw 1 --- log w , \w\ ~> oo, *?m w < 
L mw J 

+ (^) = cw 1H -- .-log ( iw) , ^| -> oo, JW w > k 
L mw j 



where c is a constant and log i = r/2. 

With this information we can determine the entire function (te>). We 
note that (^(10) and <P a (w)->0 for |w|->oo and Jm w suitably limited, as a 
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consequence of the Riemann-Lebesgue lemma. In view of this fact, we ob- 
serve that E(w) = o(w)> |z0|->oo and therefore E(w) a, a constant by Liou- 
ville's theorem. This then provides us with t and <P 2 in terms of j?_ and 
K + . We have therefore t = OL/CW, \w\ -> oo, Jm w < while # 2 M == 
cn/cw, \w\ -> oo, Sm w > k. Using the Abelian theorem which relates 
the transform at infinity to the function at the origin, we see that 

&=- , *-><>+, 

c 

and 



It follows that < x = < 2 at x == and it is indeed permissible to apply Green's 
theorem in the neighborhood of the origin. 

The determination of <f>(x, y) is possible since we can write the integral 
representation (2.7) as a complex Fourier integral in virtue of the convolu- 
tion theorem. Here we have 





where C is a path of integration in the strip k < Jm w < 0. But 0^(w) is 
simply a/K_ , so that 

(3.8) 4(x, y) 

The absolute sign on y has been removes since y is always negative. From 
equation (3.8) it is possible to write representations for </> if x 0. Consider 
the first case, x < 0. Here the path C is closed in the lower half-plane taking 
into account the presence of the branch cut from ik to zoo. Since 
K__(w)Vk 2 -\-w 2 = 0(w 2 ), \w\ -> oo, <fmw < 0, there are no contributions 
from the closing path at infinity and we have for x < 

/ " cos 

(3.9) 
1 ' 



an integral which clearly converges for x < 0. The ^-derivative of ^ va- 
nishes for y = 0, x < 0, thus verifying one boundary condition. 

For x < 0, the path C is closed in the upper half-plane. Here the singul- 
arities are two poles at a and there is a branch cut from ik to i oo. The inte- 
gral is evaluated in the same fashion as it was for the case #<0, save for the 
fact that we now have two simple poles to account for. In order to bring these 
singularities into prominence, we replace K_(w) by jfiC + (z0)[l 
Then 



a0 f e 
, y} = \ 
27tJc 

i 

(3.10) - ' 

1 j 
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exp 



dw 





e " "' 

Clearly, the integral in equation (3.10) vanishes with x . > oo, y ^ 
or y -> ao, x > 0, since in the first case the integral is absolutely conver- 
gent while in the second case the Riemann-Lebesgue lemma may be applied. 
It is permissible to differentiate (3.10) to demonstrate for x > 0, y = that 
the boundary condition as well as the differential equation are satisfied. 
Since we have produced a solution which satisfies the conditions permitting 
the application of Green's theorem and the complex Fourier transform, the 
method is justified. From the original work of Wiener, there are no other 
solutions to the integral equation with this order at infinity. 

An examination of K + (a) and K^(a) will reveal that they are the 
same in magnitude, but opposite in phase. This tells us that </>(x, y} describes 
a standing wave solution as x -> oo. In order to form a traveling wave solu- 
tion at infinity, one has only to differentiate </> with respect to x, thus not 
affecting the boundary conditions but introducing a logarithmic singularity 
at the origin. This produces now a second solution which, at infinity, is out 
of phase with the first solution and, therefore, an appropriate linear com- 
bination of the two will produce the desired traveling wave solution. 

In conclusion we note that we study the case k = (normal incidence) 
from the representation (3.9) and (3.10). The methods we have employed 
for the case k ^ are inapplicable because Green's function is simply the 
logarithm of the distance between the integration coordinates and the ob- 
servation point, and the Fourier transform of this does not exist. Yet, when 
we pass to the limit k = 0, we produce two new representations which we 
can show satisfy the partial differential equation and the appropriate bound- 
ary conditions; but we shall not pursue this matter here. 

4. A Second Formulation of the Problem in Section 2 

We were successful in formulating the integral equation in Section 2, 
because amongst other things we could provide a Green's function which 
eliminated one of the boundary conditions completely. Let us now examine 
the representation (2.5) using the boundary condition dG 2 /dy' = ftG 2 for 
y 0. If such a Green's function could be determined, the integration in 
(2.5) would now extend from oo to and we would have 
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for the contribution on the line y f = 0, x f < 0. But <j> v , = for y = 0, x < 
and Gy = /?G 2 for oo < a; < oo, y = so that we are left with 

(4.1) 

However, an application of Green's theorem implies a closed path and we 
are required to discuss the line integral on a path which recedes to infinity 
in the lower half-plane. Before we can do this, however, we require a know- 
ledge of <f> and G 2 for \x\ > oo, y -* oo. For ?/ ~> oo or x -> oo, ^ 
vanishes exponentially, while for x -> oo, <f> is asymptotic to exp {/fa/} 
[@i exp {iott;}+2 CX P { fcorac}] where Q { and 2 are constants. The Green's 
function which satisfies the boundary conditions 9G/9/' = f$G on y' = is 
subject to a measure of arbitrariness. Indeed, if we require that the Green's 
function shall describe outward-going waves on the surface y' 0, that is, 
G 2 be asymptotic to exp {Yor|sc|}, |a;| -> oo, y = 0, we shall encounter a 
situation for which the bilateral Fourier transform is inapplicable. Such a 
Green's function which obeys the requirement of outward-going waves is 
asymptotic to 

^-cxp {/%+*/')} exp {ia\x-x'\} 

Zff 

for \x'\ < < \x\. It is, of course, not possible to take the bilateral Fourier 
transform of such a function. Yet we can modify G 2 , with this asymptotic 
form in mind, so that it can be useful. We can obviously add any solution 
of the homogeneous equation (2.1), which satisfies the boundary condition 
for the free surface, without changing any of the major characteristics of the 
Green's function save the conditions at infinity. Let us then add 

iB 



exp py+y exp iax'-x 

to G 2 . Clearly, the modified G 2 will then vanish exponentially for x' ^ ^ x 
and will be asymptotic to 

o 

exp {p(y+y')} sin o(x x') 


f or x > > x'. We shall denote the modified G 2 by G* 2 . As a result of the 
order conditions on <f> and G* 2 , we find 



(4.2) 4(x, y) = -ft 1^ +(*, 0)G* 2 (*, y, x', Q)dx'. 

In virtue of the (a; ')-dependence of G* 2 , (4.2) becomes an integral equa- 
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tion of the Wiener-Hopf type for y 0. (The change of limits is a minor 
point which can be overcome by replacing x by #). 
The bilateral Fourier transform of G* 2 (x, 0, x f , 0) is 



and, in view of the fact that G* 2 is bounded for x > > x' and exponentially 
decreasing of the order exp {k(x~ x')} for x < < x', and is otherwise inte- 
grable, this transform exists in the strip k < Jm w < 0. We now define 
<j and fa as we did in Section 3. Then in this strip of analyticity we have 



where 1 and 2 are the unilateral Fourier transforms of ^ and ^ 2 Upon 
simplifying this we get 



precisely the same equation which we encountered in Section 3. 

5. Acoustic and Electromagnetic Diffraction Problems 

Time does not permit us here to pursue in any detail the many problems 
in acoustic and electromagnetic diffraction which may be formulated as 
integral equations of the Wiener-Hopf type. Still, a few general comments 
and one example will serve to show us what is different in these problems 
from the hydrodynamic problems. Here we are concerned with the solution 
of the partial differential equation 

S Su S 2 



The boundary conditions are still of the type which we described in Section 1. 
The change in sign before k 2 is crucial, since now equation (5.1) may admit 
solutions which are bounded everywhere at infinity (the so-called plane-wave 
solutions) as well as solutions which are bounded at infinity in ducts or tubes 
(the so called wave-guide modes). In the case of the wave-guide modes, the 
change in sign before k 2 now permits the possibility of a finite series of terms 
bounded at infinity whose character depends on the geometric character of 
the wave-guide, the number k, and the boundary condition essentially the 
Sturm-Liouville aspect of this problem. This is in direct contrast to the 
hydrodynamical problem which permits at most one bounded term at in- 
finity. It is not a difficult task to construct the Green's functions for a wave 
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guide of a regular shape, that is, one for which the Sturm-Liouville problem 
for the cross-section is known. By imposing boundary conditions on Green's 
function as we did in Section 3 we can eliminate all boundary contributions 
along the /?-axis save for ft > or /? < 0. Since the /^-dependence of Green's 
function will appear in the form ft ft' we will again have a Wiener- Hopf 
integral equation. The presence of these bounded terms at infinity is felt in 
the Fourier transform through the existence of real roots. By adjusting the 
parameter k we can take into account as many terms as we desire. 

For problems involving free space propagation by plane waves, the 
formulation of the problem is complicated by the presence of the bounded 
plane-wave terms. In addition to imposing a condition involving the nature 
of the scattered field at infinity, we are required to describe the incident and 
reflected plane-waves with care. Their contribution in the formulation of the 
integral equation is found by evaluating the closing path in Green's theorem 
with the aid of such an asymptotic device as Kelvin's method of stationary 
phase. The scattered field will make no contribution, if the appropriate 
Green's function is chosen. 

As a simple example, consider a perfectly conducting plane oo<a;< oo, 
t/ = 0, oo < < oo above which there is a second perfectly conduct- 
ing semi-infinite plane oo < # < 0, y ~ a, oo < z < oo, parallel to 
the first one. For a two-dimensional electromagnetic field, which is inde- 
pendent of the 2-coordinate, every field component satisfies a partial differ- 
ential equation of the form 



There are scalar problems in electromagnetic theory for which there is one 
component of the electric field which satisfies a differential equation of the 
form (5.2) and for which the normal derivative vanishes on the perfect con- 
ductors. 7 Outside of the duct formed by these two planes, </> is of the order 

f(Q) exp{ikr} 
(5.3) ~= 

Vr 

for r = V# 2 +y 2 -> oo, x = r cos 6, y = r sin 6, <L fg TC. That is, there 
is only an outward going radiated field in free space and this satisfies Sommer- 
field's radiation condition. Inside the duct, x -> oo, 5j y fg a, <f> is 
asymptotic to 

| [^ B exp{fT n a?}+S ll exp {-*7>}] cos^+0(*), L > 0. 

n0 * 

These are the so-called wave-guide (or parallel plate) modes which remain 

T This problem is also equivalent to a problem in acoustic diffraction. 



METHOD OF WIENER AND HOPF 161 

bounded as x -> oo. Here F% = k 2 n z n?/a 2 if n ^ M. Such terms as 
exp {iF n x} describe traveling waves far down the duct. A particular form 
of excitation of the structure could be obtained by assuming A = 1 , A n = 0, 
n ~ 1, , M. This would correspond to the lowest mode exciting the 
duct, causing a series of reflected modes in the duct and a radiated field 
outside of the duct of the form (5.3). 

This problem can be formulated with the aid of two Green's functions 
which are appropriate for two different regions in the x, y-plane. For exam- 
ple, a Green's function which can be used in conjunction with equation (5.2) 
and satisfies the boundary conditions G y , = at y' and y' = a and, 
furthermore, describes outward-going radiation from the source point is 

nny 

ru , * "-^ 

G><*. y. * , ) - i 



The positive root JT n is understood if F% is positive and otherwise* F n = i \F n \. 
A second Green's function, which satisfies the boundary condition G*, = 0, 
y' a and the radiation condition for r -> oo, y' > a, is simply 



, y, x', y') - - 



For the region oo < # < oo, y > awe have the following representa- 
tion for <f>: 

(5.4) <f> = G*(x, y, x', y') dx' ', y' = a. 

Jo dy f 

This representation incorporates the boundary condition on the half-plane 
and the condition at infinity. In order to attain this condition at infinity 
we employed the Hankel function H ( ^ rather than # 2) which does not have 
the correct behavior at infinity. 

Similarly, for oo < a; < oo, O^i/^a, we have 

(5.5) </> = tfca> + G 1 (x t y, x' t y')dx r , y' = a, 

Jo dy' 

when we employ the boundary conditions on </> and G 2 at infinity. The con- 
tinuity of the representations (5.2) and (5.3) for y = a, x > gives us an 
integral equation of the Wiener-Hopf type and of the first kind. That is, 
f 00 / 0, y = y r = a, x > 0, 

where I(x) is the discontinuity of <f> on the barrier. 
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From the representation (5.5) it is possible to find the amplitudes of the 
reflected propogating modes in the duct. Indeed, since we have prescribed 
the asymptotic form of <, we have from (5.5) 

y' = a, 
B n = = c^'fa (x' t y')dx', y' = a, n = 1, -, M. 



= ^= f 
a>r n Jo 



It is clear that these amplitudes are the Fourier transforms of <f> v (x, a) eva- 
luated at w ft or F n . The other behavior at infinity, the angular 
dependence /(0) in (5.3), may be determined from equation (5.4). For, now 
when r -> oo, ^ 6 < rc, 



or 



*~"" 4 r *" 

Jo 



again a factor which depends on the Fourier transform of </> y (x, a). 

In order to simplify our presentation we shall assume that k has a small 
positive imaginary part. 8 As equation (5.6) stands, it is impossible to apply 
the complex Fourier transform since the bilateral transform of exp {ikx} 
does not exist. We can overcome this difficulty by mutilating 
We shall rewrite equation (5.6) as 

[0, y = y'=, a , x> 0, 



r* i 2 / 

Jo v \ 



where now 

I cxp {ikx}, x > 0, 

10, x < 0, 

</> v (x, a) =E 0, x < 0, 

/(a) ==0, x > 0. 

Equation (5.7) now coincides with equation (5.6) for x > and, therefore, 
still expresses the condition of continuity of the ('s on the surface y = a, 
x > 0. If we accept for the present that (f> y and / are integrable for finite x 
(a fact which we may justify by the solution of the problem) we have the 
following information: J(x) = 0(e~ ikx ), x-+ oo, <f> y = 0(e ikx /Vx), #->oo. 



A more delicate application of the method of analytic continuation which we employ 
enables us to avoid this assumption. 
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This would provide us with the further information that the unilateral 
Fourier transform of J(x), 

( J(x) exp {iwx}dx #i(w), 
is analytic in the upper half-plane Jm w > ./w k. We also have that 



/* 

</> y (x, a) exp {iwx} dx = 2 ( w ) 



is analytic in the lower half-plane Jm w < *//// k. The Fourier transforms 
of G 1 ^, a, 0, a) and G 2 (x, a, 0, a) are 








, . , cos aa 

c, a, 0, a) exp \iwx}dx = - . 

a sin cr# 



and 

JOO 4 

G 2 (#, a, 0, #) exp { iwx}dx = , 
-a cr 

respectively, where a 1 = A/& 2 ze' 2 , and we take that branch of a which re- 
duces to k when w = 0. Both g 1 and g 2 are analytic in the strip *Pm k < 
Jm w < Jm k. Finally, the transform of <f> Q (x) is 

* (0 = JJ exp {-*] <^ (a;) <* = - 



which is analytic in the lower half -plane Sm w < ^m k. We again observe 
the common strip of analyticity of all the transforms which we employ. 
We have then 



. asino-a 

(5.8) 



The factoring of this last equation brings in a number of new features 
which we have not discussed before. Let us assume that we can factor 

exp {iaa} K^(w) 



a snew 

where K_(w) is analytic and free of zeros in the lower half-plane while K+(w) 
is analytic and free of zeros in the upper half -plane. 9 Then equation (5.8) 
becomes 

(5.9) K + (w) *t(w) 



9 K_(w) and K + (w) are zero-free because we actually decompose logK(w) additively 
(see Section 3). 
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The first term in equation (5.9) is analytic in the upper half-plane Jm w > 
Jm k and the last term is analytic in the lower half-plane fm w < Jm k. 
The center term is still analytic in the strip. However, this term may be 
decomposed into two terms, each of which is regular in the approriate half- 
plane, for, 

#>) K + (w)-K + (k) 



The first term no longer contains a pole at w = k and is, therefore, analytic 
in the upper half-plane <fm w > Jm k while the second terms only con- 
tains a pole at w = k and is analytic in the lower half-plane *$m w < .//;/ k. 
This enables us then to write equation (5.9) as 



In view of the fact that the left side is analytic in the upper half-plane 
> Jm k, the right side is analytic in the lower half -plane *fm w < 
and both sides are analytic in a common strip, the left side is the ana- 
lytic continuation of the right side. It is therefore analytic everywhere and 
an entire fimction E(w). 

The success we had in Section 3 in determining E(w] depended on 
Liouville's theorem on polynomials. The same is true here and we have to 
show that we can determine K^(w) and K + (w) so that they are of algebraic 
growth as \w\ -> oo, *//// w suitably limited. In the first place, the factoring 
of exp { i aa} multiplicativcly is equivalent to factoring a additively. This 
can be done by Cauchy's theorem, as in Section 3, considering the function 
1/cr to insure convergence of the integrals. We have then, by direct compu- 
tation, 

1 2 

- = 

a na * kw na ' k-\-w 

where the first term is analytic in the lower half-plane <fm w < ^/ k and 
the second term is analytic in the upper half-plane J>m w > J% k. It 
follows then that 

exp {iaa} exp {L_(w} } exp (L + (w)} 
where 



]/k+w 2 
- = arc tan I/ ---- 1 -- arc tan 

* w 



and 



2^aa \lk-\-w 

L(w) arc tan I/ 

n r kw 



2taa \ kw 

L, (w) = arc tan v . 

+ v ' n r k+w 
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For |ie>|-> oo, Jmw < Jmk> L_(w) is asymptotic to 

iaw f 2w] 

log 

n L k J 

while for |z0| -> oo, *?mw > Jmk, L + (w) is asymptotic to 

iaw 2w 

log . 

n k 

We now turn to the factoring of a sin oa which is accomplished by the 
Weierstrass product representation and states that 



rr sm aa = a(k* 
The factor 



is free of zeros in the lower half-plane *//# w < <fm k while 

M + (w) = M_(-w) 

is free of zeros in the upper half-plane ^m w > .//// k. The exponential 
factor exp { iaw\nn\ has been inserted into all the products to render them 
absolutely convergent. Hence 

aM_(w)M + (w) = a sin aa 
and 



while 

X + (*)-Jf + () exp {-+()}. 

This provides us with the basic factors X_(w) and K + (w). For |w| -> oo, 
Jm w < ^57 k, 

M (w} = "PM^XW 

~ x ; r(iawjn) 

(y is the Euler-Mascheroni constant) up to a constant of proportionality 
since the products in this limit can be shown to be independent of ak. 
Similarly, for \w\ -> oo, ^m w > Jm k, 

_ exp {fr 



Upon examining the asymptotic forms of K_(w] a.ndK+(w) we find that 
for |ze>| -> oo, <$m w < 
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1 f iaw I , 2ri 



while for \w\ -> oo, *fm w > *^/sv k, we have 

1 



The exponential factors in K_ and K + prevent the application of Liouville's 
theorem which we employed in Section 3. However, suppose we redefine 
#_ as e A(w) K_ and K+ as e A(w >K+ . Then, if we choose 



aw 



the factors e A K_ and e A K + will both be of algebraic order for \w\ -> oo, 
ofe w suitably limited. Upon using these modified forms of K__ and K + in 
equation (5.10), we find that the entire function of separation is identically 
zero. This may be seen since l and <Z> 2 to zcro with \w\ -> oo, *Pm w 
properly limited, as a result of the Riemann-Lebesgue lemma. This then 
produces t and 2 , and we can show directly from these functions that 
<t> v (x, a) and /(a?) possess properties which we require in order to use them in 
the integral equation and the Fourier transform theorem. Having 0^(w), 
we can determine the amplitudes of the reflected waves and the radiated 
field. Indeed, 



while 



f(0) = *-* r/4 # 2 (* cos 6). 
" nk 



These expressions can be simplified once we make use of the precise forms of 
K_ and K+ but we shall not pursue this matter. 

We can determine </>(x, y) for any point in the plane oo < x < oo, 
y > by making use of the representations (5.4) and (5.5). For ^ y ^ a 
we have, with the aid of the convolution theorem, 

<(#, y) = exp {ikx} -- : - & 2 (w) exp {iwx} dw 
2n Jc sin GO, 



where C is a path in the strip of analyticity Sm k < Jm w < Jm k. The 
closing of the path depends on the sign of x. Similarly, for y ^ a we have 
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0Jw) 



i f 
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C 

where C is the same path as we have just described. It is possible to show 
from these representations that <f> is continuous along the line x > 0, y = a, 
that <ft v vanishes along the lines x < 0, y = a and -oo<a?<oo, y = 0, 
and that the two forms of satisfy the original differential equation as well 
as the conditions at infinity. This is accomplished by reducing the integrals 
over C to real integrals (i.e., integrals over a real variable). In this final form 
we can also verify that the results are valid for the case k real. 

We shall not discuss any problems with more complicated cross-sections; 
for, this will take us into the realm of the various special functions such as 
Bessel functions. The method of formulation and solution, however, is still 
valid, and it is always possible to produce an integral representation for the 
solution. If we are only interested in the physical parameters such as the 
reflection coefficient or the amplitude of the radiated wave, the results ulti- 
mately depend on geometric parameters, the wave-number and the charac- 
teristic numbers of the Sturm-Liouville problem. This, of course, is of great 
advantage from the computational point of view. 

The comments we have made here hold for any number of obstacles 
extending to infinity in one direction and generated by lines moving parallel 
to themselves. In general, we shall obtain systems of integral equations of 
the Wiener-Hopf type for which we do not have a method of solution as we 
did in the case of a single unknown. While in the case of a single variable 
we have Cauchy's integral theorem to help us carry out the factoring in the 
complex domain, there does not appear to be in general any simple parallel to 
this for the case of systems. This is one of the unsolved problems in this sub- 
ject about which we would like to have more information. 
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On the Existence Problem for Surfaces 
of Constant Mean Curvature* 

ERHARD HEINZ 

University of Goettingen 

1. Statement of the Problem 

We shall be concerned with the extension of Plateau's problem to sur- 
faces of constant mean curvature. This problem can be stated analytically 
as follows. Given a Jordan curve Pin three-dimensional space and a real 
number H, determine a vector %(u, v] (x(u, v}, y(u, v), z(u, v)) with the 
following properties: 

(A) The functions xfa, v), y(u, v) and z(u, v) belong to the class C (2) 
and satisfy the differential equations 

Ax = 2H(y u z v -y^ u ], Ay = 2H(z u x v -z v x u ), Az = 2H(x u y v -x v y u } t 



or, in abbreviated form, 

%, l = f> lulv = 0. 



(B) The functions x(u, v), y(u, v) and z(u, v) are continuous for u 2 +v z 
f 1, and the equation --== $(u, v) maps the unit circle u 2 -\-v 2 1 in a one- 
to-one and continuous way onto F. 

For H = this is precisely Plateau's problem which has been investigat- 
ed in the literature a great number of times and was finally solved by 
J. Douglas and T. Rado. 1 It is obvious that we can always assume jT to 
be contained in the unit sphere. Then we have 

THEOREM 1. Let r be notifiable and contained in the unit sphere 
x*+y*+z 2 fg 1. Then there exists a vector %(u, v) satisfying conditions (A) and 
(B), provided \H\ < J(VT7 1). 

2. The Functional [5] 

In view of the relation between our existence problem and Plateau's 
problem, we may expect to establish the existence proof with the help of 



*This is a summary of the results obtained in [3]. 

1 For a simplified presentation see T. Rad6 [6] and R. Courant [2], Chapter III. 
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a similar variational principle. Let us denote by >* the set of all vector 
functions with the following properties: 

(1) i(u, v) belongs to C (2) for u*+v 2 < 1, 

(2) %(u, v) is continuous for u 2 +v 2 ^ 1 and satisfies the inequality 

|S(, 0)|^1, 

(3) The transformation j = $(u, v) maps the unit circle u 2 +v 2 l 
monotonically in the weak sense onto F and carries three fixed distinct 
points A, B, C of the unit circle into three fixed distinct points A*, B*, C* 
of F. 

For jeS)* we set 



= JJ 



+ {a(*/ w ^-^j+#(^ 

where we assume \H\ < f . Then the integrand of the functional [j] is a 
positive definite quadratic form in the quantities x u , , z v , but the func- 
tional is not quadratic in its argument if H ^ 0. With these definitions 
we have 



THEOREM 2. For \H\ < ^(Vl7 1) there exists a function $*(u, v) in 
* such that the inequality [*] ^ [rj holds for every S)*. Furthermore, 
the vector $*(u, v) satisfies conditions (A) 0m (B) o/ owr existence problem. 

The solution of the variational problem "[] = minimum ( *) is 
obtained with the aid of certain existence and compactness theorems for the 
equation A% = 2#( M X,,) described in the following section. 



3. The Boundary Value Problem for the Equation 



Let us denote bySK^ the set of vector functions %(u, v) with the follow- 
ing properties: 

(1) i(u, v) belongs to C (2) for u*+v 2 < 1 and satisfies the equation 



(2) j(w, v) is continuous for u 2 +v z ^ 1 and satisfies the inequality 

|S(,)|^1. 

Then we have the following results: 

THEOREM 3. Let the function |(g?) oe continuous for oo < <p < oo and 
%(q>+2n) = KT?). Furthermore, let \%(<p)\ ^ 1. Then there exists a function 
%(u, v) $R H such that j(cos <p, sin <p) = f(<p), provided that \H\ < |-(Vl7 1). 
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THEOREM 4. Let \H\ < % and { j (n) (u, v)} be a sequence of functions belong- 
ing to W H , whose boundary values J (n) (g?) = J (w) (cos 9?, sin 9?) converge to a 
continuous function %(q>) uniformly in 5^ 9? ^ 2n. Then there exists a sub- 
sequence [$ (nk) (u, v)} of functions which, together with their first derivatives, 
converge to a function %(u, v) e 2R H uniformly in every disc u 2 -\-v 2 ^ R 2 < 1. 
Furthermore, we have $ (cos 9?, sin 9?) = (99). 

It should be noted that corresponding results hold for elliptic systems 
of the form 



where Q m is a homogeneous quadratic form in the quantities dxjdu, , 
dxjdv. Equations of the form 

Au == aul+2bu x u v +cul+2du x +2eu v +f, a = a(x, y t u), , / = f(x, y, u), 

and 

du du 



(with \f(x l , - , x n ; u\ p , , p n ) \ <J B(p\ + + p%) + C), involving 
one single unknown function u t have been investigated by S. Bernstein 
[1] pp. 8490, and by M. Nagumo [4], respectively. 

4. Some Open Questions 

Consider the vector %(u, v) (x(u, v), y(u, v), z(u, v)), 
where 

x(u, v) = 
y(u, v) = 

z(u, v) = 
and A is a real parameter. For u 2 +v 2 < oo, %(u, v) satisfies the equations 



2A 

where H = - -. Furthermore, we have 



(cos <p, sin 99) = (cos 99, sin 9?, 0) for ^ 95 ^ 2n. 
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Thus for every real value H in the interval 1 < H < I there exist two 
distinct real solutions of the boundary value problem 

AI = 2#( w xrJ, i (cos 9?, sin y] = (cos 9?, sin 9?, 0), 

while for \H\ > 1 there are no real solutions of the form considered above. 
This example raises the following questions about the boundary value pro- 
blem for the equation A% = 2#( M X V ): 

(1) What is the maximum number of distinct solutions? 

(2) Is there, in general, a finite number H*, depending on the boundary 
values, such that there exists no solution for \H\ > H*! 
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On the Reflection Principle for 
Polyharmonic Functions * 

ALFRED HUBER 

Institute for Fluid Dynamics and Applied Mathematics 
University of Maryland 

In the following let G denote a region in the ^-dimensional space, the 
boundary of which contains an open subset S of the hyperplane x l = 0. The 
classical reflection principle of H. A. Schwarz states: // the function 
w(x l , x z , , x n ) is harmonic in G and assumes the boundary value on S, then 
it can be continued analytically across S into the reflected domain G* by putting 

(1) w(-x 1 , x z , - , x n ) = ~w(x l , x 2 , - , x n ). 

In the present article we are concerned with an extension of this theorem 
to functions which are harmonic of higher order. (A function w(x l , x 2 , , x n ) 
is said to be harmonic of order p (p = positive integer) if it is of class C 2p 
and satisfies the differential equation A*w = 0). 

The case p = 2 has been treated by H. Poritsky [5] and R. J. Duffin [1]. 
Duff in proved the following theorem: Suppose that w is biharmonic in G and 
that w/x l assumes the boundary value on S. Then w can be continued ana- 
lytically across S into G* by the relation 

"dw 

(2) w( x t , x 2 , , x n ) = w +2x 1 x* Aw. 

i 

This continuation formula was even previously published by H. Poritsky [5J. 
Limiting himself to the case n = 2 he demonstrated the validity of (2) under 
the assumption that w is biharmonic on G u 5 and that w dw/dx 1 = 
on 5. 

The reflection principles (1) and (2) are special cases of the following 
statement: 

THEOREM. Suppose that the function w(x 1 , x z , , x n ) is harmonic of 
order p (p = positive integer) in G and that w[x*~ l assumes the boundary value 
on S. Then w can be continued, analytically across S into the reflected domain 
G* by the relation 



*) This research was supported in part by the United States Air Force under Contract 
No. AF18 (600) -573 monitored by the Office of Scientific Research, Air Research and Develop- 
ment Command. 
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Remarks. In the boundary condition for w, x^" 1 cannot be replaced by 
any smaller power of x . This is clearly indicated by the example orf * 
log (#i+#2), a function which is harmonic of order p in x^ > 0, but cannot 
be continued analytically into the origin. 

By a generalized Kelvin transformation (see e.g. M. Nicolesco [4] p. 15) 
with respect to a hypersphere which is tangential to x = 0, one arrives at an 
analogous reflection principle for spherical boundaries. (For the case p = 2 
see R. J. Duffin [1]). 

The reflection principle (3) is contained in a forthcoming paper [2], 

Proof: We proceed in two steps, 

(A) the function w can be continued analytically beyond S, 

(B) the continuation can be extended to the whole of G* and is given by (3). 
In [2] we pointed out that Duf fin's method [1, report No. 6] of proving 

statement (A) in the special case p = 2 can be generalized. One proceeds by 
complete induction with respect to p. However, we gave no details of this 
extension, because it was rather involved. Meanwhile, Duffin has consider- 
ably simplified his reasoning [1, report No. 13]. By making use of the ideas 
underlying this new version and applying some relations due to M. Nicolesco 
[3], we recently found" a relatively simple proof of (A) for general p, which 
we present in this article. 

On the other hand, [2] contains a detailed proof of statement (B). 
Therefore, we shall now limit ourselves to an abbreviated account of this 
part of the demonstration. Here our method is different from those used by 
the above mentioned authors in the case p 2. 

Proof of (A): The statement is classical for harmonic functions (p = 1). 
Let now p be an arbitrary positive integer ^ 2. We shall demonstrate (A) 
for the order p under the hypothesis that it is valid for the order p 1. 
This will complete the proof. 

It is sufficient to show that w can be continued across the interior of an 
arbitrarily prescribed subcompact K of S. We consider a closed 6-neighbor- 
hood K d of K, where <5 > is small enough so that K d is contained in 5. 
Furthermore, we introduce the cylinders C(rj) = Kx [0 < x < ??] and 
C 6 (rj) = K d x [0 < #! < 77], choosing r\ > so small that the conditions 
r\ < d and C d (2rj) C G are fulfilled. (We make here the irrelevant assumption 
that G is a subregion of x > 0.) 

Writing x for (x , x 2 , , x n ) we have, by hypothesis, 
(4) w(x) = o(x~ l ) for Xi -> 0. 

This holds uniformly in (x 2 , # 3 , , a?J if we limit ourselves to points x 
lying in C d (rj). 
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It is well known that w admits the decomposition 

(5) () = 2X *,(*). 

*=0 

where the functions h^ , A 2 ' ' ' > hp-i are harmonic in C d (ij). This yields the 
representation 

(6) w(x)=u(x)+x*~ 1 h(x), 

where h is harmonic and u is harmonic of order pl. We state that 

(7) u(x) = o(s?- 2 ) for ^ -> 0, 

uniformly in x z , x 3 , , ar n for x e C(r?). To prove (7) we first discuss the 
behavior of h in the neighborhood of K. Since, by differentiation of (6), 

d p ~ 1 h 

(8) A*-*w = 2(#-l) l^p. 

this reduces essentially to an investigation of the growth of A*~ l w. At this 
point it is convenient to introduce the iterated means of M. Nicolesco [3]. 
They are defined as follows: 



, x ; #) = arithmetical mean of w over the sphere 

n C R 
t* 8 (w;x ;R) = J r^p^wiXtirfdr, 5=1,2, 3,- -. 

M. Nicolesco proved that the relations 



(9) [A 8 (w; x ; R) = w(x ) + ^A^R^A^^x^), s = 0, 1, 2, 

where 

1 



2 v vln(n+2) 

are satisfied by any function w(x) which is harmonic of order p in a region 
containing (i io) 2 + * * * + (^n^wo) 2 = ^ 2 i n fts interior. 

With every point xcCfa) we now associate the radius R(x) ~ \x. 
It is easy to verify that, by (4), 

(10) fi 9 (w; x; fa) = o(a%- 1 ), s = 0, 1, 2, -, 

for x^ -> 0, uniformly in x 2 , o; 3 , , x n if x e C(^). We infer from (0) that 

(ii) />;*;l*i) = (*) + 2 l 3af4'( a! ), 5 = 0,1,2,. -,p-i. 

Va *0 * 

This may be considered as a system of linear equations for w, 3%Aw, , 
o^~ 2 A p " 1 w. Its determinant is easily seen to be different from zero. Hence, 
we have the representation 
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(12) a*"^*- 1 * = 2>: x; 

8=0 

The coefficients B , B , , B v _^ are independent of #. From (8), (10) 
and (12) we conclude that 

gp-i^ i 

= -- A p ~ 1 w = o(x\~*) for a?, -> O. 1 

dx?" 1 2*- l (p-l)l v * ' * 

An easy argument yields 

(13) h(x) = o(log Xj} for x l -* 0. 

Estimate (7) is now an immediate consequence of (4), (6) and (13). 

By applying the induction hypothesis we conclude from (7) that u can 
be continued analytically across the interior of K. We define 



It follows from (9) that 

/ 1 3 

(14) w = u+x-i I v ------ 

v ) ^ *\ p-\ dx 

Hence 

w 1 du u 

(15) = -H -- ~ --- . 

^i ^> 1 d#i ^i 

We are now going to prove that 

(16) v(x) = o(x*~ 2 ) for x x -> 0, 

when x varies on C(^). For this purpose we consider the Taylor development 
of u around an arbitrary point X Q in 5. We conclude from (7) that the factor 
x*~ l must be contained in each term of this series. This implies 

(17) - 1 - -^- - - = 0(x- 2 ) iorx-+x Q . 
v ' pl dXi x l v L J 

Obviously, (17) also holds for x : -^ 0, uniformly in # 2 , x 3 , , x n , if x is 
allowed to vary on C(y). (16) is now a consequence of (15), (4) and (17). 

Making again use of the induction hypothesis we infer from (16) that 
v can be continued analytically across the interior of K. It follows immedia- 
tely from (14) that the same is true for w. 

Proof of (B). We introduce the notation L\w] for the right-hand side 
of (3). 



1 This estimate can also easily be obtained as a consequence of an inequality of M. 
Nicolesco (relation (26) in this paper). Professor JL. Nircnberg kindly drew our attention to this 
result of M. Nicolesco which later led us to the application reproduced at the end of this paper. 
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If the differentiations and multiplications are carried out, then L[w] is 
seen to be a polynomial in x : , w and some derivatives of w. Therefore, L\w] 
is analytic on G\jS. 

Moreover, each term x^ k A k (wfx^ k ) is harmonic of order p. For, we 
have, applying the decomposition (5), 



]} = A'{d*(h<*>l*f**)} = 0. 

Here the superscripts indicate the order of harmonicity. 

Now we shall prove that the Taylor developments of the functions 
w( x , x 2 , , x n ) and L[w(x 1 , x 2 , , x n )] are identical at an arbitrary 
point of S. This will complete the proof of (B). For, then we can immediately 
draw the conclusion that w(Xi , x 2 , , x n ), being identical with 
L[w(x 1 , # 2 , , x n )], can be continued into the whole of G. Therefore, (3) 
yields in fact a continuation of w(x l , x 2 , , x n ) into the reflected domain 
G*. 

Let 



be the Taylor development of w at an arbitrary point of S, which we may 
assume to be the origin of the coordinate system without losing generality. 
It remains to prove that the development of L[w] at the same point is given 
by 



where 



The application of the operator L to the power series (18) may be carried 
out term by term. 

From the boundary condition we infer d k w/dx$ = Q (k = 0, 1, ,/>!) 
on 5. Since this holds at all points of 5 it follows that a^. =0 for 
v < p 1 and arbitrary v 2 , v z , , v n . On the other hand, it is easy to see 
that the operator L never decreases the number of factors a^ in a term. 
Therefore, we have also 6^ ^ . . . ^ -= f or v l ^ p 1 and arbitrary v z , V B , , v n . 
This proves (20) for v t ^pl. 

It can be verified (see [2] for details) that 

(21) I[^ v ..^^--.<.] = (-l)^^...^i^..-<. 

for p ^ V-L ^ 2p 1 and arbitrary v 2 , v a , , v n . Since L never decreases 
the number of factors x^ , terms of order ^ 2p in x 1 cannot contribute to the 
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coefficients &, llv .., n > where p ^ v l ^ 2 1, and (20) is thus demonstrated 
for p ^, Vl <^2p 1. 

Finally, we observe that both functions w( x , x 2 , , x n ) and 
L\_W(XI , a: 2 , , x n )] are harmonic of order />. Using the differential equa- 
tion (and possibly differentiating it) any derivative of order v t ^ 2p in x l 
can be expressed as a linear combination of derivatives of the orders i^ 2, 
Vj 4, , v 1 2p in #! . If the equality of these last has already been shown, 
it follows that the first ones have also to be equal. By induction we thus are 
able to assert the validity of (20) in the remaining range v t ^ 2p. This com- 
pletes the proof of (B). 

The analytic continuation of w is, of course, unique. If the extended 
function, defined in G*, is reflected back across 5 into G, then the original 
function w is obtained. Therefore, we have the following identity: 



This is equivalent to 

(22) L 2 M SEE w. 

We have proved this identity only for those functions w which satisfy the 
hypotheses of the above theorem with a non-empty set 5. However, the 
following more general statement is true: 2 

Suppose that the function w(x] is defined and harmonic of order p in an 
arbitrary region G. Then (22) holds throughout G. 

We briefly indicate the demonstration. Let us first make the additional 
assumption that G contains points lying on the hyperplane x^ = 0. The func- 
tions w and L 2 [w] are both analytic in G. We consider the Taylor develop- 
ment of w around an arbitrary point on a^ = 0. By applying the operator 
L 2 term by term we obtain from it the Taylor development of L 2 [w]. By 
arguments which are quite similar to those used in the proof of statement 
(B) one verifies the equality of all corresponding coefficients in these two 
series. This proves (22) under the special hypothesis introduced above. 

In order to treat the general case we consider the operator 



We have 

L*[v(x)]-w(*) = L* [(**)]-(**). 



*See R. J. Duffin [1] and H. Poritsky [5] for the special case p = 2. 
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where x* = (x l t, x 2 , , x n ), if we define v(x* ,#*,, ^n) =* w ( x \^> 
x * ' ' ' > x n)- (&y L* we understand the operator L, but with x* , #* ' * * 
re* taking the place of a^ , # 2 , , x n .) 

Consider a fixed value of / which has been chosen such that the hyper- 
plane x 1 = t intersects with G. Tho function v(x*) is harmonic of order p in 
a region intersecting with x* 0. By the previous result we have 
Ll[v(a*)]-v(x*) ==0. 

Let now x e Gbe fixed. Then L^[w(x)]w(x) is a polynomial in t. It 
follows from the above remarks that 

(23) L*\w(x)]-w(x) =F=0 

for a non-empty open set of values t. Wo infer that (23) holds for all 
values of t. Setting t = we obtain (22). 

We conclude with the following application: 

THEOREM. Let w(x) be harmonic of order p throughout the half-space 
x l > and suppose that w/x*~ l assumes the boundary value on x 1 = 0. Then, 
if for some positive integer q 

(24) w(x) - V |*|) 
/ infinity, w is a polynomial of the form 

(25) v(x)= I ^... 



The proof is based on the following estimate of M. Nicolesco ([4] p. 19): 
Let M denote the least upper bound of w(x) on (x^ X 1 o) 2 +(x 2 ~- # 20 ) 2 + 
+ (x n x n $Y ^S ^ 2 , w(x) being harmonic of order p in a region which contains 
this sphere in its interior. Then there exists a constant C(n t p\ v lt v 2 , , v n ) 
such that 

d v l+ v *+'- + 

(26) |pi-^ - +** - - 

v ; 



For any given e > then 1 exists a number g>(e) such that |s^(o?)| < s\x\ q 
in |a;| > ^. The least upper bound of \w\ within a sphere of radius a^/2 
around the point x is therefore not greater than e2*|a;| a for sufficiently large 
\x\. Making use of (26) we conclude that 

(27) 
v ; 

The function w(x) can be reflected with respect to the hyperplane x 1 = 0. 
It is easy to verify that the reflection formula is a finite linear combination 
of terms of the form (27). Therefore, the growth condition (24) is also ful- 
filled by the extended function. 
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Hence w(x) is now defined and harmonic of order p in the whole space, 
satisfying (24) at infinity. It follows from a theorem of M. Nicolesco [3] 
that w is a polynomial of order 5* q 1. From the condition that w\%^ -> 
at a?j_ = we infer that only terms of order ^ p in x l can occur. 

If we choose q = p we arrive at the following 

COROLLARY. Suppose that w(x) is harmonic of order p throughout the 
half-space x^ > and that wfxl~ l assumes the boundary value on x = 0. 
Then w = o(\x\ 9 ) implies w =2 0. 

This is a result of the Phragm6n-Lindelof type which answers a question 
raised by Professor A. Weinstein. 
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On Linear Differential Equations 
in Banach Spaces* 

TOSIO KATO 

New York University and University of Tokyo, Japan 

1. Introduction 

This paper is concerned with the solution of a Cauchy problem in an 
abstract linear space. Consider a linear differential equation 



(1.1) = A(t)u(t)+f(t), a^t^b, 

and the associated homogeneous equation 
(l.la) *> = A (t)u(t). 

Here t is a real variable; the unknown function u(t) and the given function 
f(t) take values in a Banach space X; and A (t) is a given function whose 
values are linear operators in X. We wish to find the solution of (1.1) or 
(l.la) when the initial value u(a) is prescribed. The problem is rather trivial 
if the operators A (t) are bounded 1 and, say, strongly continuous in t\ for, 
then the solution can be obtained by a standard iteration procedure. But 
we are mainly interested in the case where the A (t) arc unbounded, so that 
their domains are proper subsets of X. In such a case the existence of the 
solution is by no means obvious. 

The Schroedinger equation in quantum mechanics is expressed exactly 
in the form (l.la) with X a Hilbert space and with the operators iA (t) self- 
adjoint. It is also obvious that linear partial differential equations of para- 
bolic type which are of the first order in the time variable t can be written 
in the form (1.1). Our study is primarily intended for application to such 
problems. It is to be noted, however, that a large number of hyperbolic 
differential equations can also be reduced to the form (1.1) (see e.g., [1]), 
at least formally, by introducing a suitable space X as the set of "column- 
vector functions", in which the corresponding "matrix-f unctions " A(t) 

*The research reported in this article was supported by the United States Air Force 
through the Office of Scientific Research of the Air Research and Development Command. 

bounded linear operators are understood to be defined everywhere in X, unless other- 
wise stated. 
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operate. We hope that our results may be applicable at least to some of these 
problems. 

In this paper we shall present some uniqueness and existence theorems 
for the solution of (1.1). Only a sketch of the proof will be given, however; 
a complete proof will be published elsewhere. 2 

The formal differential equation (1.1) admits various interpretations. 
The derivative du(t)jdt may be taken either in the strong or weak sense, and 
the equality may be required for all t or, e.g., for almost all t (cf. Lions [4]). 
Again, it may be regarded as an operational equation [djdtA (t}~\u(t) = f(l) 
in some linear space consisting of vector- valued functions u(t), a ^ t ^ b, 
and in this interpretation the operator d/dtA (t) may be taken in some 
extended sense, either strong or weak. 3 

However, in the present paper we take (1.1) in the simplest sense. We 
require that du(t)fdt exist as a strong derivative in X, that A(t}u(t) make 
sense, that (1.1) hold for all t in the open interval a < t < b, and that u(t) 
be strongly continuous in the closed interval. In particular, u(t] must re- 
main in the instantaneous domain ^[A (t)] of A (t)& rather severe require- 
ment in view of the fact that ^[Aty)] is in general of first category in X. 
However, this is a customary requirement in mixed initial- and boundary- 
value problems for differential equations. 

2. Semi-Group Theory 

It is instructive first to consider the case in which A (t) = A is indepen- 
dent of t. Then the solution of (1.1) is formally given by 

(2.1) u(t) = cxp{(l-a)A}u(a) + J*exp{(* s)4}/(s)&. 

The question of defining the exponential function exp {tA} is exactly the 
problem of generating a one-parameter semi-group; this has been solved by 
Hille [2], Yosida [6], Phillips [5] and others. 

In the Hille- Yosida theorem the * 'infinitesimal generator " A is assumed 
to satisfy the following conditions: 1) that A be a closed linear operator in X 
with a dense domain, and 2) that all positive real numbers belong to the 
resolvent set of A, and that 

(2.2) ||(tf-4)-i||A-i, A>0. 

In what follows, the class of operators A satisfying these conditions will be 
denoted by (S). The Hille- Yosida theorem states that for each A (S) there 



*The reader is also referred to an earlier paper [3] by the author, where the same problem 
is treated under more restrictive assumptions than those used in the present paper. 
8 Cf. Friedrichs [1], where reference to other related papers may be found. 
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exists a unique operator- valued function exp {tA} defined f or t ^ with 
these properties: 

(2.3) exp {tA} is bounded and strongly continuous in t with exp {0.4} = /; 

(2.4) exp {(t+s)A} = exp {tA} exp {sA}; 

f exp {tA } maps the domain 3) (-4) into itself and for each # e (-4) 

(2.5) I exp {tA}u is strongly differentiable, with (d/dt) exp {tA}u = 
( ^4 exp (k4}# = exp {tA}Au; 

(2.6) cxp{4} is permutable with the resolvent (A7 -4)" 1 . 

According to Phillips [5], one may replace the inequality (2.2) by the 
weaker condition 4 

(2.7) \\(U-A)~ n \\ g *A- f n = 1, 2, - - , A > 0, 

where k is independent of n and A. The class of operators A satisfying these 
conditions will be denoted by (S"). Of course (S") D (S). The function 
exp {^4} can still be defined for each A e (S") so as to retain the properties 
(2.3) (2.6). Furthermore, Phillips [5] has proved that (2.1) is a solution 
of (1.1) if f(t) is strongly continuously differentiable. It may be remarked 
that (2.1) is also a solution of (1.1) if f(f) (4) for all t and if Af(t) and f(t) 
are strongly continuous in t. 

It is natural to attempt to use the condition A c (S") in the general case 
where A (t) actually depends on t. But it appears that the class (S") is too 
wide to work with, therefore we introduce a class (S') of infinitesimal gener- 
ators lying between (S) and (S"). A linear operator A belongs by definition 
to (S') if there exists a bounded linear operator Q with a bounded inverse 
such that 

A = QAQ-i 

belongs to (S). This implies that Q maps 3) (-4) onto 3) (A) in a one-to-one 
fashion. It is easily seen that (S) C (S') C (S"). The fact that one can define 
the function exp {tA} for A e (S') with the properties (2.3) (2.6) can be 
established without relying on Phillips' results. We need only set 

(2.8) exp {tA } = Q-i exp [tA}Q, 

where expfkf } is defined by the Hille-Yosida theorem. Note also that since 
(MA)~ l = Qr^JdA)- 1 ^, all positive real numbers belong to the resol- 
vent set of A. 



*Actually the condition given by Phillips is more general than (2.7) in that the right-hand 
side of his equation contains (A o>)"~ n instead of A~ n . The difference is not essential, however, 
since either form can be reduced to the other by using A-\-wI instead of A . We have chosen the 
form (2.7) for convenience of comparison with the case (2.2). 
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3. Uniqueness Theorem 

After these preliminaries we return to the general case with time- 
dependent A(t) and introduce the following assumption. 

ASSUMPTION 1. For each t, a^t^b, the operator A (t) belongs to the class 
(S'), so that there is a bounded linear operator Q(t) with a bounded inverse 
Q(t)~ l such that A(t) = Q(t)A (*)<? W" 1 () Moreover Q(t) is strongly con- 
tinuously differentiable, that is, the strong derivative 5 Q(t) = dQ(t)/dt 
exists and is strongly continuous. 

THEOREM 1. Under Assumption 1, the solution of (1.1) is uniquely deter- 
mined by the initial value u(a). 

This is an immediate consequence of 

LEMMA 1. Let u(t) be strongly continuous for a ^ t ^ b. Furthermore, let 
the strong right-hand derivative D+u(t) exist, and let u(t) [-4(tf)] and 

D+u(t) =A(t)u(t) 
for a < t < b. Then there exists a constant c depending only on A (t) such that 

HO II c|M') II /""<* 

This lemma can be reduced to a corresponding theorem, proved in the 

earlier paper [3], for the case where A (t) (S), if we introduce a new unknown 



with a suitable constant h. 

4. Existence Theorem 

In order to prove the existence of the solution of (1.1) for a given initial 
value u(a) t we need some additional assumptions. 6 In general, it cannot be 
expected that a solution exists for all u(a) e X t since this is not the case even 
if A (t) = A is independent of t (see (2.5)). Thus we seek a theorem which 
will ensure the existence of a solution for each u(a) belonging to S)[^(a)]. 
Essentially this implies that we require the validity of the differential equa- 
tion (1.1) not only in the open interval a < t < b but also at the initial 
time t = a. 7 

In addition to Assumption 1, we make the following assumption: 



5 The results would be the same if we assume that Q(t) is a weak derivative. 

The second example of Section 5 shows that the change of A (t) must be sufficiently 
smooth in some sense. 

7 This is an essential restriction of our theory. There are many problems in which the 
initial value may be arbitrary and yet the differential equation is satisfied in the open interval. 
This is usually the case for classical parabolic equations However, the condition u(a) % [A (a)] 
is indispensable in the case of the Schroedinger equation 
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ASSUMPTION 2. The operator A (t) changes smoothly with t in the follow- 
ing sense. There exists a bounded operator- valued function R(t) with a 
bounded inverse R(t)~ l and with a strongly continuous second derivative 8 
R(t) such that the operator A(t) = R(t)A(t)R(t)- 1 has a domain S) inde- 
pendent of t. It then follows that the operator B(t) = [7 A(t)]\I A(a)]~ l 
is bounded for each t. It is further assumed that B (t) is strongly continuously 
differentiate. 

Let us examine this assumption and its immediate consequences. The 
operator R(t) maps 5) [-4(2)] onto 3) in a one-to-one fashion. Since by As- 
sumption 1 all positive real numbers A belong to the resolvent set of A (t), 
the same is true for A(t), and, in particular, [IA(t)]~ l exists. B(t) and 
B(t)~* are continuous in t in the uniform topology, so that there exists a 
constant M such that \\B(t)\\ ^ M, \\B(t)~ l \\ ^ M. Moreover, B(t) is of 
bounded variation in the sense that 

(4.1) I \\B(t,)-B(t t ^\\ g r\\B(t)\\dt^N 

/-i Ja 

for any partition a = t Q < ^ < < t n = b of the interval a fg t <^ b. 
Again, it follows that 

[I 
and 



are continuous in t in the uniform topology. 
We can now state our main theorem. 

THEOREM 2. Under Assumptions 1 and 2, there exists a unique operator- 
valued function U(t, s), defined in the triangle a ^ s fj t fg b, with the following 
properties: 

, o\ I ^(^ s ) * s a bounded linear operator and is strongly continuous in (s, t), 
( ] \ with U(t, t) = /; 

(4.3) U(t, r) = U(t, s)U(s, r), r^s^t; 

(U(t,s) maps %>[A(s)] into ft[A(t)], and for each u ( S)[A(s)] t 
u(t) = U(t, S)U Q is strongly differentiable for t^ s and satisfies (l,la); 
moreover A(t)u(t) is strongly continuous in t. 

In particular u(t) = U(t, a)u(a] satisfies the homogeneous equation (l.la) for 
each u(a) %)[A(a)]. 

The solution of the inhomogeneous equation (1.1) can be expressed in 
terms of the operator U(t t s) formally: 



8 Again, the result would be the same if we assume that R(t) is a weak derivative. 
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(4.5) u(t) = U(t t a)u(a) + & s)f(s)ds. 

As to the validity of this expression as the solution of (1.1), we have 

THEOREM 3. (4.5) is the solution of (1.1) if u(a) e ( S)[A(a)] and if the 
function f(s) satisfies one of the following conditions: 

(4.6) f(t) is strongly continuously differentiate, 
or 

(4.7) f(t) [^4 (t)], and A (t)f(t) and f(t) are strongly continuous in t. 

The proofs of these theorems, which are rather complicated, will be 
sketched here; they are like those given in the earlier paper [3], The problem 
can, without loss of generality, be reduced to the case R(t) = /. It is then 
similar to the problem treated in the earlier paper [3], except that now we 
have A (t) c (S') instead of A (t) (S). The operator U(t, s) is constructed by 
a Riemann product integration method, and the properties (4.2) and (4.3) 
are proved. The proof of (4.4) is the most complicated step; it is effected by 
showing that the operator 

W(t, s) = [I-A(t)]U(t, s)[I-A(s)]-* 

is bounded. To do this, a limiting procedure based on the approximation of 
U(t, s) by a finite "Riemann product" must be used. To prove Theorem 3 
we must first show that 

t'u(t,s)f(s)ds 



belongs to ^[A (t)]. This requires some calculation in the case where condi- 
tion (4.6) is assumed to hold. 

5. Examples 

Rather than discuss the applications of our results in detail, we shall 
illustrate them by some simple but non-trivial examples. 
First, consider the Schroedinger equation 

(5.1) -*^=-?L\p( x ,t)?f\+ q (x,t)u, Orgz^l, a^tgb. 

t ot ox L oxj 

Here the unknown u u(x, t) is a function of two variables x and t. We 
assume that the coefficients p, q are smooth real -valued functions of x, t and 
that p > 0; furthermore, the time-dependent homogeneous boundary con- 
ditions 

(5.2) .(0, *)-(')(<>, = 0, .(!, *)+P(t)u(l, = 

are imposed at the endpoints of the interval [0, 1]. In (5.2), <x(tf), fl(t) are 
smooth real-valued functions. 
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Equation (5.1) may be written in the form (l.la) where A (t) is, for each 
/, a second-order differential operator with the boundary conditions (5.2). 
If we take as X the Hilbert space L 2 (0, 1), then A(t) can be written in the 
form A (t) = ~-iH(t) with the operator H(t) self-adjoint. Thus Assumption 1 
is satisfied simply with Q(t) I. 

It can be shown that Assumption 2 is also satisfied. The domain of 
H(t) consists of all functions of L 2 (0, 1) whose second derivatives also belong 
to L 2 (0, 1) and which satisfy the boundary conditions (5.2). Thus it is easy 
to find the operator R(t) required in Assumption 2. We can take as R(t) a 
multiplicative operator 

(5.3) R(t) = exp {r(* f *)}, 

where r(x, t) is any smooth real- valued function such that 

(5.4) r.(0. <)+a(<) - 0, 
For instance, we may take 

r(x,t) = -*(t 

Then R(t) maps the domain of H(t) onto the set of all functions u(x) e 
L 2 (0, 1), with u^ e L 2 (0, 1), which satisfy the boundary conditions ^(0) 
g(l) 0. (Thus 3) is independent of t.) It is easy to see that the remaining 
conditions of Assumption 2 are satisfied. 

Thus (5.1), interpreted as a differential equation in X L 2 (0, 1), has 
one and only one solution with a given initial value u(a) ^[H(a)]. 

It is true that Assumption 2 is still rather restrictive, and much would 
be gained if it could be replaced by a weaker assumption. A natural question 
is whether it is sufficient to require that the operator [I A (t)]~ l , which is 
bounded by Assumption 1, be, say, strongly continuously differentiate. 
But the following example shows that this is not the case. Consider the 
Schroedinger equation 

du(t) 

(5.5) ~1 = -iH(t)u(t) 

in the Hilbert space X L 2 ( oo, oo), where H(t) is a multiplicative opera- 
tor 



(5.6) 

Then the solution of (5.5), if it exists, could not be other than 

i i i \ 

u(t) = u(x, t) = exp j - -- u(x, a). 
(x t x a) 

But this docs not satisfy (1.1) as an operational equation in our sense, unless 
u(x, a) were to vanish identically in the interval a ^ x ^ b, because other- 
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wise u(t) does not belong to the domain of H(t) for any t t a^t^b. Such 
u(x, a) are very special functions and do not form a dense set in X. Neverthe- 
less, the operator H(t) is self-adjoint and changes rather smoothly in the 
sense that [/ iH(t)]~ l is not only continuously differentiable but also ana- 
lytic in t. 

It is interesting to note that, even in this example, we can find a 
bounded operator function R(t) with the property that H(t) =R(t)H(t)R(t)~ 1 
has a constant domain. We need only take as R(t) the unitary operator 
which maps u(x) into u (x+t). But then R(t) is not a bounded operator, so 
that the Assumption 2 is not satisfied. 
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An Unsymmetric Operator Arising in the 
Theory of Neutron Diffusion 

JOSEPH LEHNER 
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1. This paper is an account of joint work by Dr. G. M. Wing of the 
Los Alamos Scientific Laboratory and the author, performed under the 
auspices of the Atomic Energy Commission. It is concerned with the phys- 
ical problem of the transport of neutrons in a material body. Details of 
the proofs may be found in the papers listed at the end of this report. 

Suppose we have a material body which in the presence of neutrons is 
subject to nuclear processes such as fission, absorption, and scattering. 
Given a certain initial distribution of neutrons, what are the subsequent 
distributions in space and time? 

We have considered two geometries, the infinite slab and the sphere. 
Our results are complete only for the former. The same method of analysis 
is used in both problems, but important differences arise. Our principal 
results are contained in Theorems 13 (3) and Theorem 4 (4). 

When enough simplifying assumptions are made, the problem leads to 
the linear Boltzmann equation. We assume that scattering is isotropic, 
that neutron energies are not changed by a nuclear process, that the various 
cross-sections are independent of space and time, and that neutrons do not 
interact with each other. 

Now let us consider an infinite slab of width 2a. Since the behavior is 
assumed to be stratified in planes, we define a position coordinate x extend- 
ing from a to a. The neutron density at time t will depend on x and on /*, 
the cosine of the angle between the direction of the neutron beam and the 
positive tf-axis. If the slab is surrounded by vacuum, we get the following 
equations: 

= Au, u=u(x,fjt f t), \x\ ^ a t \fi\ ^ 1, 

at 

A - - !L 

dx 2 J_! 
In an initial value problem we wbuld have the further condition 
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Here c > is a physical parameter which measures the "multiplication" of 
neutrons, and u differs by an elementary factor from the neutron density. 
The problem, as set in (l.l) (1.2), is that of solving an operator equa- 
tion, u t = Au. The boundary condition will be met by a suitable definition 
of the domain @(A) of A. Let H be the Hilbert space of functions 
/(#, fi, t), \x\ ^ a, \fi\ ^ 1, t > 0, which, for fixed t, satisfy 

f 1 P \f(x,p,t)\*dxdp< oo. 

J 1 J a 

We then define the domain of A to be the linear manifold in H of functions 
g such that 

g is absolutely continuous in x for each fixed p, 
Ag H, g(rh0, ft, t) = 0, p ^ 0. 

Thus if u satisfying u t A u also lies in 3 (A ) , it will solve (1.1). Incidentally 
the inner product in H is 

(f ?} = 

\/ > o/ 



From the theory of semi-groups we take the notion of the exponential 
function of an operator. If T(t) = exp{tA\ exists for t > 0, and T(t) is 
continuous at t = (with T(0) 1), then T(t)f solves the above problem 
for any / in &(A)\ 

(1.4) *(*, 

For, it is known that 

(1.6) ^f 

where dTfdt is the strong derivative of T. Hence, when f@(A),u = Tf 
is in 2 (A) and satisfies the boundary condition. It also fulfills (1.2) in the 
form 



(1.6) ||(a? lA i,0-/( 

We must, therefore, establish the existence of the semi-group of opera- 
tors T(l), which is conveniently done by the Hille-Yosida theorem. This 
theorem states that an operator A generates a semi-group T(t) = exp [tA] 
continuous for t ^ provided (i) A is closed, (ii) @(A) is dense in H, 
(lii) \\R(i, -4)|| ^ 1/(A A), A > k for some k > 0, where R(Ji t A) is the 
resolvent of A. Only the third condition presents any difficulty. 

We note that A is a perturbation of a differential operator by a bounded 
one: 



(1.7) A = -D+cJ t D = ?-, /^ 

OX 2 J_j 
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Clearly ||/|| = 1. Let gc(A). Then 

ae(Dg, g) = 



- ( 

Ji 



i -i 

where we have used the boundary condition (1.1). Now 



Setting (A A)g = /, we have g = R (A, ^4)/, and / is an arbitrary element 
of H since A is in the resolvent set of A. Then 



and this implies (iii) with k c. 

This very simple argument establishes the existence of the semi-group 
T(t) and thus solves our problem in principle. However, we want to have 
many more details about the solution u = Tf. 

For this purpose we need a more concrete representation of u. It is 
known that the resolvent of A is the Laplace transform of T(t), and we can 
use the inversion formula to express T(t): 

I /?+< 

(1.8) !*(*)/ = Km --- e? R(Ji, A)fdJi, t > 0, / 

0>->ao 2m Jy_io> 



where y > c. The integral is to be considered as the strong limit in H of 
Riemann sums. However, we now fix the point (x, fi); then i?(A, A)f be- 
comes a complex- valued continuous function of A, and the integral becomes 
an ordinary Riemann integral. 

In order to treat the above integral we must know the singularities of 
, A), i.e., the spectrum of A. 



2. The operator A is an awkward one to handle. It is not bounded or 
self-adjoint, it is not compact nor is its resolvent compact. About the only 
hold we have on A is its connection with a certain integral operator which is 
more amenable to treatment. 

For the time being let us consider only the half-plane dte A ^ 0. Sup- 
pose A is an eigenvalue of A, 

(2.1) Ay = ty. 

Integrating this equation with respect to x and using the boundary condition 
(1.1), we obtain 



(2.2) m (x, /*) = - f " 

2 J_ 



0, 
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and a similar equation when p < 0, where 

(2.3) 9(*)= 1 ^*,/'W. 

Solving (2.2) for y> and integrating over //, we get an integral equation for q>: 

(2.4) \ 

where 5P A is the integral operator 

(2.5) _ 
and E is the exponential integral 

(2.6) E(u) = C 

I.e., if A is an eigenvalue of A t then 2/c is an eigenvalue of ^ , and the 
converse is also true. Therefore, we can determine the point spectrum of 
A in the closed half-plane 3te A ^ by discussing the integral equation 

(2.7) w = y& 

and finding those A for which an eigenvalue Q equals 2/c. Note that the spec- 
tral variable A has left its linear position in (2.1) and is in (2.7) a parameter 
of the kernel. 

Now it is possible to show that there are only a finite number of A which 
satisfy the above conditions and these are all real. Suppose A could be com- 
plex, i.e., suppose 

(2.8) 4" =j8f > 

I/ 

could be satisfied by a non-real A. Let 9? be a normalized eigensolution. 
Then 2/c = (jS? A g?, <p), and the right member is real since the left is. The right 
member is easily expressed by means of Fourier transforms: 

(2.9) 

where A is the transform of the kernel E and is the transform of (p. Since 
Jm {A (<w, A)} is continuous and never zero when A is not real, it follows that 
(j^ A 9?, 9?) cannot be real. Thus all the solutions A of (2.8) are real. We write 
A = ft > 0. 

Consider (2.7) with A = ($. The eigenvalues Q are continuous, decreasing 
functions of /?. The kernel of (2.7) is not degenerate, hence there are infinitely 
many "eigenvalue curves" Q V (/$) in the /?, g-plane. These axe all positive 
(Qv > 0) ^ or * ^ * s a positive operator. We have to show that the inter- 
sections of the curves Q V with the horizontal line Q = 2/c are finite in number. 
There is always one intersection at least since g x -> oo as f$ -> 0. But the 
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other intercepts Q V (Q), v = 2, 3, , are at finite positions on the -axis and 
cluster only at Q = 0. This is proved by approximating the kernel E(f$\x y\) 
near f$ by log ffb\xy\, where b is a certain constant, and applying the 
minimax principle. 

The point spectrum of A in the closed right half-plane is therefore a 
finite, non-empty set /? x > f} 2 > - > p m > 0, m ^ 1. This is the entire 
point spectrum. For, suppose A (die A < 0) were an eigenvalue of A with 

eigenfunction y. Between y and <p(x) = f y(x, fji')d^' there is the relation 
(2.2). Let 

F x (z) = F(z) = ~ 

*' 

i.e., zF(z) = y(x, l/z) for z > 0. F(z) is an entire function of z of order one, 
and so is 



(2.10) G(z) = z 

Since f |y| 2 d/* < oo by hypothesis, we get from the preceding that G(r) -0, 



r -> oo. Also, by direct examination of the integral, we sec that G(z) = 0(1) 
on certain lines (depending on A) which make with the real axis angles smal- 
ler than n. Then the Phragm6n-Lindelof theorem shows that G is bounded in 
the whole plane and therefore identically zero (since G(r) - 0). Hence, 
F(z) vanishes identically. The definition of F(z) then yields the vanishing 
of (p (x') almost everywhere in (a,x), but x was an arbitrary point (almost 
everywhere) in (a, a). Hence, <p(x) is a null function and the proof is com- 
plete. 

The discussion of the remaining parts of the spectrum and the resolvent 
set is much simpler. First of all, there can be no residual spectrum. To see 
this, introduce the adjoint operator 

(2.11) A* = D+cJ 

with domain defined as for A except that the boundary condition is now 



Note that A* differs from A only in the sign of the differential operator D 
(and in its domain). The mapping /*(#, /*) !(%, p) carries @(A) onto 
&(A*) in a one-one manner, and carries the point spectrum into its complex 
conjugate. Hence, the point spectra of A and A* are identical. By a known 
theorem (Stone, Linear Transformations in Hilbert Space, p. 143), if A is in 
the residual spectrum of A, then A is. in the point spectrum of A*. Thus, A 
would be in both the point and residual spectra of A. Hence there is no 
residual spectrum. 
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From what has been said, a point A in the left half-plane is either in the 
continuous spectrum of A or in the resolvent set. But we can show by an 
example that (A A)" 1 is unbounded, and thus A must be in the spectrum. 
Namely, let (die A < 0) 

V* *,<, 



(2.12) /.. 

v ' l8 \aj0 otherwise 

where < <5 < f . Then for d -> it is easily verified that 



Therefore, the entire left half-plane is in the continuous spectrum, and, in 
fact, the entire closed half-plane &e A 5 0, since the spectrum is a closed 
point set. 

The right half-plane, on the other hand, is the whole resolvent set 
(except for the point spectrum). Suppose A is in the right half -plane, but 
not in the point spectrum. We can obtain an explicit expression for the re- 
solvent by integrating the equation (A A) h g, g c H. We get for /* > 0, 
^?A> 



(2.13) ph(x, fi) - J* *- A <*'"'>/^~|(x') + g(x', /*)] dx' 9 

where f is the solution of the integral equation 



Here G K is a sort of transform of g, 

(2.14) G,(x) = P ~? I* <r* { *^ l "g(x', n)dx'- f ^ [ a e-^~ x '^g(x 

JO /*> J-a J-l/W Jx 

A similar equation holds for p < 0. From (2.14) we can estimate 

j^GWdxgp^M*. 
and then the integral equation gives a bound on f : 

j'jWdx^^M*. 

where % depends only on A. Then we get from (2.13) 



c 2 being a function of A alone. Hence, the operator (A A )~ l is bounded and 
A is in the resolvent set of A. By more detailed methods one can show that 



where 6 X , b 2 depend only on the physical parameter c. 
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Putting our results together, we have found the spectral decomposition 
of A: 

Point spectrum: & > f$ 2 > > fi m , m ^ 1. 

Resolvent set: the remainder of the half-plane 3te A > 0. 
* ' Continuous spectrum: 3te A ^ 0. 

Residual spectrum: empty. 

3. We now know that we must shift the path of integration in (1.8) to 
the left, crossing the singularities /^ , , fl m of the resolvent R(A,A). 
These singularities are poles or isolated essential singularities, and we wish 
to show that they are simple poles. 

In order to do this, we shall use the biorthonormality of the eigenfunc- 
tions y^ , i/) 2 , , y>*, tp*> * ' " But ^ * s n t cl ear m advance that the system 
of eigenfunctions can be normalized. What we must prove is that if Ay) = 
ty, then (y), y>*) ^ 0. The proof is not based on general considerations but 
on a detailed calculation specific to the function y> and the relation (2.2) 
between y and (p. 

Now let 



A, A)f = BJ (l-fi 

1 

If B k ^ O, k > 1, then B k _ t ^ O, for B k = (AtyB^ , by the operational 
calculus (Taylor, Acta Math., Vol. 84, p. 213). Hence, 2 ^ O. Therefore, in 
order to show that the resolvent has only simple poles it is sufficient to 
prove B 2 O. 

Now B z ^ O implies the existence of an element of order 2, i.e., a 
such that 



(Taylor, p. 217). It follows that (^A)g is an eigenf unction; expand it in 
the appropriate eigenfunctions and use the biorthonormal relations referred 
to above. All the coefficients of the expansion turn out to be zero, and thus 
(ftj-A)g = 0, a contradiction. Hence, B 2 = O, as required. 
A simple calculation now gives the residue: 

Res R(i, A)f = (/, y*) v , , / = 1, 2, - , m. 

*~fi, 

(The above discussion has assumed the simplicity of the eigenvalues; the 
case of multiple eigenvalues is handled in the same way.) 
From (1.8) we now get 



(3.1) T(t)f - <#'(/, V *) Vl *?- 

j=l * 

where R consists of the horizontal lines f}ia), d ^ /? ^ y, and the vertical 
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line d+ir, \r\ ;S e, and < d < j8 m . Using the identity 
f+R(l,A) -Af, fe2/(A), and the estimate (2.15), we have 



||K(A, 



, A)f 



Hence the contribution to the integral in (3. 1 ) from the horizontal lines goes 
to as ct>->oo, while the integral on the vertical line is estimated as follows: 



_Lf J_L f 
2mjR I 2mJ&eA- 



-I 

2m 





A 



dr 



2(5 



Choosing d = I ft, we obtain 

THEOREM 1. The solution of the problem (1.1), (1.2) is given by 



*(*, /*>*)= 2 
;~i 

provided f &(A 2 ), where 



v 



^ 0, 



c 4 depending only on the initial distribution f(x, fi). 

This result is satisfactory in that it exhibits an error term f of much 
lower magnitude than the principal terms. More precise results can be ob- 
tained only by a very detailed investigation of the resolvent and apparently 
by further restricting the class of initial distributions /. Our best result 
in this direction is 

THEOREM 2. When f is such that 



dx 
d(s 


< 
I/) 


dx 



we have 



limi 

t->00 



- < 00 



= 



for almost all fixed (x, p) in \x\ 5^ a t \fi\ ^ 1. Note that the result is 
given for itself instead of ||||. 

We shall not prove Theorem 2 here, but refer the reader to [2]. 

It is interesting to observe that the order of magnitude of f cannot be 
significantly lowered (unless / is an eigenfunction, in which case of course 
= 0). This is shown by [2], Theorem 3. 
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m 

THEOREM 3. Let / = 2 (/, V*) Vj+' Then for each e > 



This result is obtained by using the spectral radius theory of Gelfand (Riesz- 
Nagy, Le9ons d' Analyse Fonctionclle, p. 414). 

4. We now take up the problem of the sphere, where, as previously 
mentioned, our results are not complete. On the assumption of the usual 
symmetries, the natural coordinates would be r t the radial distance from the 
center of the sphere, and 0, the angle between the direction of the neutron 
beam and the radius vector. However, a simplification results if we introduce 
the coordinates 



(4.1) x = rcosO, y 

a procedure originally suggested by J. von Neumann. The equations are 



now 



du 

=Bu, u = ii(x,y,t), x*+y 2 <La*, y ^ 0, t > 0, 

ot 



(4.2) u(x t y> t) 0, x*+y 2 = a 2 , x <i 0, 

(, V> 0) = f(x, y) 
where again u is essentially the neutron density, and 



r ^ Va: 2 +^ 2 , a radius of sphere. 

In order to define the domain &(B) of B, we first define the Hilbert space / 
of functions g(x, y, t) over x 2 +y 2 ^ a 2 , t > for which ||g|| < oo, where 
the norm is given by 



and 

Y = Va a y a , g y ^ a. 

Then the domain, 2(B) of B is the class of all functions f(x t y,t)el for which 

/ is absolutely continuous in Y ^ x < Y for 

(4.5) fixed y in < y < a (fixed t > 0), 4/ c/; 

f(x, y, t) = 0, a; 2 +i/ 2 a 2 , a; ^ 0, t > 0. 

Under the above norm J5 possesses an adjoint 



(4.6) B* - D+cK, D = , X 



= I" . 

2r J_ r 
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The domain of B* is defined in an obvious way, and @(B), 2(B*) are iso- 
metric under the mapping 



/*(* y) = /(-*. y). 

The general procedure is the same as in the slab case. The problem is 
solved by the semi-group of operators U(t), t ^ 0, where 

(4.7) 7(0) = 1, U(t) = S B . 

To prove the existence of U we work slightly differently, using the perturba- 
tion theory of R. S. Phillips (Trans. Amer. Math. Soc., Vol. 74, 1953, 
pp. 199 221). We show exactly as before that D generates a semi-group 
of operators; then so does J5, since K is a bounded operator (Phillips, 
p. 205). 

Also, R (X, D) is compact since we have 



(4.8) JR(A, -D)/ - f e-^~^l(x' y y)dx'. 

J V 



Hence, by Phillips' Theorem 4.3 (p. 209), R(X, B) is compact and B has a 
pure point spectrum {A x , A 2 , - ; & ^ /? 2 ^ * ; A n = p n +ir n } consisting 
of isolated points. The spectrum of B is either finite, or, if infinite, accumu- 
lates only at the infinite point of the plane. 

By methods similar to those in P. D. Lax [3] we can prove, on the 
assumption of an infinite spectrum, 

THEOREM 4. For f c &(A), we have 
(4.9) || T(t) / - 2 (/, V?)V^ V || ^ C n ^ + * t > 0, 

3=1 

for each e > and n 1, 2, 3, . 

If the spectrum is finite, (4.9) becomes 

II T(t)f - 1 (/, tf) y^V || c. *-', t > 0, 

j**i 

where N is the number of eigenvalues and s > is arbitrary. 

Formula (4.9) is an asymptotic expansion of the solution. To get a better 
result, we would, just as before, express the solution as an integral: 

t>0, f 



1 (*y+ia> 

= lim : ^ R(h, B)f 

eo--co *>Wl Jyto) 



where y > 0te ^ . We would again shift the line of integration to the left, 
collecting the residues at the poles of the resolvent (points of the spectrum). 
If the remaining integral -> as y -> oo, we would obtain a series repre- 
sentation for T(t)f. This is the point at which a new difficulty arises, one 
which we have not yet surmounted. 
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In general we cannot expect a series representation for all t > 0. For, 
1 1 7? (A, -Z>)|| = 0(e~) for ,<^ A < 0, and ||jR( A, B)\\ would very likely 
be no smaller. Now if we had an estimate 

(4.10) \\R(h B)\\ ^ C0~ w (l + |r| )~ 2 , P < 0, 

for some b > 0, then we could assert 

dr 



lim 



lim 



provided t > b. So for t>b,we would get a series representation 

^'(/, v )v,, t>b. 



The great disparity between the mathematical structure of the solutions 
in the slab and sphere geometries can perhaps be explained on physical 
grounds. If we normalize the neutron velocity at unity, the time required 
for a neutron to traverse a diameter of the sphere is 2a provided it does not 
suffer collisions. That is, as soon as t > 2a, every neutron in the initial 
distribution of neutrons has either left the sphere or collided at least once. 
Since collision is a smoothing process, we might expect the neutron distribu- 
tion T(t)f to be representable in a simple way (as by a series of eigenfunc- 
tions) for t > 2a, but not necessarily for t ^ 2a. Our method would give this 
result if we could prove (4.10) with b 20. 

On the other hand, this situation does not obtain in the slab. A neutron 
traveling parallel to the sides of the slab may remain indefinitely in the slab 
without colliding. A beam of neutrons of this sort would be damped at 
a slower rate (p = 0) than a beam represented by any eigenf unction, 
P = Pi, m , P m >Q, and, therefore, could not be included in any linear 
combination of the finite set of eigenfunctions. Hence, an additional term 
in the solution is needed and this is in fact the residual integral term f 
of Theorem 1. 

We have not yet succeeded in establishing (4.10). A sizable quantity of 
information about jR(A, B) has been gathered, and we hope that this will 
lead in time to the required estimate. 
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A Variational Method in the Theory 
of Harmonic Integrals* 

CHARLES B. MORREY, JR. 

University of California, Berkeley 

1. Introduction 

This paper is a report of work done by the writer and Dr. James Eells, Jr. 
on this subject at the Institute for Advanced Study during the year 
195455. This work is contained in parts I and II of a paper having the 
title above. Part I, by the writer and J. Eells, has appeared in the Annals of 
Mathematics [11] and part II, by the writer as sole author, in the American 
Journal of Mathematics [12]. A brief report on part 1 has appeared in the 
Proceedings of the National Academy of Sciences [10], Parts I and II also 
appeared as Air Force OSR-Technical Notes. Part I considers the case of 
compact manifolds without boundary and part II considers the case of those 
with boundary. In this report, references are kept to a minimum; additional 
references are found in the papers referred to above. Some of the results 
have been obtained independently and by different methods by K. O. 
Friedrichs [5], 

2. Notation and Terminology 

A function / on an open set G in E n is said to be of class C*, < /* ^ J, 
if it possesses partial derivatives of order ^ k which satisfy uniform Holder 
conditions for //<! and uniform Lipschitz conditions for // 1. We say that 
/ is of class S 2 on if / is squarc-integrable on G. The function / is of class $ 2 
on G if / is in S 2 n G and there are functions g l , , g n in S 2 on G- such that, 
if R is any cell interior to G, there is a sequence of Lipschitz functions {/,} 
on 7^ such that 



(i) iim f [(/,-/ 

j->aoJ/e L 



/)+ {(a/,/a**) -gj dx = o. 



Functions of class 5($ 2 have been studied in detail elsewhere (see Calkin [1] 
and Morrey [8]) and have been used extensively in potential theory and the 
calculus of variations. 



*The research reported on herein was partially supported by the United States Air 
Force, through the Office of Scientific Research of the Air Force Research and Development 
Command. 
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Riemannian n-manifolds 3R of class C* are defined using coordinate 
transformations of class C*; in case Uft has a boundary, we assume that each 
boundary point is in a neighborhood which is the image, under a coordinate 
system of class CJ , of that part of the ball #(0, R), \x\ < R, for which 
x n ^ the part where x n corresponds to a subset of the boundary. 
On a Riemannian manifold 3H of class CJ , k ^ J , the metric tensor g tj is 
assumed to be of class C*" 1 . Exterior differential forms of degree r (called 
y-forms, r = 0, , n) on 3K are of class 2 , 5)5 2 , C* , C 00 , or analytic if their 
components in every admissible coordinate system on 3JJ have these respec- 
tive properties. We do not assume that 2Jt is orientablc and parallel theories 
arc developed for the "even" and "odd*' forms (see [3]). 

Let fig denote the real Hilbert space obtained by completing the linear 
space of all Lipschits r-forms on 9K (r-forms on 2ft whose components satisfy 
a Lipschitz condition) with respect to the invariant inner product 



(2) (,*)=/. 



where a> A #?? denotes the exterior product of a> with the adjoint (n y)-form 
*?7 of 77; for notation see de Rham and Kodaira [3]. Let ?(JJ denote the real 
Hilbert space obtained by completing the linear space of all Lipschitz 
y-forms on 3K with respect to any of the inner products given in equation (3) 
below. 

Let U denote a covering of 3K by co-ordinate patches Uj , * , UQ , 
whose domains in E n are G 1 , , G Q . Then we define the inner product 



(3) 



Q [> 

2 2 

=lJG g (t)a 



where co (i)a . a = 9eo (i )/9a; a ; here and later a = 1, , n and (z) = % ^ r , 
with /!<< ^' r . Any two such inner products are topologically equival- 
ent. 

We let d denote the exterior differential operator on Wl and d its dual. 
It is easy to see that d is a bounded linear transformation from the whole of 
^Jg" 1 into . Similarly, <5 is a bounded linear transformation from $2 +1 i nto 
- We let <p r denote the subspace of $ of harmonic fields on 3JI; i.e., 
co e r means that co is an r-form in 5J5J such that rfcw = 6co 0. An r-form ct> 
in 5|SJ is said to be harmonic on 3R if and only if dco and dco are also in ty% on 
interior subsets of 3R with 

Jo)sa(rfco)+i(*o)) = 0. 

If 3K is compact and without boundary, then any harmonic form is a har- 
monic field; this is not true in case 2K has a boundary. 
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3. Preliminary Results 

The following convergence theorem is essentially due to Rellich [13]: 

A. Weak convergence in *(5 implies strong convergence in 8 
If we define the (weak) Dirichlet integral of an r-form by 

(4) D(co) = (dco, dco) -{-(dco, dco) 

then the lower semicontinuity of the norm and the boundedness of d and d 
imply 

B. The Dirichlet integral is lower semicontinuous with respect to weak 
convergence in $ . 

If D Q (co) denotes the (weak) Dirichlet integral in the case of a domain 
G in E n , then an inspection of equation (4) shows that we may write 

D Q (co) = I 2 ( c 

/f*\ * G (i)ct, 

+ M,,5l 

The second integral vanishes for any co of class $ 2 with support interior to G. 
This fact allows us to give a simple proof of the following lemma, essentially 
due to Gaffney [6]: 

With each point p of a manifold 2R (without boundary), each e > 0, and 
r = 0, , n, we may associate a constant L and a co-ordinate patch tl con- 
taining p with domain B R , \x\ < R, such that 

(6) Z>M ^ (l-)J a 2 (a> w- .)d*-I-(w, 

for every, co c^ w ^ support in 11. 

By using a partition of unity, we may easily show 

C. With each finite covering U of a compact manifold 2J{ without boundary 
by co-ordinate patches and each r = 0, , n, we can associate a pair of con- 
stants K\i and LQ such that 

(1) D(co) 2^-Ku'((co, co))u LW(CO, co), KU > 

for all co e $2 

4. The Variational Method for a Compact Manifold 
without Boundary 

Using A, B, and C of Section 3, we apply our variational method to 
this case as follows: 

LEMMA 1. Suppose that 3R is any closed linear manifold in such that 
3K O $P is not empty. Then there is a form coin Win ty% which minimizes D (co) 
among all such forms with (co, co) = 1. 



co 
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For, let {co k } be a minimizing sequence, and take a co-ordinate covering 
U of 3R. From relation (7) we see that ((co k , co k ))yi is uniformly bounded. 
Hence a subsequence converges weakly in SJJg to some form co in ^ . The 
lemma now follows from A and B. 

THEOREM 1 . For each r = 0, , n the linear manifold $Q T of harmonic 
fields on 9K is finite dimensional. 

We choose linear manifolds 3Jl l , 2K 2 > * * in and the minimizing forms 
co k in m k , ft = 1, 2, , where 30^ = SJ , 3tt 2 is orthogonal to ^ , 2ft 3 is 
orthogonal to ^ and o> 2 , etc. Then ^ JD^) ^ ^(^2) ^ * * ' Clearly co k 
is a harmonic field if and only if D(a) k ) = 0. Suppose that this held for all k; 
then relation (7) would imply that ((co k , co k ))]i is uniformly bounded, whence 
a subsequence {co^} would converge weakly in SJJJ , and hence strongly in > 
to some o> . This is impossible, since the co f form an orthonormal set in . 

THEOREM 2. jF0y aw?/ co-ordinate covering It 0/ 3K /^re is a constant 
% > such that, if co is in $|JJ and co is orthogonal to $ r , then 



From Theorem 1 it follows that r is spanned by a finite number co^ *, a) k 
of the above sequence. For any co in 5J5J an( ^ orthogonal to Sy, it is easy 
to see from the homogeneity of D(co) that 

(8) D(co) ^Z)((M fcrt )-(o), co) = A-(o>, o>), A > 0. 

The result now follows from relation (7). 

THEOREM 3. // o) ^'s a^2/ /orw m S 2 which is orthogonal to ) r , then there 



is a unique form Q in 5{$ which is orthogonal to r and satisfies 
(9) 



/or a// f e 5^2 ^o zs ca//^^ //^ potential of CO Q . 

By setting f = Q l Q , it is easy to see that Q is unique. Q$ is found 
by minimizing 

(10) /(c) = D(c)-2(i,a> ) 

among all o> in $2 which are orthogonal to r . To do this, it is sufficient to 
select minimizing sequences {co k } for which I(co k ) ^ 0; clearly, by Theorem 2, 
((co k , o> fc ))u is uniformly bounded for any such sequence. 

All the results above hold on any manifold of class C\ or better. In case 
2R, QQ , ft> are sufficiently diffcrentiable, equation (9) implies that AQ Q = CO Q . 
However, one sees easily that the second derivatives of the g ti , as well as 
those of the components of Q , enter into the formulas for A& if r > 0; 
in our most general case none of these derivatives is at hand. 
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5. The Differentiability of Potentials and Harmonic Fields 
on a Manifold without Boundary 

We say that co is of class 2A , f A < n/2, if, for each coordinate patch 
U with domain B R , there is a constant L = L(U, co) such that 



(11) f 

JB 



$P 2A is defined similarly. The importance of the spaces 5JJ 2A arises from the 
fact that if co $ 2A with A == w/2 1+j*, < ^ < 1, then co c C. We 
may now state the following results concerning differentiability: 

THEOREM 4. Suppose thai a) 2 $ r #^ ^ *s ^s potential. 

(i) // 3Jc is o/ c/ass C\ , then Q, dQ, and dQ e $ 2 . 

(ii) // 3K fc's o/ class C\ , and co e S 2A , then Q, dQ, and dQ c ty 2A and hence 
in Cl if A - W/2-1+//, ()< p < 1. 

(iii) // SO? is of class C\ and co e $P 2 ^^ rffi w^ c51^ r^ /^^ potentials of 
dco and dco, respectively. 

(iv) If W, is of class C* and co e C*" 2 , k ^ 2, < ^ < 1, ;&en ,Q, iO 
n^ c5^ C*- 1 . // A ^ and a> c CJ- 3 , t/rcn ^ c C*- 1 . 

(v) // 3K 0:^^ co r^ of class C o^ analytic, then so is Q. 

In all cases, if we set a dQ and ft = <5,Q, ze;^ Aav^ 

(12) d&+dp = a(^Q) + rf(afi) = co, dK = dp = 0. 

THEOREM 5. Suppose that H is a harmonic field. 

(i) // 3R c CJ , /Am H $ 2A ze*A A = nj2l+/j, for any p, < ^ < 1. 

(ii) // 2R c CJ, * ^ 2, < p < 1, ^m f? e C*- 1 . 

(iii) // SK e C of w analytic, then so is H. 

In both Theorems 4 and 5, 0-forms have an additional degree of differ- 
entiability (except in the second part of Theorem 4(iv)). It should be ob- 
served that we can form AQ as indicated in (12) even though the individual 
components of Q do not have the necessary second derivatives (if r > 0). 

The results for Q and H follow from a simplification of the writer's pre- 
vious work on the solutions of second order elliptic systems [9]. The long 
papers referred to contain a new short proof in the analytic case. To get the 
differentiability of dQ and dQ, we select a coordinate patch and approximate 
to co, Q, and the g {i by smooth functions. At each step, we see that (12) and 
integration by parts imply that a and ft satisfy 



Equations (13) are equivalent (using (5)) to those of the type previously 
considered. Since the 2 norms of a and ft over the patch are uniformly 
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bounded, the $ 2 norms over interior domains are (using a theorem originally 
stated by Shiffman [14]) also and an approximation theorem shows that 
(13) holds in the limit. 

6. The Kodaira Decomposition on Manifolds 
without Boundary 

The following theorem complements the well-known orthogonal decom- 
position theorem of Kodaira [7]. 

THEOREM 6. // co is any form in 8 , then there exists a harmonic field H 
and forms a, ft, and Q in 5p 2 such that 

co - H+6*+dp, dvi = dp = 0, 
( } a = <ZQ, / = , 

where Q is the potential of co H. If the first equation of (14) holds for a har- 
monic field H 1 and forms a x and p in ty z > then H = H, (5a x = (5a, and dp l = 
d^ 

The sets g r of all forms <5a for a in 5PJ 41 and S) r of all forms dp for p in 5PJ- 1 
are closed linear manifolds in 

(15) 

// 3JJ C\ and a> e S 2 A or ^2A > ^ ^ ^ < n /%, then da. and dp have the same 
properties. 

If 2ft e C and co e C a with k ^> 2, < p < 1, < <r < 1, and either 
I < & -1 or I = yfe1 fl^a? <r ^ //, ^^w ^a aw^ rf/? ^^^ /^ saw^ differentiability 
properties as co. 

If 3K and co c C or are analytic, so are SOL and dp. 

This theorem follows immediately from Theorems 4 and 5, equation (14) 
and the following well-known relations 

(16) (co, dri) = (dm, rj) f (dco, drj) = 
for co and ?? in $ 2 . 

7. The Variational Method on Compact Manifolds 
with Boundary 

If co is an r-f orm in 5)J 2 on a Riemannian manifold 3JI of class at least C\ , 
we define the tangential and normal components of co along S3 (the boundary 
of 301) by the conditions that 

(17) tco = 2 M i ... dx* 1 A A dx tr , nco = cotoo 



in any boundary coordinate system as described in Section 2; tfco and nco are 
invariantly defined only along S3. The relations (16) hold if 
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(18) either nco = or tr\ = 0. 
We also have 

(19) t*co = *nco, n*co = *tco. 

The manifolds $J of all co in $(5 2 (for any given r) with nco = and $" 
of all co in 5P 2 with &o = are closed linear manifolds in 5)S 2 . Theorems A 
and B of Section 3 carry over to the present case and the formula (5) enables 
us to prove the Gaffney lemma and Theorem C for each of the manifolds 
5J5J and ty%. Thus the variational method and the lemma and theorems of 
Section 4 carry over without change to ty and ^- If w c fi 2 , we denote its 
potentials in $ and 5PJ by Q+ and Q~, respectively. The differentiability 
results of Section 5 are shown to hold for Q+ and Q~ right up to the boundary 
from which it follows that ndQ+ = tdQr = 0. The fact that (9) holds for all 
in $J in the case of jQ+, and tt> is thus arbitrary, leads to a natural boundary 
condition from which we conclude that ndQ + = 0; correspondingly we find 
that tdQ- 0. Theorem 4(iii) is replaced by 

THEOREM 7. Suppose co $ 2 , H + and H~ are its respective projections 
on + D ^?J and <p- = <jj n ^ > h an & ~ are ^ e respective plus and 
minus potentials of a)H + and coH~, and a* dQ and ^ dQ . Then 

(i) a + is the plus potential of dco, p~ is the minus potential of dco, da> e 
S 2 9-, and AocSje- 

(ii) // co ^ , then d<o e S 2 B + and fi + is its plus potential. 

(iii) // a) e^ M ien da> e 2 0~ and a~~ ^'s ^Ys minus potential. 

For, we have just seen that oc + and /?+ e $J and a~ and $~ <$% . Clearly 

(20) datt+dp* - co-J/i, ^ai = dp* = 0. 

It remains only to show that (20) implies (9*) which requires the vanishing 
of a certain boundary integral. 

8. A Kodaira Decomposition 

From Theorem 7, we obtain immediately 

THEOREM 8. Suppose TJ+, rf t and 77 *$$ , $pj , and ty 2 , respectively. 
Then there are unique forms af and ocj in SJJJ O (Sg + ) ^^ /?i" and fa in 



= f = , = , , 

1 j ^a+ = ^, ^aj = 0, dp; = Ay, ^ = 0. 

This is proved by letting flf and fl|= be the respective potentials of 
^H* and rjH* and using Theorem 7 with 
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From this theorem, we easily obtain 

THEOREM 9. The sets SQ T of all harmonic r-fields, E r of all r-forms of the 
form (5<x for oc in ^ r+1)+ , and S) r of all r-forms of the form d$ for ft in ^ r "' 1) ~ 
are closed linear manifolds in fl and (15) holds. In the decomposition (14), the 
forms a and ft are uniquely determined by the conditions that a e 5$ , ft $($" , 
and dv, = df$ 0. The differentiability results of Theorem 6 hold right up to 
the boundary. 

The first two sentences follow immediately from Theorem 8 (for S r and 
2) r ) and the boundedness and approximation theorems mentioned in Section 
5 (for r ). The differentiability results follow from those for the potentials 
as before. 

From the theorems above, we easily show that Theorem 2 holds (even 
though r is not finite dimensional) and obtain the following theorem: 

THEOREM 10. // 9J? is of class C\ at least and a) 2 >, there is a unique 
form Q in $)S 2 O ( 2 )) such that (9) holds for every in ^ 2 . In fact if Q+ and 
&~ are the respective potentials of o>, we have 

Q = r++4-, AQ = dQ , dQ -= 6Q-, 

ndQ --=-. t6Q - 0, dr^ ^~ dA'~ -- 0, 

where P+ and A~ are the respective projections of Q+ on (& and Q~ on 2). The 
differentiability properties of Q are the same as those of Q in terms of those of 
3R and co. 

The proof of the existence of Q is just like that of Theorem 3. Since (9) 
now holds for all f in $P 2 we easily find from Theorem 8 and the definitions of 
Q that dQ dQ+, dQ = dQ~. The formula (22) for Q and the differentia- 
bility results then follow from Theorems 8 and 9. 

9. Boundary Values 

The boundary value theorems for harmonic forms recently obtained by 
Conner [2] follow easily from the preceding results. These are roughly that 
there exists a harmonic form K with 

(i) nK and ndK given, or 

(ii) tK and tdK given, or 

(iii) ndK and tdK given. 
Since 

fUD+ - ndQ+ = tQ~ = tdQ~ = ndQ = tdQ -= 0, 

these results are reduced to showing the existence of some form co with the 
given boundary values; the desired K may then be found by subtracting off 
the proper potential of Jco. The best differentiability results are obtained 
but are too complicated to state here. We also obtain the following result of 
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Duff and Spencer [4J concerning the Dirichlet problem (by minimizing the 
Dirichlct integral in $ 2 n (S 2 9)). 

THEOREM J 1 . If co is any form in ^ a , there is a harmonic form K with 
nK = nco and tK = tco. The differentiability properties of K are roughly the 
same as those of co (as in Theorem 6). Any two solutions differ by a harmonic 
field in + D r . // 3K and 35 are analytic any such harmonic field vanishes 
identically. 

The last sentence follows from the Cauchy-Kowaiewsky theorem. If 
the uniqueness of the solutions of elliptic equations with given Cauchy data 
were known in the non-analytic case, the uniqueness of the solution of the 
Dirichlet problem would be established in general. 

For harmonic fields the following results extending those of Duff and 
Spencer [4] arc obtained: 

THEOREM 12. (a) // a) is any closed r-form in $ 2 , there is a unique harmonic 
field H such that 

co = H+dfi, IH to), p and dp $J, <; r <Z n 1 . 

(b) The dual of (a). 

In both cases, the differentiability of H at S3 are roughly the same as those 
of co (as in Theorem 6). 

This follows immediately from the decomposition. 

THEOREM 13. If ri is any form in $ 2 , there is a form co in s $ 2 such that 
tco ir\ and dco ; dco is uniquely determined. If also, 77 = 6% for some % in 
$ 2 , then there is a unique form co of the form d with f in 5J5 2 which satisfies the 
given conditions. 

In both cases, let H~ be the projection of drj on ~, let a be the minus 
potential of drjH- and define co = ry &x. This co is easily seen to have the 
desired properties. In the first case if co also satisfies the condition, the 
difference eo 2 <$% so that dco 2 e 2 > so dco 2 0. In the second case, we also 
have (5o> 2 = so co 2 e r. But from Theorem 7(i), co 2 e 2 r. 
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Estimates and Existence of Solutions 
of Elliptic Equations* 

LOUIS NIRENBERG 

Introduction 

This paper is a survey of some a priori estimates for solutions of linear 
elliptic partial differential equations, and their use in solving the Dirichlet 
problem. For simplicity we shall consider only the case of zero Dirichlet 
data. In 1 we describe estimates, under various conditions on the coeffi- 
cients, for the classical situation a single equation of second order; and 
in 2, we discuss the extensions of these results to equations of arbitrary 
order and to systems, made within the last few years. 

Notation: We consider functions defined in a fixed bounded domain 
of Euclidean w-space with boundary 2 and closure 2$. All other domains 
will be subdomains of 2. 

Differentiation d/dx t is denoted by D t , and D } u is used to denote any 
derivative of u of order /. A function / is said to satisfy a Holder condition 
with exponent a, rg a < 1 and coefficient H if for every pair of points JP, Q 

\f(P)-f(Q)\ ^ H\P-Q\" 

where \P Q\ is the distance from P to Q. For / a non-negative integer, and 
fg a < 1, we introduce in a domain /, C^ a , the class of functions with 
Holder continuous (exponent a) derivatives in up to order j. For functions 
in C^ we define a norm 

M..,,,,.U \D>u(P)-D>(Q)\ 



Here the max. and l.u.b. are also taken with respect to all derivatives up to 
order /. Under this norm Cjjj^ is a Banach space. 

A domain & is said to be of class L 3+x , for / > an integer, and 
fg a < 1, if ^ is covered by a finite number of subdomains $4 ', such that 
each jtf j admits a one-to-one mapping into w-space with non-vanishing 
Jacobian which takes &C\s/ into an (nl) -dimensional plane, and which, 
together with its inverse, has Holder continuous (exponent a) derivatives up 
to order j. 

*Work sponsored by the Office of Ordnance Research, United States Army. 
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In addition to the pointwisc norms \u[* for a > we introduce integral 
norms: 



= (i f 
U-oJ 



Clearly these norms come from related scalar products. We introduce cor- 
responding Hilbert spaces: 

Hf , the completion of functions in Cf under this norm, 

Hf , the completion, under this norm, of functions in Cf which vanish 
in a whole neighborhood of the boundary jtf. 

We shall omit the superscript j/ in the spaces and norms whenever J/ 
is the given domain 2. 

A function u in H s is said to have derivatives up to order j in a general- 
ized (Z, 2 ) sense (Friedrichs [14], Sobolev [34]). If u c H$ then its derivatives 
up to order jl are said to vanish in a generalized sense on the boundary. 

In many applications it is useful to have relations between pointwise 
estimates for a function and integral estimates for its derivatives. The best 
known relations of this kind are due to Sobolev [34] (see also Hormander 
[2 1]). 1 Others arc due to Friedrichs and Morrey. We formulate here a useful 
result overlapping these and, since its proof is not easily available, sketch 
the proof in the appendix. 

LEMMA 1. Let 2 be a bounded domain of class L z in n-space. Let Q be a 
positive integer, and k and p constants with 

nk nk 

p ^ 1, 5g k < n, and Q > - , -- 7^ integer. 

p p 

Set s = Q[(nk)lp] l, and 

\n W\ nk 
a= 1+ - ---- . 
L p J p 

Then 



(1) 



.u.b. f 

P J2) 



where K is a constant depending only on the domain & and the constants n t Q, 
k, and p. Here the l.u.b. on the right is also taken with respect to all derivatives 
D e u. 

The appendix also contains the extension of the lemma to functions 
having generalized derivatives. 

An analogue of the lemma was derived by D. Greco [18]. 

X A number of new estimates are derived in this very interesting paper which is con- 
cerned mainly with general equations with constant coefficients. The paper also contains a 
complete characterization of the class of equations with constant coefficients whose solutions 
are all infinitely differentiable. 
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1. Equations of Second Order 

We consider a single second order linear elliptic equation 2 
(1.1) Lu == a^DiDjU+aJDtU+au = f 

for u(x 1 , , x n ), and shall assume throughout that the coefficients satisfy 

> > a ^ M > 



for all real f x , , f n and for some positive constants w, M. The Dirichlct 
problem we consider is that of finding a solution of (1.1] which vanishes on 
the boundary &. Uniqueness is assured if 

(1.3) 0^0; 

otherwise the well known alternative theorem holds. 

Under various assumptions regarding the smoothness of the coefficients 
of (1.1) there exists a variety of a priori estimates for solutions which lead 
to different existence proofs. We shall describe several of these estimates 
below together with some existence proofs in which they may be employed. 
For applications to nonlinear equations it is useful to have estimates for linear 
equations which make minimal requirements on the coefficients; this is 
illustrated in 1.4. 

1.1. Estimate from the maximum 'principle. Under conditions (1.2) and 
(1.3) it follows from the well-known maximum principle (see [20, 25, 11]) 
that the solution of the Dirichlct problem (with zero boundary values) 
satisfies 

\u\ fg const, max |/| 

where the constant depends only on m and M. 

1.2. Square integral estimates. If the coefficients a t3 are once continuous- 
ly differentiate then multiplication of (1.1) by u and integration by parts 
leads to the inequality 



uLudx (a lj D i u 
J& J& 

J> const. ||||? const. 



for functions u vanishing in a whole neighborhood of the boundary. The 
constants arc positive and depend only on m, M and on a bound for the 
derivatives of the a^ . 

By means of a variational argument, or with the aid of the projection 



z The summation convention is used. 
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theorem in Hilbert space, the inequality leads easily (as for example in [11]) 
to the existence of a "generalized solution" in HI of the Dirichlet problem. 
This method, together with the problem of showing that the generalized 
solution is indeed a regular solution of the problem and has continuous se- 
cond derivatives, is discussed in 2.2 for a more general situation. 

1.3. Schauder' s estimates. In contrast to the simple integral estimate of 
1.2, which requires some differentiability of the coefficients, Schauder ([31, 
32]) obtained pointwise estimates under the assumption that for some posi- 
tive a < 1 the function / and the coefficients in (1.1) belong to (7 a . The 
estimates are of two kinds: 

Interior estimates. Let u belong to C 2+a and be a solution of (1.1 ). Then 
for any compact subdomain j/ of & 

Hg^ const. (l/L+Mo) 

where the constant depends on the diameter of 2, the distance from j/ to 
3f, the constant m and the maximum of the | | a norms of the coefficients of 

(i.i). 

Boundary estimates. Let u belong to C 2+a , be a solution of (I.I), and 
vanish on the boundary of the domain 2 which ih assumed to be of class 
L 24 ^ . Then 

Ma-H* ^ C011St - d/la+Ho)> 

where the constant depends only on the domain 3$, m and the maximum of 
the | | a norms of the coefficients of (1.1). 

The estimates clearly yield compactness of solutions of equations of the 
form ( 1 . 1 ) . They also furnish easily the existence of solutions of the Dirichlet 
problem for equation (1.1) (with a ^ 0) in a domain of class Z, 2+a , provided 
/ and the coefficients are merely in C a . The solution may be found, for 
instance, in the following way: approximate the coefficients and the inhomo- 
geneous term /of (1.1) by infinitely diffcrentiable sequences with uniformly 
bounded | | a norms and solve the resulting approximating equations by, 
say, the procedures of 1.2; then, assuming that the solutions obtained by 
this procedure have been shown to be sufficiently regular, use the compact- 
ness to find a subsequence which converges to a solution of (1.1). 

Another procedure, used by Schauder, is the continuity method: For 
^ t ^ I set L t = tL+(l t)A. The boundary estimates, together with 
the estimate of (1.1), yield the uniform inequality 

H 2 +a ^ const. \L t u\ A 

for functions u vanishing on &. The linear operator L t considered as a map- 
ping of C 2+a into C a is clearly bounded and, by the preceding inequality, is 
one-to-one and has a bounded inverse. Let T be the set of t values for which 
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L t maps C 2+a onto C a . A standard iteration argument shows that T is an 
open set in the interval; from the compactness it follows easily that T is also 
closed. Since T contains t = 0, i.e., for every / in C a there exists a solution 
in C 2+a of the Dirichlct problem for Au = / (see [22]), it follows that T is 
the whole interval. Thus the original problem, for t 1, is solved. 

With the aid of the interior estimates it is possible to solve the Dirichlet 
problem Lu = / with prescribed continuous boundary values for u and in a 
much wider class of domains (see [11]). 

1.4. More refined estimates for n = 2. In connection with nonlinear 
equations in two dimensions, a priori estimates for linear equations have 
been derived which depend only on m and M. A typical estimate is the fol- 
lowing: There exist positive constants a < 1, K such that the solution of the 
Dirichlet problem for (1.1) in the unit circle satisfies 



-^ 

' 



With the aid of (1.4) it is possible to solve equations (1.1) whose co- 
efficients are merely bounded measurable (see, for earlier work, [33]). But 
the chief interest of such estimates is in the solution of nonlinear equations. 
To illustrate this we find a solution of the quasi-linear equation 



^ f(x lt x 2) u ) D l u t D 2 u) 

in the unit circle which vanishes on the boundary. We shall make the (rather 
strong) hypotheses that, for all values of the five arguments |/| is uniformly 
bounded, and the coefficients satisfy (1.2). In addition, we assume that / and 
the coefficients satisfy a Holder condition in all arguments in every bounded 
set of the arguments. 

We observe first, with the aid of the maximum principle in 1.1, that 
if a == in (1.1) then from (1.4) the inequality 

(1.5) HI+OC ^ const, max |/| :g C 

follows for the solution of the Dirichlet problem, where the constant C de- 
pends only on m and M. Now let 5 denote the set of functions u in Cj 
satisfying |w| 1+a ^ C; 5 is a closed convex compact subset of Q . If in the 
coefficients of the quasi-linear equation and in /, we insert for u, D^, D 2 u 
the values of a function of 5 and its derivatives, we obtain a linear elliptic 
equation with Holder continuous coefficients. By the Schauder existence 
theory of 1.3 this has a unique solution U vanishing on the boundary; we 
have thus defined a (nonlinear) transformation Au = U. We observe, by 
(1.5), that \U\ 1+a ^ C, so that A maps the set S into itself. Furthermore, 
with the aid of the boundary estimates of 1.3 it is easily seen that the 
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mapping is continuous. By Schauder's fixed point theorem we conclude that 
A has a "fixed point"; i.e., there is a function u in S vtiihAu = u. Clearly, 
u is a solution of the quasi-linear equation. 

Estimate (1.4) is a special case of the estimates contained in [5 -7] 
where different boundary value problems arc treated for linear and non- 
linear equations. This work is an extension of the basic work in this field 
of C. IB. Morrey [26J. (See also [2], and [28] for its bibliography on nonlinear 
problems.) The proofs of the estimates involve quasi-conformal mappings 
and function-theoretic arguments, and arc, therefore, restricted to two di- 
mensions. 

2. Equations of Higher Order and Systems 

Up to the present the only approach which has led to a general existence 
theory for equations with variable coefficients of order greater than two is a 
Hilbert space approach based on L 2 estimates analogous to 1 .2. For second 
order equations this is described in [11]. The extension to equations of higher 
order and to systems was carried out by L. Carding [17], M. I. Vishik [37] 
and F. E. Browdcr [9] (references to the earlier work of these aiithors may be 
found in the papers quoted; see also the bibliography of [30]). 

In treating systems Vishik [36] introduced the concept of strongly 
elliptic systems, for which the Dirichlet problem is well posed. That this is 
not the case in general is shown by an example, due to Bicadze [8], of a 
second order system for two functions u(x, y], v(x, y). Setting x+iy = z, 
and w u-{-iv we write this system in the complex form (as suggested by 
Paul Berg) 



d*w i/a d\ 2 

-_==-( + *' w = 0, 
3* 2 4\dx dy) 



for which the general solution is clearly 

w = f(z)+zg(z) 

with f(z) and g(z) complex analytic. We observe that all the solutions of the 
form 

OF = /(*)(!**) in |*| ^ 1 

with arbitrary analytic /, vanish on the boundary of the unit circle. Thus the 
problem of finding a solution of the equation with prescribed boundary 
values is not well posed. 

We begin our discussion of more general equations by defining ellipticity 
of a system and strong ellipticity, and then describe the known generaliza- 
tions of the results of 1 to these equations. 
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2. 1. Elliptic systems. Consider a system of linear differential equations 
(complex coefficients) for functions 



*,),* = ,*. f = !,,#, 

where /^ is a polynomial in /): (Dj , , D n ) with coefficients depending 
on x. Here summation convention is employed. 

Let s 1 , - , S N , ^ , , t N be integers (some may be negative) such 
that the order of the differential operator 1 13 does not exceed s t +l 3 , and de- 
note by l' ti (x, D) the sum of terms in l %9 with order exactly s t +t f . The charac- 
teristic matrix of the system associated with the integers Sj , , t N is de- 
fined as I' i9 .(x, f ) for scalars f : (^ , , fj- Its determinant is a homogene- 
ous form in f of degree ]T (s t +/ f ). 

ELLIPTICITY: The system is called elliptic if there exist integers s x , . . . , f N 
for which the associated characteristic determinant is different from zero for all 
real f ^ 0. 

This rather general definition, which was suggested by the hyperbolic 
systems of Lcray, has been employed by Douglis and Nirenberg [12]. 

STRONG ELLIPTICITY: The system (2.1) is termed strongly elliptic if there 
exist integers s 1 , , t N , with s t i i , i 1, , N, such that the quadratic 

form *>,.*, 

is different from zero for all real f ^ and all complex v lf ' 9 *,v N jQ. 
This is a generalization of Visliik's strongly elliptic systems for which 



$i = s 2 = ~ t N . 

Dirichlet's problem for a strongly elliptic system: Find a solution 
u \ > ' ' ' U N ^ (2-1) with 'M^ an( i ^s normal derivatives up to order s, 1, 
i = 1, , N, prescribed on the boundary. 

An example of a strongly elliptic system, with n = 2, is the following: 

+ lower order terms = / x , 
+ lower order terms / 2 . 

Here s x = ^ = 1, s 2 - t 2 = 2. Dirichlet's problem is: find solutions u , u 2 
with u , u 2 , du 2 /dv prescribed on the boundary, where d/dv denotes differen- 
tiation along the normal. 

An elliptic equation for one function is clearly strongly elliptic. 

In attempting to generalize the estimates of 1 the following question 
arises: Is there an extension of the result of 1.1 to equations of order greater 
than two? No general answer is known. .Consider for example a single elliptic 
equation of order 2s: 

Lu = /. 
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It would be interesting to know all operators L for which a generalized 
maximum principle of the form 

M.-I ^ const. (I^lo+Hl) 
is possible, where the constant is independent of u. Here 

\u\f = max \n\ + + max \D*u\. 



Such an inequality has been established by C. Miranda [23] in the case n = 2 
and L = (Df+Z)|) 2 , which is the biharmonic operator. His argument is 
ingenious but intricate; using the estimate and the Hahn-Banach theorem 
he solves the general Dirichlet problem for (Dl+D%) 2 u = 0. 

2.2. The L 2 existence theory. We consider for simplicity a single elliptic 
equation with complex coefficients of order Q = 2s, which we write in the 
convenient form 

(2.2) Lu EEE 2 (-l) a D a a a > T D r u = /. 

a, r=0 

By partial integration this may be written in integral form : for every func- 
tion in C^ which vanishes near the boundary 

* [C, ] - I I D" C a>*D*udx = f C/<fa s (C. /). 

O,T<S J J 

Here ( , ) is the L 2 scalar product. 

Our Dirichlet problem is: find a solution u with u = Du = = 
D*-*u = on the boundary; the existence proof is based on an inequality 
generalizing that of 1.2 which, for general equations with variable coefficients 
is due to Carding [17]. Assume that the equation is uniformly elliptic, i.e., 
for some positive m and all real : (f x , , f J the inequality 



holds throughout &. 

GARDING'S INEQUALITY. For all functions u in C^ which vanish near 
the boundary the inequality 

(2.3) Me B[u, ] -= & (u, Lu) ^ ^||||f--Ca||||5 

holds, where c l > 0, c 2 ^ are fixed constants depending on m, the diameter of 
3t, on a bound for the coefficients a***, and on the modulus of continuity of the 
leading coefficients a 8 ' 3 . 

In the appropriate L 2 formulation of the Dirichlet problem we seek, for 
given / in L 2 , a function u in H 8 which is a "weak" solution of Lu=f, i.e., 
which satisfies 
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for all C in C^ vanishing near the boundary; here L* is the formal adjoint of 
L. Since u is in H s this equation may also be written as 



For simplicity we shall assume that the operator is symmetric, i.e. 
B[u, u] is real, and that the constant c 2 in (2.3) vanishes which can be 
ensured by considering L+c 2 in place of L. From the definition of H 8 it 
follows easily that we also have 

(2.4) B[u,u] ^cilHIf 

for all u in H 8 . Since, obviously, B[u, u] ^ const, \\u\\* , we may employ 
B[u, v] as an alternative scalar product in the Hilbert space H 8 ', clearly 
the norms \\u\\ 8 and B[u, u]% are equivalent. 

Consider now the generalized Dirichlet problem for Lu = /. Using 
(2.4) we see that the linear functional (, /) defined for all f in H 8 satisfies 

Kf, /)| g ii/ii. ncii, ^ H/Ho HCII, ^ cr* ||/|| ([t, f])* 

and is therefore a bounded linear functional with respect to the norm 
(#[t, f]) 1/2 . By the well known representation theorem there exists there- 
fore a function u in H s such that 



u is the desired solution of Dirichlet's problem. 

To complete this existence theory it remains to show, under suitable 
assumptions on the smoothness of the coefficients and the domain, that the 
generalized solution is 2s times continuously different! able in & and satisfies 
the Dirichlet data in the classical sense. The differentiability of the solution 
has been proved by various methods (for bibliography see for example [30], 
where an essentially self-contained exposition of the theory is given, includ- 
ing differentiability of the solution and assumption of boundary data). 
Fricdrichs [16] gave a proof entirely within the L 2 framework, and based 
only on Garding's inequality. The proof in [30] is a modification of his; it 
first applies a difference quotient operation to the equation, and then uses 
Garding's inequality to estimate the 1 1 | \f norms in compact subdomains $4 
of the difference quotients of the solution. The desired differentiability then 
follows easily. In case of a smooth boundary this procedure is also used in 
[30] to show that the solution is regular in the full domain and that the boun- 
dary values are assumed. By a local transformation of variables the boun- 
dary (locally) is made to lie in a plane; then the difference quotient operation 
is applied in directions parallel to the plane. This procedure yields bounds on 
the L 2 norms for derivatives parallel to the plane of arbitrarily high order. 
The normal derivatives are then estimated with the aid of Lemma 2 of the 
appendix (for the case p = 2). Browdcr has also recently shown the regular- 
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ity of the solution at the boundary, using an inequality of N. Aronszajn 
[1] in place of Lemma 2. Previously the regularity at the boundary had been 
established only for second order equations in two dimensions [11] and then 
by Morrey [27] for second order systems. 

Browder's method yields the useful inequality for any function u 
belonging both to H 2g and H s 

\\u\\ 2s rg const. (||L|| +|H| ) 
where the constant depends only on the operator L and on the domain ^.* 

S. Agmon in an unpublished work has employed another approach to 
boundary value problems of arbitrary order and to the problem of regularity 
at the boundary. 

2.3. Schauder-type estimates. Recently a number of simplified proofs of 
Schaudcr's results of 1.3 have been published. One appears in the book by 
Miranda [25]. Morrey 's extensive paper on second order systems [27] con- 
tains a derivation of the estimates for such systems. Doughs and Nirenberg 
[12] have given another derivation of Schauder's results and have extended 
the interior estimates to the general elliptic systems of 2.1. The result may 
be roughly formulated as follows. We may assume that max s 4 = and that 
for some positive number m, and Q = 2 ( s t+^t)> 

det |/;>, f)| ^ m 2 % for all real : &,--, f w ). 

i 

Then, for any compact subdomain s# of 3ft, 

I KI&, = const. 2 (|/,,,|_^+ W,) 

t 3 

where the constant depends only on the diameter of 2, the distance from j# to &, 
n, m and the maximum of the \ \_ St norms of the coefficients of l l} , i 1, , N. 

This estimate yields the compactness (in every compact subdomain) of 
solutions of equations of the form (2.1). In addition this estimate together 
with related estimates in [12] yields differentiability theorems for solutions 
of nonlinear elliptic equations and of regular variational problems in the 
calculus of variations. 

Similar boundary estimates for strongly elliptic equations would lead to 
existence theorems for Dirichlet's problem under mild requirements on the 
coefficients; we can get the solutions, as in 1.3, by a compactness argument 
applied to solutions of approximating equations, which, in turn, can be 
obtained, for example, by the procedure of 2.2. 

2.4. More refined estimates. For dimension n > 2 no estimates of the 
form (1.4), depending only on bounds of the coefficients of the equation, are 
known. Estimates of the form (1.4) have been proved, but with the constant 

* Added in proof: A similar result has been announced by O V. Guseva, Dokl. Akad. 
Nauk SSSR (N.S ), Vol 102, 1955, pp. 1069-1072 (Russian). 
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K depending also on the modulus of continuity of the coefficients a i;f (see 
Nirenberg [29], and Miranda [24] where a similar result is established for 
second order equations in the integral form (2.2)). Analogous estimates 
were established by Morrey [27] for general second order elliptic systems. 
With the aid of a result of A. P. Calderon and A. Zygmund [10] it is easy 
to derive similar estimates for solutions of the most general elliptic systems 
(2.1) in compact subdomains as will be shown in a forthcoming paper by the 
author (see also Vekua [35]). In their derivation certain L p integral norms 
for derivatives of the solution are used in place of the singular Z, 2 integrals 
occurring in (1.4). We formulate a typical estimate for a single elliptic equa- 
tion Lu / of order , with bounded coefficients, whose characteristic poly- 
nomial l(x, f ) satisfies 

(2.5) l(x,) Swf? 

t 

for some positive constant m: For every p > 1 and every compact subdomain 
<x/ of & the inequality 



(2.6) 

holds, where the constant K depends only on the diameter of 3t t the distance 
from $0 to &, n, Q, p t m, a bound on the coefficients, and also on the modulus of 
continuity of the leading coefficients? For n/p ^ integer we infer by Lemma 1 
that 



where the constant has the same dependence as above. 

In these estimates the boundedness of the lower order coefficients is not 
necessary. For instance, if p > n then, as far as these coefficients are con- 
cerned, K 2 depends on their L v norms. 

These inequalities, in a more precise form, may be used to study the 
behaviour of solutions of elliptic equations near isolated points. To illustrate 
this we state 

THEOREM 1 . Lei u be in C e-1 and have derivatives of order Q in L p , p > n, 
in a neighborhood of the origin] assume that u satisfies Lu where L is an 
elliptic operator of order Q with bounded leading coefficients which are continu- 
ous at the origin, and with remaining coefficients in L p . Let L represent the 
elliptic operator with constant leading coefficients equal to those of L at the 
origin, and with remaining coefficients zero. Then 

(a) there exists a polynomial P(x) of degree Q\ satisfying L Q P(x) 
such that 

D>(u(x)-P(x}} = 0(|*|*--""), / < Q, 

3 This dependence may be weakened. 
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(b) if u = 0(|a;| fc ), k > Q~n/p, k 7^ integer, then u = 0(|a|*), 

(c) if u = 0(\x\ k ), k> gnjp, k = integer, and if the leading coeffi- 
cients satisfy a Dini condition at the origin then there exists a homogeneous 
polynomial P k (x) satisfying L P k = such that 



(d) if the leading coefficients satisfy a Holder condition at the origin, and 
if u vanishes at the origin but not of infinite order, then there exists a homogene- 
ous polynomial P N (x) = of degree N satisfying L P N such that 

D'(u(x)-P N (x}} = 0(|*r"), / < Q. 

Here a > is a constant depending only on the equation. 

The theorem is proved with the aid of techniques developed by Bers [3] 
(in fact (d) was known to Bers). In a paper [4] in this issue Bers gives a 
survey of the theory of local behavior of solutions of elliptic equations; 
references may be found there. We further state 

THEOREM 2. Consider a function u defined in a punctured sphere 
< \x\ ^ 1. Let L be an elliptic operator of order Q in the sphere with bounded 
leading coefficients satisfying (2.5) and with remaining coefficients in L p , 
p > n. Then there exists a constant e depending only on m, p, n and Q, such 
that if in some neighborhood of the origin the leading coefficients differ by less 
than e(m, p, n, Q) from constant values* then, for any real k, 

(0(\x\*)\ (0(|*M) 

(2.7) Lu = 0(\x\*~<), *()={ or -> fl'w = I or , J<Q. 

U(M*)J U(M*-')J 

THEOREM 3. Let u be defined outside a sphere and let L be an elliptic 
operator of order Q, satisfying (2.5), outside the sphere. Assume, for simplicity, 
that L contains only terms of order Q whose coefficients satisfy the conditions of 
the preceding theorem near infinity 5 (for some p>n and the same e(m, p, n, Q}}. 
Then for any real k, (2.7) holds near infinity. 

The estimates also yield a Liouville-type theorem (see [12] for the cor- 
responding statement for operators with constant coefficients): Let u satisfy 
Lu = in the whole space and assume that u ~ 0(|aj| c -*) for some e > 0. 
Assume thatL contains only terms of order Q, satisfying (2.5), which differ from 
constant values by less than e(m, p, n, Q) for some p > njs, then u(x) is a poly- 
nomial of degree g 1. 

For Q = 2 a related result was indicated in [29]. 

The estimates described here, together with analogous estimates for 



*For instance if their are continuous at the origin. 
6 For instance if they are continuous at infinity. 
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equations in integral form (2.2), yield new differentiability theorems for 
linear equations and, with the aid of the differentiability theorems resulting 
from 2.3, furnish strong differentiability theorems for general nonlinear 
elliptic equations and for regular variational problems in the calculus of 
variations. We may assert, for instance: A solution u in C Q of a nonlinear 
elliptic differential equation of order Q is differentiate more than Q times provid- 
ed the differential operator has sufficiently many derivatives with respect to all 
arguments. 

The estimates are, however, not strong enough to furnish existence 
theorems for nonlinear equations, except for special second order quasi- 
linear equations with uniformly bounded coefficients whose leading co- 
efficients are "close to constants". See also a forthcoming paper by H. O. 
Cordes. 

Appendix 

1. Proof of Lemma 1. For the proof of Lemma 1 we shall need a few 
additional lemmas. We first state 

LEMMA 2. // p ^ I, 5g j < Q, then for every e > 0, 
j\D 3 u\ p dx ^e j \D e u\ p dx+const. f\u\*dx 

in a domain of class L 2 , where summation over all derivatives D } u, D Q u is 
understood. The constant depends only on the domain and on n, p, Q and e. 
For n = 1 the lemma is due to I. Halperin and H. R. Pitt [19]. For 
n > 1 and p = 2 proofs were given by Ehrling [13], and Nirenberg [30]; 
the proof in [30], as mentioned there, extends easily to arbitrary p ^ I. 
(Sobolev [34] has established much stronger results; one can estimate, in 
terms of the right hand side, the integrals of higher powers of \D*u\, for 

1 <Q-) 

Definitions: A domain @ is said to have the cone property if there exists 
a finite right spherical cone C (i.e. the intersection of a half -infinite spherical 
cone with a sphere about the vertex) such that every point in 3% is the vertex 
of a cone C P lying in Wf and congruent to C. The domain 3f is said to have the 
strong cone property if it has the cone property and if there exist positive 
constants d and A, such that any two points JP, Q in ^, with |P Q\ ^ d, are 
vertices of cones C P , C Q congruent to C with the property that the volume 
of the set {@ O C P O C Q O sphere about P of radius |P Q\ D sphere about 
Q of radius |P Q\} is not less than A|P Q\ n . 

It is not difficult to see that a domain of class L 2 has the strong cone 
property. We shall denote by 6C P the cone obtained by contracting a cone 
C p by 6, < < 1, about the vertex. We set 
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where summation over all derivatives of order Q is implied. 

Lemma 1 follows immediately, with the aid of Lemma 2, from the 
following 

LEMMA 3. Under the assumptions of Lemma 1, but replacing "2 is of 
class L 2 " by " has the strong cone property" , we have 

(|U < R [l.n.b. I P M + 2 f \D'u(Q)\-dQ\ = / 
L j J 



JFC depends only on 2 and the constants n, Q, k, p. 
The last equation serves to define /. 
The proof of Lemma 3 is based on the following Lemmas 4 and 5. 

LEMMA 4. Let C P be a finite right spherical cone with vertex at P. Let 
K and p be non-negative with 

p^\, p+x < n. 

Set ft p+K. Then for every function u with continuous first derivatives in C P 
we have 



h Cp \P-Q\- f \(Q)\>dQ SS const. 



Cp 

where on the right hand side the sum over all first derivatives Du is taken. The 
constant depends only on C P , n, x and p. 

Proof: We may take P to be the origin, and denote \Q\ by r. Let 
f (Q) be a continuously differentiate function depending on r alone, with 
f :> 0, C =s 1 in \ C P and f =5 outside of |C P . Then 



where dco is the element of solid angle. By partial integration we find 

I tr-"-\u\* r n ~i dr da> -g, --- | r n -*~* (|C r ||| 
Jc P n x pjCp 

const, f \u\*dQ + - - f 
Jc P n K pJc P 



P 

since f f = rn -J C P . 

In case p = 1 the desired inequality follows. For ^ > 1 we find, with 
the aid of the inequality 
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which holds for arbitrary positive a, b, e, that (by choosing e large) 

^ I tr*|J P ~ l d0^i\ Cir~-\u\*dO+const.\ r-"\u r \*dO. 
n~xrJc P r *Jc P Jc p 

Inserting this into the previous estimate we find 

I Sr~-*\u\*dQ g const. (M*+'~ l >rl J> ) dQ 

J Cp JCp 

which, by (2), proves the lemma. 

In addition, we have the following well known 

LEMMA 5. Let C P , CQ be two finite right spherical cones, with vertices at 
P, Q, congruent to a given cone C. Denote by G the set of points R satisfying 

ReC P nC Q , \R-P\<\P-Q\, \R-Q\<\P-Q\, 

and assume that the volume of G is not less than A|P Q\ n for some positive L 
Let ft, p be constants satisfying 

p:>i, p <n 

and 



P 

Then 



JL 

If \Q-Rt+\Du(R)\'dR\'~\ 

\JCfl ) J 



where the constant depends on C, n, ft, p and L 

Proof: \u(P)u(Q)\ ^ \u(P)u(R)\+\u(R)u(Q)\. Integration with 
respect to R over G yields the inequality 

(3) l\P-Qf\u(P)-u(Q)\ 



where G P denotes the set of points R satisfying Re C P , \RP\< \P Q\ 
(similarly for G Q ). If we set \R P\ = r and dco for the clement of solid 
angle about P we find 



f \u(P)-u(R)\dR^( r n -idrda)ir\u r \dr)^coust.\P-Q\ n ( \u r \drda> 

jG*p jGp \JO / J Gp 

n-4-0 i__ i+a 

= const.|P Q\ n \ \u r \r * r* drdco^^^. 

J Gp 

In case p = 1 we have therefore 

f \u(P)u(R)\ dR ^/! ^ const. \P-Q\ n+ * f r~ ft \u r \dR. 

JGp JGp 
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Since a similar estimate holds for J \u(Q} u(R)\ dR we obtain the desired 
result from (3). Q 

Suppose now p > 1. Then, by Holder's inequality, 



^ 
r }' { f r"~ l drdco] ' 

J G p ) v J G p } 

1 

= const. | P-(?| n - Hx { J c \u r \ 9 r+dR }* . 

A similar inequality holds for f \u(Q)u(R)\dR, and from (3) the de- 
sired result follows. Q 

Proof of Lemma 3: Let C be the finite cone related to the strong cone 
property of 2. For arbitrary P in 2 let C P be a cone in 3$ congruent to C. 
With a as defined in Lemma 1, set /? = n+p(a. 1). 

By repeated application of Lemma 4 (with each application the ex- 
ponent of |P @| is increased by p) we find, for 6 2 1+s ~ e , that 



f \P-R\ 
J ocp 

const, ff \PR\-*\D*u(R)\*dR+ f \D* u(R)\* dR\ 

LJC P J & J 



where the constant depends only on C, n, g, k and p. Since such an inequality 
holds for every point P it follows from Lemma 5 that for any pair of points 
P, Q sufficiently close, and any derivative D* of order s, 



\J. y\ 

Here KI depends only on ^, and on the constants n, Q, k and p. Since 2 is 
connected the estimate 



and hence Lemma 3, follows easily. 

2. Additional Remarks. In practice it may occur that one has a bound 
for integrals I P [u] (see (1)) only for points P lying in a compact subdomain 
s& of &. In this case the analogue of Lemma 1, in fact, a simpler form of it, 
holds in ^/: 

LEMMA 1'. Let 2 be a bounded domain in n space, *a/ a compact sub- 
domain, and let k, p, Q, a be as in Lemma 1. Then 

^ K [lai.b. I f 
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where K depends only on the domains j/, @ and on n, Q, k, p. 
The derivation is similar to that of Lemma 1. We observe first that by 
applying Lemma 2 to spheres covering j/ and lying in 2$ we may derive the 
analogue of Lemma 2: 

f \D'u\*dx gje J \D Q u\dx + const, f \u\ p dx. 

Furthermore, following the proof of Lemma 3 we may derive the analogue 
of (4): for P, Q in jtf, and sufficiently close together, 

M+ 



In the derivation of (5), via analogues of Lemmas 4 and 6, we may use 
spheres in place of cones. 

In conclusion we show that Lemma 1' also holds for functions having 
generalized derivatives in L* in the sense of Friedrichs and Sobolev ([14, 
34]). 

Definition: A function u is said to have generalized derivatives up to 
order Q in L* in a domain & if there exists a sequence {u^ of functions in C Q 
converging to u in L p whose derivatives {>%}, j ^ Q, also converge inZ, p . 
The limits of D* u n are functions in L* which are called the generalized deriva- 
tives D* u of u. It is easily seen that they are defined uniquely, independently 
of the sequence {?/ w }. 

THEOREM. Let & be a bounded domain, $0 a compact subdomain, and let 
k, p, Q, a, s be as in Lemma 1. Let u have generalized derivatives up to order Q 
in L p in & and assume that for each point P in j& the integrals 



exist and are uniformly bounded. Then u is almost everywhere equal to a func- 
tion u in C with 



(6) (1*1*.) * ^ X [l.u.b. 7,M+ J || dx] ^ KI 

1- J-* -1 



where K depends only on the domains /, @ t and on n, Q, k, p. 
Let ^ be a subdomain of 3 with j/ C 08 C &C &>, and set 

\P-R\-*\D*u(R)\*dR. 

In order to prove the theorem it suffices to show that there exists a sequence 
{u^ of functions in Cf which approximate u in the L p norm in ^, whose 
derivatives up to order Q approximate in L 9 those of u in &, and for which 
the norms [u n ] are uniformly bounded by a fixed constant times the norms 
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[u]. For, from Lemma 1' applied to the sequence {u n } in the domain ^?, it 
follows that a subsequence converges, in the norm | \f , to a function u in 
C^ a which satisfies (5) for some K; clearly u = u almost everywhere. 

We describe briefly how such approximating functions {u^ may be 
constructed with the aid of Friedrichs' mollifiers [15]. Let j(x) J> be a 
C^ function with support in \x\ < 1 satisfying 



jj(x)dx=l. 



For e sufficiently small the smoothing operator, or mollificr, J e is defined for 
functions in @, as a convolution 



where J e u is defined for x in &. The operator J e clearly commutes with 
differentiation and has in addition the following easily established properties 
[15] : (a) J 8 u -> u in the L* norm in 38, (b) the L p norm of J 9 u is not greater 
than that of u in 2. 

We claim that J l{n u is a suitable approximating sequence. To prove this 
we must show that there exist positive constants e , C depending only on the 
function j(x) such that for s < e we have 

[/.]* = C[]. 
We show, in fact, that for suitable e , C, and arbitrary P in j/, we have 



(7) m \P-R\-*\(J t t)(R)\'dRC a \P-R\-*\f(R)\'AR, s<s , 

for any arbitrary measurable function / for which the right hand side is finite. 
Since, by Holder's inequality, 



we may assume, in the proof of (7), that p = I and / ^ 0. Thus, assuming 
as a final simplification that P is the origin, it suffices to prove the inequality 

(7)' 

We may choose e = ^ times the distance from 8 to ^. The integral 
on the left of (7)' may be expressed as 



(8) 

Since j,(xy) s= for \xy\ > e we may assume, in / 2 , that \y\ 5^ 2\x\ so 
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that 

/2 ^ **f M> d vl*i'(*-tito^lW dx ^ 

ve<# 

In estimating 7 X we observe that 

I l*( x y} \ x \ ~ k d x ^ e~ n (max /) f \x ~ k dx 

J J \x y\<e 

^ e~ n (max /) f \x ~ k dx 

max j 
< - -e-frco-Qfi-* 

~~ n k I 

where CD is the surface area of the unit sphere. Thus 



Inserting these estimates for / x and 7 2 into (8) we obtain (7)' with C = 2 fc Cj . 
This completes the proof of the theorem. 

Remark: In the proof of (7) the constant C is greater than unity and 
therefore the constant K in (5) is greater than K of Lemma 1'. For any fixed 
point P and fixed function /, however, we can, by choosing e sufficiently 
small, achieve that C in (7) is as close to unity as desired. To see this we 
write the integral on the left of (7)' as a sum 

' ' ]\R\>n 

Rc<% 

where 77 is so small that 



for arbitrary given d > 0. By our preceding analysis we easily recognize that 
the second integral in (9) is not greater than 



We now choose e(d) so small that the first integral is not greater than 
(1+4) J \R\~*fdR. The desired result follows. 

As a consequence of the Remark we may infer the following 

Lemma. The theorem holds with K equal to K of Lemma 1'. 

Since the constant K depended, on K t of (5), it suffices to show that u 
satisfies (5) with the same constant K t . Applying inequality (5) to / e wand 
using the Remark at the points P and Q we find 
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\D'J t u(P)-D>J.u(Q}\ 

\P-Ql' 



for arbitrary d > 0, provided e is sufficiently small. Letting d -> and, 
correspondingly, e -> 0, we find that u satisfies (5). 

A similar argument may be used to extend Lemma 1 to functions with 
generalized derivatives. A modified mollifier of the type employed by Frie- 
drichs in [15], 4, is then to be used. We merely state the extension. 

Theorem. Under the conditions of Lemma 1 let u have generalized deriva- 
tives up to order Q in L v in @ and assume that for all P in @ the integrals 
IP [u] exist and are uniformly bounded. Then u is equal to a function u in 
C s+a almost everywhere, and 
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1. Introduction 

As in the book of Polya and Szego [17], we shall in this paper under- 
stand the term "isoperimetric" inequality to mean any inequality connecting 
two or more physical quantities associated with the same region. The first 
such inequality to be discovered (the one from which the name was derived) 
was the classical inequality between the area of a region and its perimeter. 
A number of known and conjectured inequalities appear in [17]. In particu- 
lar the authors give some which involve the eigenvalues of the classical mem- 
brane and plate problems. The first such inequality was the conjecture of 
Rayleigh [18] that of all membranes of given area the circle has the minimum 
principal frequency. This conjecture was proven independently by G. Faber 
[7] and E. Krahn [10]. Additional inequalities for eigenvalues have been 
given by Szego [22], Weinstock [28] and Payne [11]. Furthermore, inequal- 
ities relating the eigenvalues of a given problem to those of the corresponding 
finite difference problem have been obtained by Polya [15], Forsythe [8], 
Weinberger [25] and Hersch [9]. It should be noted that the result of Szego 
[22] and those of Payne [11] are the only cases in which it is known that for 
a given region, the eigenvalues of one problem are not greater than eigen- 
values with lower index of another problem. 

There exist also in the literature many methods for obtaining arbitrarily 
close estimates for eigenvalues such as the Rayleigh-Ritz method [19], 
the methods of Weinstein [26], Aronszajn (see the bibliography of [1]) 
and others. We shall not be concerned with such methods in this paper. 
In fact, isoperimetric inequalities are in general not improvable. They are, 
however, simple and often yield information which is not easily obtainable 
otherwise. 



*The research for this paper was supported in part by the United States Air Force under 
Contract No. AF 18 (600) -573 monitored by the Office of Scientific Research, Air Research 
and Development Command. 

233 



234 L. E. PAYNE 

We shall in the second section of this paper derive new inequalities for 
the eigenvalues of certain classical plate and membrane problems. For such 
problems we suppose that the displacement satisfies a certain differential 
equation in a plane domain D with boundary C in the x, 2/-plane. In the last 
section we consider the problem of Stekloff [21] in an infinite three-dimen- 
sional region D* which lies exterior to the closed surface C*. In this case 
we obtain isoperimetric inequalities for the first and second eigenvalues. In 
order to establish some of the eigenvalue relationships obtained in this 
paper we shall be required to derive inequalities for certain other physical 
quantities. 

The eigenvalue problems which we consider are the following: 

A. Au+Au = in D, u = on C, 

dw 

B. A*w+AAw = in D, w = - = on C, 

on 

Bm 

G. A*wQ<p = in D, <p = = on C, 

(1) dn 



D. A 2 y> aAy Ftp = in D, (a = const. > 0), y> = - = Con C, 

on 

d 

E. J a t+/dt+&t = in D (b = const. > 0), f = -1 = on C, 

F. ^ = in D, -? == k% on C*, / = 0(R~ l ) as .R ~> oo, 

^w 

where A denotes the Laplace operator, n denotes the outward normal from D 
(or D*) on C (or C*), R* = & 2 +y 2 +z 2 , and A, 4, , T, // and ft are constants 
(eigenvalues) to be determined. In (1), A is the classical membrane problem, 
B and E occur in the treatment of the buckling problem for a clamped plate, 
C and D are well-known vibration problems for a clamped plate and F is 
the problem of Stekloff. In D the plate is subjected to all around lateral 
tension (see [27]) and in E the plate is elastically supported. 

For each of the problems in (1) it is known that infinitely many eigen- 
values exist. Following the usual convention we order them as follows: 

(2) A! ^ ^ :g A 3 g , 

the other eigenvalues being similarly ordered. The corresponding eigen- 
f unctions are designated as % , u z , u 3 , , etc. 



2. Membrane and Plate Problems 

The following inequalities will be established in this section: 
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a) P^ 

b) %P: 

c) r n ^ 

(3) d) Pn ^ 

e) 2 A 

g) p n ^ max [A n ,2Vb], 

where P is the torsional rigidity of a beam with cross section D and v is the 
stress function (Av = 2 in D, v = on C, and P = .0(0), where 3> denotes 
the Dirichlet integral). 

In order to prove (3b) we find it necessary first to establish (3a). This 
inequality follows directly from results given in [17]. In the conformal 
mapping estimates for the torsional rigidity of a simply connected region D, 
P61ya and Szego obtained the following relationship between P, t> max and 
the coefficients a i of the mapping function which maps D onto the unit circle: 

[17, 5.7 (11)], 

2v max = 2 KI 2 > C 17 6.ii]. 

71=1 

It follows then from these expressions that 



with equality holding only if a z = a z = = 0, that is, if C is a circle. 
This is actually a sharper inequality for t; max than the one given in [17, 5.11, 
(12)]. For convex C, (5) can be obtained rather easily from the results of 
Payne and Weinberger [12]. 

The inequality (3b) now follows from (5) with the observation that % 
and v are positive in D and satisfy the integral relation 

(6) 

This inequality (3b) is still far from the conjectured inequality of P61ya and 
Szogo [17] 



(7) AfP^ 1(2.4048)^ 
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(we have obtained the value 2 instead of 2.4048). The discrepancy is not 
unexpected since we have replaced v by # max in (6). However, the inequality 
is still of interest; for, as was pointed out in [17], nothing was previously 
known about the lower bound for the dimensionless quantity Af P for non- 
convex figures. In fact, all that was known for convex C was that this 
quantity is positive. 

The third and fourth of inequalities (3) follow from the maximum- 
minimum definition of the eigenvalues J 1 ,. , [6]. If we let 

(8) 

then 

(9) r n max min - ^ , i =-- 1, 2, , n 1, 



D 

for any sufficiently smooth functions / and g, (all independent) which vanish 
together with their first derivatives on C and satisfy the condition 

(10) 

D 

By Schwarz's inequality 



(11) r n ^ max min 2 -- f- a 

Z 



which is inequality (3c). On the other hand, from (9) we have 

min -~TT - ~ \~ a m i n 



max 



' H f * dA 

n n 

(12) 



^ 

max mm \-a mm 



where in g^ we admit m functions whose normal derivatives are not required 
to vanish on C; hence {g' t } 3 {g t }. We choose for the functions g\ 

\u it i 1, 2, , m, 
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It follows then from the variational definitions of Q i and A t that 

(14) r n ^ Q n . m +al m+1 , Q^m^n-1. 

The fifth of inequalities (3) can be derived from a minimum principle for 

n 

2 r i given in Courant-Hilbert [6], i.e., 



(15) r t 

1=1 Q { i~l 

where the functions q i are sufficiently smooth, vanish with their normal 
derivatives on C and satisfy the condition 



for ; = 7. 



We now make an interesting observation, namely 
2 T,^ mini 



Qf t= 

(17) ^ mini JJ(^) 2 ^+min 

Q t =1 Q t ' 



In (17) the functions q' t satisfy the same conditions as the q t except that their 
normal derivatives are not required to vanish on C. A similar application 
of the minimum principle (15) was given in a thesis by Boyce [5], which to 
my knowledge was the first use ever made of this principle. It is obvious that 
inequalities of type (17) are derivable from quite general positive definite 
operators 91 (q). 1 In particular similar inequalities give considerable improve- 
ment in the auxiliary problem estimates of Aronszajn and Donoghue [2] 
for the higher eigenvalues of the clamped plate problems which they con- 
sidered. 

To establish (3/) we use the following variational definition of p n : 



(18) 

where / is any sufficiently smooth function which vanishes with its normal 
derivative on C and satisfies 

(19) 



1 Similar inequalities for the eigenvalues of Hermitian matrices were given by Ky Fan, 
National Bureau of Standards Applied Mathematics Series No. 39, Washington D.C., 1954, 
pp. 131-139. 
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Thus if we choose for / a linear combination of the first n eigenfunctions 
w i , the constants so chosen that (19) is satisfied, then we obtain 

(20) ^4,4* 

A i 

the inequality (3/). 

On the other hand, it is clear from (18) that 

(21) ft, ^ A n . 
Likewise, 



(22) 



_ 

^ 2Vb, 

by Schwarz's inequality. Hence 
(23) ^ ^ max [4 n , 2V&), 

which is inequality (3g). From (11), (14), (20) and (21) it is apparent that 
for large n the ratios P n /Q n and jLt n /A n approach 1. 

3. The Problem of Stekloff 

We turn now to the eigenvalue problem (IF). No isoperimetric inequa- 
lities for the eigenvalues of this problem appear in the literature. R. Wein- 
stock [28] has treated in a recent paper the corresponding two-dimensional 
interior Stekloff problem for simply-connected D and analytic C and has 
proved that in this case the first non-trivial eigenvalue is not greater than 
2n/L, where L is the perimeter of C. His proof involves a mapping of D onto 
the unit circle and hence can not be employed in our problem. 

In this section we shall establish inequalities for ^ and k 2 . It is neces- 
sary also to give estimates for certain other physical quantities. We show in 
particular that 



I 
J, 



_ , 

(24) c) PF ave *z%V (C* axially symmetric, not ring-shaped), 

d) ^ ave ;> 2V (C* axially symmetric), 

25 

e) & 2 5^ (C* convex, axially symmetric), 
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where # is the electrostatic capacity of a condenser C with respect to an in- 
finitely large sphere (see [17]), S is the area of C, V its volume, JF ave and 
^ ave are the average virtual mass and average polarization of C (see [20]) 
and h = RdRfdn. 

If C is a sphere the solution to the Stekloff problem is known. The eigen- 
functions are the spherical harmonics and the eigenvalues are 



a 
where a is the radius of C. 

The variational definition of the eigenvalues k t is as follows (see [6]): 

, _ . 9(U) 
J mm 



under the condition 

(27) *i = > = 1, 2, 

c* 

In (26) JV is the class of functions continuous in D*+C* and 0(1/7?) at in- 
finity. Inequality (24a) follows directly from (26) if we choose U to be the 
electrostatic potential h of C*. 

In order to prove (24b) we make use of the flow potential 0, defining 
the irrotational motion of C* at unit velocity in the ^-direction in an in- 
compressible (unit density) inviscid fluid. It is well known that 0, is a har- 
monic function, 0(l/R 2 ) at infinity, which satisfies on C* the condition 

^ - ' 



3tf>, dx 

1= - on c 



that is, 



(29) 



d0 3 dz ^ 
- 3 = - on C*. 
on on 

We note first that &(h , t ) = 0, / = 1, 2, 3, and that with the proper 
choice of the origin also f (h Q i dS = 0, / = 1, 2, 3. It follows then from 

(26) that C * 
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r4jr# 3>($,} i 

(30) k, ^ max --, y-,- 1 ^ , 7 = 1,2, 3. 

L 6 //*?<] 
c* 

But 

<%(0 \ JJ\dn) Jj\dn) 

(31) .LlL^c^ ___ _^ _ f 7 = 1,2,3, 



c* 

where W, is the virtual mass associated with motion in the # r direction. 
However, since k 2 is either less than 4gf\S or each of three other quantities, 
it must be less than 4&&IS or the quotient formed by dividing the sum of the 
numerators of the other three quantities by the sum of the denominators, 
that is 



(32) ** - max L~S" 



= max 



rtntf S 



I S ' 3W,, 



This establishes (24b). 

Inequalities (24a) and (24b) are inconvenient in that they relate two 
quantities neither of which can usually be evaluated for a given region. One 
would prefer to have inequalities for k and k 2 which involve only the geo- 
metry of C*. These can of course be obtained from inequalities for ^ and 
W ave . In particular it is known (see [17] and [23]) that 

S 2 
^ ^ ^ , C* convex, 

ccis w 

^\\ , C* star-shaped, 

c* 

where Jt is the Minkowski number for C* and h ~ R dR/dn. On the other 
hand, P61ya [16] has conjectured that 

(34) W^ ^ V. 

Although we are unable to prove this inequality for general C* we can show 
that it is valid if C* is axially symmetric but not ring-shaped. This will 
establish (24c). 

Let us introduce the polarization potentials v lt v 2 , and v z (see Schiffer 
and Szego [20]) brought about by uniform fields in the x, y, and ^-directions 
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respectively. The potential v, is 0(l/R*) at infinity and assumes on C* the 
value 

(35) Vj = x } + constant, 

where the constant is determined in such a way that v f is 0(l/R 2 ) at infinity. 
The polarization 0*j for a uniform field in the ay-direction is defined as 

(36) 0, = 9(v t ). 

For C* axially symmetric we choose the #-axis to lie along the axis of sym- 
metry and let y and z be any two orthogonal directions in a plane perpendi- 
cular to x. Then obviously ^ 2 ^ 3 . On the other hand, the flow potential 
admits in this case a stream function W , 0(ljR) at infinity, which satisfies 
the Stokes-Bcltrami relations 

a l _ay 1 M>, _ dw, 

(37) r ~te-~dr' r ^-~~d^ 

where r 2 = y 2 +z 2 . The condition (28) reduces to the following condition on 
y 7 ! when C* is not ring-shaped: 

(38) W = -\Y* on C*. 

One can then easily check that the function v 2 (a similar expression holds 
for v 3 ) may be expressed as 

2!^ sin 

1 



the constant in (35) vanishing in this case. The expression for ^ 2 reduces to 



D* 

m\p2 
-y cos 2 6 de dr dx 

D* 

r r ] r/^\ 2 /^A 2 ! r r 3 r*?i * 
= 47t J J 7 L(-sr) + br) J**- 4 " J J a; bd dr * 

D!* V 

where D* is the upper half of the meridian section of D* (r > 0). But the 
first term in the last equation is recognized as 2T7 X , and the last expression 
can be transformed into a boundary integral and evaluated, i.e., 



r a, 

= ^ r 2 <fs = -F, 

JCj* OW 

where F is the volume of C*. We have denoted the boundary of D* by CJ" 
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and made use of the fact that W l = (r 2 ) as r -> 0. Thus we have shown that 
for C* axially symmetric 

(42) ^ 2 - ^ 3 = 2W 1 +V. 

We have then 




the latter reduction following from the inequality of Schifter and Szcgo [20] 
(44) ^Wi^V*. 

Hence for a convex axially symmetric body 



and 



which is (24e). On the basis of Polya's conjecture and various known bounds 
for ^, one is led to conjecture that (45) and (46) are true for any C*. 
Inequality (24d) follows directly from (42) just as did (24c), i.e., 



^ 4V+2V = 6F. 

This inequality still holds even if C* is ring-shaped; for, it was demonstrated 
by the work of Weiss and Payne [29] that for such boundaries C*, (42) is 
replaced by 

(48) ,^ 2 = #, = ZWi+V+Q 

where Q is a positive quantity depending on the circulation about C*. 
It is apparent that (42) yields also the results 

3F 2 

a) 



b) ^2(^2+2^) ^ 12F 2 , 

c) &i&\ ^ 8F 3 . 

These quantities as well as ^ ave and JF avo , are recognized as the invariants 
of the polarization and virtual mass tensors. It follows as before that b) and 
c) are valid even for ring-shaped domains. 

We mention in passing that in a manner similar to that used in obtaining 
(32) one derives the alternate inequality 
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,50, *, 

where / is the polar moment of inertia of C*. For a star-shaped region one 
obtains the following upper bound for ^, (see [12]): 



rr 3 i s 

IJ^-K-^ 

;* J 



(51) 



3 JJ?' 



or 

(52) 

From this it follows that 
(53) 

This inequality was proved in a different way by Payne and Weinberger [1 3]. 
We can, by choosing principal directions, obtain upper bounds for & 3 
and & 4 from (30) and (31). Also in the two dimensional exterior Stekloff 
problem (% is 0(\/R) at infinity) one can easily show that the first eigcn- 
function is not less than the perimeter of C* divided by twice its area. This 
follows directly from the fact that in two dimensions the average virtual 
mass is greater than the area of C* (see [20]). 
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Introduction 

According to a well-known theorem by Sturm, a vibrating string is 
divided into exactly n nodal intervals by the zeros of its n-th eigen function 
co n . Let us also mention that in generalizing this theorem Sturm conjectured, 
and Liouville and Rayleigh proved, that a linear combination of co m , co m+1 , 
, co n with constant coefficients has at least m 1 and at most n 1 zeros 
in the open interval covered by the string. 

Even a superficial study of vibrating membranes shows that the possib- 
ility of generalizing theorems of this kind to higher dimensional problems is 
strongly limited. The intrinsic interest of Courant's nodal line theorem is the 
fact that it carries over one half of Sturm's nodal theorem for the string to the 
theory of membranes. Indeed, the theorem states that n is an upper bound 
for the number of nodal domains of the n-th eigenf unction of a membrane. 
In examples it is easily seen that this upper bound is occasionally attained. 

The main point of the following lecture is the observation that Courant's 
nodal line theorem can be sharpened with the help of a theorem due to Faber 
and Krahn. Thus it will be proved that for certain membrane problems, in 
particular for all membranes with fixed boundaries, the maximal division 
by nodal lines occurs only for a finite number of eigenf unctions. This ob- 
viously gives a stronger emphasis to the difference between string problems 
and similar problems in several dimensions. 

For the convenience of my audience I shall first recall a few facts about 
vibrating membranes and the nodal line theorem. Discussion of regularity 
questions will be omitted. 

1. Vibrating Membranes 

Let V be that connected domain of the #,2/-plane which is covered by 
a vibrating membrane and let 5 be its boundary. We consider eigenvalue 

problems of the type A , _. . __ 
^ y * Au+u = in 7, 



(1) 



u = on 5 C 5, 

du 

==0 on 5, = S ^ 

ov 

246 



246 A. PLEIJEL 

where A is the Laplace operator and v is the normal of S. Provided V is 
bounded and S is sufficiently regular, the problem has a discrete spectrum 
of eigenvalues fi ^ 2 ^ " " * "** + ail( ^ a corresponding set of eigen- 
functions a^ , co 2 , . If the boundary of the membrane is fixed, i.e. if 
S = 5 , we write n = A n , (o n = q> n , and in the case of a free membrane, 
5 S x , we denote the eigenvalues and eigenfunctions by f n = p, n , co n = y) n . 
Let K be the class of square integrable functions defined in V which are 
continuous, have piece wise continuous first order derivatives and which, if 
S is non-empty, also satisfy the boundary condition u = on S . If u 
belongs to the subclass K n oiK = K t which is defined by the additional con- 
ditions of orthogonality 



then, provided u is not identically zero, 
(2) 



Equality holds if and only if u is an eigenfunction with the eigenvalue 
f = f n . This, in particular, requires that u is twice continuously differen- 
tiate in F. 

We also recall that a solution of the membrane equation Au+u = 0, 
which is regular in this way, cannot vanish in all points of a subdomain of F 
without vanishing identically. This follows from the fact that the solution 
of the Cauchy problem for the membrane equation with u = du/dv = 
on an arbitrary curve is unique and hence identically zero (see [6], p. 212). 

2. Proof of the Nodal Line Theorem 

In this section we recall Horst Herrmann's proof of the nodal line theo- 
rem in a slightly modified form (see [3]). 

Let U be a twice continuously differentiable function defined in a sub- 
region of F. A connected domain Q is called nodal domain of U with respect 
to problem (1) if U ^ in Q and if Q is bounded by lines U = and perhaps 
also by arcs of S on which U then satisfies the boundary condition of problem 

Let us first prove 

THEOREM 1. // AUfU ^ t and t < f n , then the number N of nodal 
domains of U is less than n. 

Assume N^n and let Q , Q 2 , , Q n be nodal domains of U bounded 
by SL , 3 2 , , S n . Put 

f EMnfl,, 
Ui ~~ \ in V-Q i9 
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and choose the constants a 1 , a 2 , , a n so that 

F. = ia,17, 

t=l 

belongs to K n and is not identically zero. Hence, according to (2), 
(3) j v grad*F n dV^l; n j v F* n dV. 

On the other hand it follows by Green's theorem that 

f grad* F n dV = a* (- f U i AU i dV+\ U t ^ ds) - 
Jv ^i \ J Di Js t dv I 

The integrals over S t vanish since either U f = or dUf/'dv = on 3 t . From 
the assumption of the theorem it is clear that 

- f U t AU,dV<t( U* t dV. 

Jfl t ~~ JQ t * 

Thus 



which, together with (3), contradicts the assumption t < f n . 

If C n < Cn+i an ^ / = C w Theorem 1 shows that N fg n. Courant's nodal 
line theorem states that this also holds when f n C n +i 

THEOREM 2. // AU/U ^ f w , ^w /A0 number N of nodal domains of U 
is less than or equal to n. 

Suppose N > n and choose F n as above. Since (4) is valid with t = n , 
equality must hold in (3) so that F n is an eigenfunction (see the end of 
Section 1 ) . But F n vanishes identically in O n+ i which is impossible since F n 
is not identically zero in V. 

3. Consequences of the Nodal Line Theorem 

For U = a) n we obtain the nodal line theorem as it was stated by Cou- 
rant in [1], p. 392. The number of nodal domains of an eigenfunction belonging 
to the n-th eigenvalue is less than or equal to n. 

If a) is an eigenfunction belonging to the first eigenvalue, the domain 
V itself is the only nodal domain of this function which is consequently ^ 
in V (it is known from Weber's mean value theorem that an eigenfunction 
which vanishes at a point of V necessarily assumes both positive and nega- 
tive values, see [6], p. 218). The possibility of orthogonalizing eigenfunc- 
tions belonging to the same eigenvalue shows that the first eigenvalue is 
always simple. Because of the orthogonality of eigenfunctions belonging to 
different eigenvalues it also follows that N ^ 2 if n > 1. Thus the first 
eigenfunction is the only one not changing its sign in V. 
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G. P61ya has proved that /^ < A x [7]. By applying Theorem 1 to the 
function U y> 2 it follows that the number of nodal domains of y> 2 with 
respect to the problem of the membrane with fixed boundary is less than 1. 
This means that y 2 can have no closed nodal line. Hence, using the theorem 
quoted at the end of Section 1, it follows that the nodal lines of y 2 consist of 
a transverse cutting V into two simply connected regions. 

It was recently shown by L. E. Payne [5] that if V is convex, /* a < ^ 
and that for n > 3, p n f A n _ 2 . It follows that the nodal lines of y> 3 consist 
of one or two transverses not cutting each other, and that y> n can have at 
most n 2 "interior" nodal domains. 

These properties of the nodal lines of a free membrane are also easily 
deduced from Courant's nodal line theorem as stated above, by observing 
that A n depends monotonically on V. 

Let us also mention the interesting application of the nodal line theorem 
made by L. E. Payne and H. F. Weinberger in proving a conjecture by 
A. Weinstein [5]. 

4. Example of Maximal Subdivision by the Nodal Lines 

The maximal case N n in Courant's theorem holds in a trivial way 
when n = 1, 2. That it can also occur for larger values of n is usually 
exemplified by reference to the case of the square membrane with fixed 
boundary. If V is the square Ofgafgrc, <g y g| rc, a complete system of 
eigenfunctions vanishing on the boundary is given by 

(5) sin kx sin ly, 

where k and / are positive integers. The corresponding eigenvalues are 
Jl = **+/, the first ones being A x =2, A 2 = A 3 =- 5, A 4 = 8, A 6 = A 6 =10, - . 
The number of nodal domains of (5) is N = kl which for A = A 4 equals 4. 
The general eigenfunction with eigenvalue A is 

(6) 2 C*i sni 



where the C kl are constants. It should be observed that even if the number 
of nodal domains for each term in (6) is less than a certain value it is quite 
possible that the sum itself has a larger number of nodal domains. This, 
for instance, occurs when A = 10. 

5. Sharpening of the Nodal Line Theorem for Membranes 
with Fixed Boundaries 

In his paper ([3], p. 236) H. Herrmann remarked that a possibility of 
sharpening the nodal line theorem would be to show that for sufficiently 
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large values of n the maximal case N = n never occurs. However, he consi- 
dered that such a large deviation, from what holds for the vibrating string, 
is improbable. 

In 1923 and 1924 G. Faber [2] and E. Krahn [4] proved Rayleigh's 
conjecture that for membranes with fixed boundaries and with given area V, 
the circular one has the smallest first eigenvalue. Later G. P61ya and 
G. Szego [8], p. 6, showed that the Faber-Krahn theorem can be deduced by 
Steiner's symmetrization. The theorem can be expressed by the inequality 



where V is the area of the membrane and / is the smallest positive zero of 
the Bessel function / . The theorem holds even if the region of the mem- 
brane is multiply connected. 

Let Q 1 , Q 2 , , Q N be nodal domains of the eigenf unction q> of a mem- 
brane with fixed boundary and assume that this eigenfunction belongs to the 
w-th eigenvalue X X n . In each O t the function q> ^ 0, so that A n is the first 
eigenvalue of a membrane covering Q i and being fixed along the boundary of 
this domain. Hence, according to (7), the value A n satisfies the inequalities 



in which Q t denotes the area of the *-th nodal domain. By adding these in- 
equalities we find 

V N 

W 2^T' 

nf A w 

where V is the area of the membrane. Thus a necessary condition that the 
maximal case N n should occur is that 



Let us assume N = n for infinitely many values of n. According to Weyl's 
asymptotic law for the eigenvalues, the right hand side of (10) tends to 
as n tends to infinity. It then follows that 



which can be true only if 2 ^ /. But / = 2.4048. . .. Hence it is proved that 
for the eigenfunctions <p n of a membrane with fixed boundary the maximum n 
of the number of nodal domains is attained only for a finite number of eigen- 
values. 
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From (9) it follows that 

N /2\ 2 

lim sup ^ -= 0.691 . . . 
n ^oo n \j / 

which shows that for every e > the inequality 



is valid only for a finite number of values of n. 

6. Square Membrane with Fixed Boundary 

If the eigenf unctions and eigenvalues are explicitly known, the neces- 
sary condition (10) for maximal subdivision by nodal lines can be used to 
isolate those values of n for which the number of nodal domains equals n. 
Let us for instance consider the square membrane with fixed boundary of 
Section 4. For this membrane the number m(A) of eigenvalues & 2 +/ 2 < A 
coincides with the number of lattice points (k, I) in # 2 +?/ 2 < A, x ^ \,y *t\. 
Covering this region by squares k ^x <^k+l, I ^y ^l+l with corners 
(k, I) in the region, one finds that 



In considering cases of maximal subdivision N = n we may assume A n-1 < A n 
so that w(A n ) = w 1. Hence 



If this result is introduced in (10) it follows, since V n 2 , that the condition 



is necessary for maximal subdivision. This inequality can only be fulfilled 
if A n < 51. Now A 33 = 50, A 34 = 52 and it is easy to investigate whether 
relation (10), which for the square has the form 

n n 

r ^-== 0.545..., 

*n f 

holds for the different eigenvalues A n 5j 50. This investigation leaves us 
with the only possible values A = 2, 5, 8, 10, 13, 17. For the last three of 
these remaining values the nodal lines of the corresponding eigenfunctions 
(6) are easily constructed (see [1], p. 259 and [6], p. 80). In this way one 
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finds that maximal subdivision by nodal lines at the square membrane with fixed 
boundary only occurs for the first, second and fourth eigenvalues. 

By considering the particular eigenfunctions sin kx sin ky it is seen 
that for a square membrane with fixed boundary 

N 2 
lim sup ^ = 0.636 .... 

->> n n 

Thus, for every e > the inequality 



holds for infinitely many values of n. 

7. On the Problem of Sharpening the Nodal Line Theorem 
for Free Membranes 

In the case of a free membrane the inequality (8) cannot be applied to 
nodal domains adjacent to 5 and the reasoning of Section 5 is not valid. In 
spite of this it seems highly probable that the result of that section is also 
true for free membranes. This belief is supported by the fact that the theo- 
rem holds for the free rectangular membrane as well as in other cases when 
the method of separating variables can be applied. 

Consider, for instance, the free square membrane ^ x :g n, ^ y f> n. 
Here the eigenvalues are /j, & 2 +/ 2 , where k and I are non-negative integers, 
the corresponding eigenfunctions being 

y = Cfc cos & x cos fy' 



Since ip(x, 0), ip(x, n) } ^(0, y), ip(n, y) are polynomials of degree ^ <\/IJL in 
cos x and cos y, the number of "nodal points" on the boundary is ^ 4<v//* 
which implies that the number of nodal domains adjacent to the boundary 
has the same upper bound. Consequently, if N is the number of nodal 
domains of an eigenfunction belonging to the eigenvalue p = // w , the number 
of "inner" nodal domains is ^ N4:\/~JLi n . For these inner nodal domains 
relations (8) are valid, and by adding these relations we find 

V ^ N4<v//7 n 

_ ^ . 

Assuming that N = n for an infinite number of values of n we obtain by 
transition to the limit the same contradiction as in Section 5. 

While the method of Section 5 carries over to any number of dimensions 
greater than 2 this is not true for our treatment of the special problem of 
this section. In order to treat, for instance, the case of the free three-dimen- 
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sional membrane 0^a?2g7r, ^y ^7t, ^ 2 5g rc, it would be necessary 
to use, in a special case, the theorem quoted in [1], p. 394. This theorem 
which generalizes part of the Liouville-Rayleigh theorem for the string asserts 
that a linear combination, with constant coefficients, of the n first eigenfunc- 
tions can have at most n nodal domains. However, as far as I have been able 
to find, there is no proof of this assertion in the literature. 
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1. Introduction 

Let 



*. it, K, ,**. 

Here D denotes a bounded open domain in the w-dimensional real Euclidean 
space of points t with coordinates ^ , , t n while y f = dyjdtj . We consider 
the minimum problem for (1.1) among functions y = y(t) satisfying the 
boundary condition 

(1.2) y = on D 
where Z) denotes the boundary of D. 

The aim of the present paper is to start a treatment of such problems 
which is based on the theory of gradient mappings. The facts used from this 
theory are essentially the foil wing: 1 Let H be a real Hilbert space, V a closed 
bounded convex set in H, and I(x) a scalar (i.e., a real valued function) de- 
fined for points x in V. Then, if I(x) is weakly continuous 2 , it reaches a 
maximum and a minimum in V since V is weakly compact. Moreover, since 
the norm ||$|| and its square (x, x) are weakly lower semi-continuous, 3 the 
scalar 

(1.3) i(x] =-- x+I(x] 

is weakly lower semi-continuous and therefore reaches a minimum in some 
point X Q of V. Finally, if X Q is an interior point of V, then grad i(x Q ) = 0; i.e., 
we have with G(x) = grad I(x) 4 



^1. [13J. 

This means continuous in the "bounded weak topology". The neighborhoods of this 
topology are the intersections oi the weak neighborhoods with some sphere containing V, 
cf. [13], p. 10. 

Cf. [13], p. 11. 

*We recall the definition of grad / in a Hilbert space H: the Fr6chet differential (cf. 
Def. 3.1) dl = d(x, h) of / at x is a linear bounded functional of h. Therefore, there exists a 
uniquely determined clement G = G(x) in H such that dl (h, G) where the parenthesis 
denotes the scalar product. By definition G ~ grad /. 
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(1.4) g(x) = x+G(x) = for x = x . 

For the application of this theory one has to be sure that I(x) is weakly 
continuous. It is known that this is the case if g(x) x = G(x) is completely 
continuous 5 . However in the direct application to the variational problem 
in question this assumption is not satisfied. Indeed the first variation of the 
integral (1.1) belonging to the increment ?? of y is of the form 

(1-5) 

where the parenthesis at the right denotes the usual scalar product in the 
space L 2 (D) of functions which arc square integrable over D and where 
E(y) denotes the Euler expression 



This would suggest to consider E(y) as the gradient of j(y) (cf. footnote 4). 
However E(y}y, being a differential operator of order two, is not com- 
pletely continuous in L?(D). 

The present paper deals only with the special case that / is of the form 

(1.7) f(t, y, & , , y n ) = i 2 a tk (t) yi y k + J b t (t)y t +c(t, y) 

f-1 &=1 1=1 

where the quadratic form with the matrix (a tk ) is positive definite in the 
closure D of D. In this case, to overcome the difficulty just mentioned, we 
will proceed as follows: Let 



0-8) (</)=- -2 2 2-* 



We consider the boundary value problem 

(J.9) Hy)=x, y = 0onl) 

for x = x(t) belonging to a linear dense subset L of Z, 2 of sufficiently 
smooth functions. If 

(1.10) y = M(x] 

is the solution of the problem (1.9), then M turns out to be a bounded linear 
positive definite symmetric operator on L (Lemma 2.2). This space can 
therefore be re-normed 6 by using the norm which is based on the scalar 
product 



Cf. [13], p. 11. 

The device oi re-norming the Hilbert space was first used by K. O. Friedrichs [3] 
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This re-normed space will be denoted by H and its completion by H. We 
now introduce x instead of y as the "independent variable" in (1.1); i.e., we 
set 



(1-12) i(x) 

It will be shown that the gradient g(x) of i(x] (with its definition based on the 
scalar product (1.11)) is E(M(x)) (cf. (1.6)) and has the desired property 
that g(x) x is completely continuous (Theorems 3.1 and 3.2). It can now be 
concluded immediately that any closed solid sphere V of H contains at least 
one point x for which i(x Q ) is a minimum in V. The point y^M (X Q ) gives 
then a minimum for the scalar (l.l ). While X Q may be an "abstract" element 
of H, y Q turns out to be in L Z (D) and is actually of class $ 2 in the sense of 
Calkin and Morrey. 7 Moreover, a sufficient condition is given for X Q to be an 
interior point of V provided that the radius of this sphere is large enough 
(Theorem 3.4). In this case x satisfies (1.4), and y Q = M(x Q ) satisfies the 

(generalized) Euler equation E(y Q ) = 0. g(x) will be called the Euler opera- 
tor. 

Under further conditions on the coefficients of (1.7) it will be shown in 
Section 4 that the Euler operator has a Frechet differential 



with completely continuous L. The linear form / 2 in f will be called the Jacobi 
operator (at x). It will be seen that for a critical point X Q of i(x) (i.e., a point 
XQ satisfying (1.4)) to be isolated it is sufficient that the Jacobi operator at X Q 
is non-singular. In this case it follows easily that d?i(x, f , ) =- [I 2 (x ,),)] 
is the second Frechet differential of i(x) at # , and that for f this differ- 
ential is a non-degenerate quadratic form which in its normal form contains 
at most a finite number of negative squares. 8 Earlier results 9 show that 
for the topologically defined Morse type numbers m r of dimension r the re- 
lations m r ~ 6 r 8 hold, a result which is classical for non-degenerate critical 
points of a function of a finite number of variables. 

2. The Operator M 

The object of this section is the discussion of the various spaces referred 
to in the introduction and of the operator (1.10). 

LEMMA 2.1. Let D be the domain of the introduction. We assume that its 
boundary D has Holder continuous derivatives up to and including order three. 

7 Cf. [51. p. 4. 

8 For a treatment of question concerning the index form by using directly forms in Hilbert 
space (instead of going to the limit in the dimension) see [4]. 
Cf. [11J, p. 466. 
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Let a ik (t), i, k = 1, 2, , n, be functions defined in the closure D of D and 
have there Holder continuous derivatives up to and including order two while 
their matrix is positive definite for every t in D. Finally let x x(t) have 
Holder continuous derivatives of order one in D. Then the boundary value 
problem (1.9) has one and only one solution y(t) which has continuous derivatives 
up to and including order three in D. 

Proof: The uniqueness is classical. A proof for the existence of a solution 
with continuous second order derivatives was given by Schauder [14]. The 
extension of Schauder 's results to derivatives of order three has been effected 
by Morrey. 10 

LEMMA 2.2. As in the introduction let L 2 = L 2 (D) be the Hilbert space of 
functions y = y(t) which are square integrable over D. Let L be the subset of 
elements of L 2 which satisfy the assumptions made about x(t) in Lemma 2.1. 
For xCL denote the unique solution y y(t) of (1.9) by 

(2.1) y = M(x) 
and the derivatives y 3 = dy/dt f by 

(2.2) y, = M,(x), j = 1, 2, - , n. 

Then a] M and M, are linear bounded operators with domain L; b) M is sym- 
metric and positive definite. 

Proof: a) The linearity is obvious. The boundedness follows from the 
fact that there exists a constant // such that for the solution y of (1.9) and 
its derivatives the inequalities 

(2.3) f y*dt ^ fi f x*dt, f (f^) 1 * g n I x*dt 
JD JD JD \ot } J Jn 

hold 11 , b) Let x -= x(t), f = g(t) be elements of L, and y = M(x), rj = M(). 
With the usual notation for the scalar product in L 2 we have from Green's 
theorem 

(2.4) (|, M(x)) = ((,), y) = 2 f f tt ^ ^ *. 

JD t,k*-l Mi Otk 

This obviously implies the symmetry of M. Moreover (2.4) with f x 
together with the positive definiteness assumption about the matrix of the 
a ik implies the existence of a constant m such that the inequality 

(2.5) 

D -i 

holds. Thus (x } M(x)) ^ 0. But here the equality sign can, by (2.5), hold 

10 Cf. J0], Theorem 7.6, p. 149. 
"Cf. [2]. 
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only if y is constant, and, therefore on account of the boundary condition, 
if y = 0. But then x = L(y) = 0. Thus (x t M(x)) > unless x = 0. 
Lemma 2.2 allows us to re-norm L by using the scalar product (1.11). 

DEFINITION 2.1. The linear space which as a point set coincides with L 
and whose scalar product is defined by (1.11) is called H. The Hilbert space 
obtained from H by completion is called H. The norm of an element y of 
L or Z, 2 is 1 1 y \ \ = + V(y, y) . The norm of an element x in H or H is + V[aj, x] 
where [x f x] is given by (1.11). 

M and M y are bounded operators on L. We claim they are also bounded 
on H. This is an immediate consequence of the following 

LEMMA 2.3. Let \\M\\ be the norm of M in L. Then 

(2.6) [M (x),M(x)]^ \\M\\* [x,x], 

(2.7) {MA*)>M,(*K^m- } - 

Proof: Since M is a bounded linear symmetric positive definite operator 
on L, there exists a bounded symmetric operator VM with the properties 

VMVM = M, \\VM\\ = Vpf[|. 12 

We have by (1.11) 

\M(x), M(x)] = (M(x), M*(x)) = (MVM&), MVW(x)} 

^ ||M|| 2 ( VM^-), VlM(x)) = ||M|| 2 (z, M(x)) 
which proves (2.6). In a similar way we obtain 



If we combine this inequality with the inequality 



derived from (2.5) we obtain (2.7). 

DEFINITION 2.2. By the preceding lemma M and M s as operators on H 
can be extended to H . From now on M and M, denote these extended opera- 
tors mapping H into itself. 

LEMMA 2.4. A Cauchy sequence of L is a Cauchy sequence of H. 
Proof: The lemma follows from the fact that, as vector spaces, L and H 
are identical and from the inequality 



(2.9) [x, x] = (x, M(x)) = (VM(). VM(x)) ^ \\M\\(x, x) = ||M|| ||z||. 



"Cf. [7], p. 15. 
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LEMMA 2.5. With proper identification, L 2 as a vector space is a sub- 
space of H as a vector space. 

Proof: An element x of L 2 if determined by a Cauchy sequence of ele- 
ments x n in L. By the preceding lemma {x n } is also a Cauchy sequence in 

<v 

H and therefore determines an element #' of H. We identify x' with x. 

LEMMA 2.6. For each xCH the elements M(x), Mj(x) of H are in L 2 
(cf. the identification of the preceding lemma). 

Proof: Let {# n } be a sequence of elements of H converging to x in H. 
The elements y n = M(x n ) are then in L since H and L are identical as point 
sets and M maps L into itself. We claim that the y n form a Cauchy sequence 
in L 2 . Indeed 

(Vn-y m > Vn-yJ = (M(x n -x m ), M(x n -x m )) 



(2.10) 



\\M\\(VM(x n -x m ), VM(x n -xJ)= \\M\\ [x n -x m , x n -x m ]. 



Since {x n } is a Cauchy sequence in H, this inequality shows that the y n form 
a Cauchy sequence in L 2 . By Lemma 2.4 they form a Cauchy sequence also 
in H and, by the identification of Lemma 2.5, the limit 

(2.11) y = lim y n = lim M(x n ) 

n->oo n >( 

is the same whether the limit is taken in H or L 2 . Finally since M is a conti- 
nuous map H-+H, the limit (2. 1 1 ) equals M (x), which proves the part of the 
lemma concerning M. The part concerning M , is proved correspondingly if 
instead of (2.10) one uses the inequality obtained by replacing x by x n x m 
in (2.8). 

DEFINITION 2.3. By the preceding lemma we may consider M and Mj 
as mappings H -> L 2 . Considered in this way they will be denoted by M 2 , 
MJ: , respectively, while the notation M, M 3 will always be used in the 
sense of Definition 2.2. 

LEMMA 2.7. For xC H the element y = M(x) of H is a function of class 
$ 2 in tfo sense of Calkin and Morrey. 

Proof: By Lemma 2.6, y is in L 2 . According to the definition of the 
class SJ$ 2 we have therefore only to show that y possesses "generalized deri- 
vatives" dyldtj, /= J, 2, , n, in the following sense which we explain 
for / = 1 : denote by C n an n-cell of points / (^ , t 2 , ,t n ) of D given 
by the inequalities 

(2.12) a t ^t t ^b if i = l, 2, -,, 
and by C' the (n l)-cell of points f = &, * 8 , , tf n ) given by the last 



"For the definition of the class $ a see [5], p. 4. 
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n 1 of the inequalities (2. 12). We then have to exhibit a summable function 
rj(t) such that for almost all cells 

(2.13) 

We choose for r\ the function rj = M^(x) which is summable by Lemma 2.6. 
To show that (2. 13) is true with this 77 we consider a sequence {x n } of elements 
in H converging to x. y n M(x n ) and r\ n = Af 1 (o? n ) are then elements of L 
and we know (cf. Lemma 2.6 and its proof) that 

(2.14) lim y n = lim M (x n ) = y in L 2 , 

(2.15) lim rj n lim M(x n } = M^x) r\ in L 2 . 



n-*co n->co 

Since for each w, ?y n is the derivative with respect to t- L of y n we have for each 
cell C 



Because of (2.15) it is clear that for n-+co the right member of (2.16) ap- 
proaches the right member of (2.13). To prove (2.13) for almost all cells C 
it will therefore be sufficient to show that for almost all a , 6 X a subsequence 
of the left numbers of (2.16) tends to the left member of (2.13). In other 
words we have to prove: if 



then for some subsequence {J 

lim d n (ti) = for almost all ^ . 

i-+ao 

But it is well known that this relation is a consequence of 

lim 



n->oo i 

and this latter relation is, because of (2.14), a consequence of the inequality 



dt^F f br&.o- 

Ja x JC' 

^ f br (<)-(<)]** 

Ji> 



which in turn follows from (2.17) by using Schwarz's inequality. 

We conclude this section with the following theorem which is basic for 
all that follows. 
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THEOREM 2.1. The mappings M, M s (cf. Definition 2.2) and M 2 (cf. 
Definition 2.3) are completely continuous. 

Proof: The maps in question are extensions to H of maps defined in the 
dense subset H of H. It is easy to see that it is sufficient to prove the theorem 
for the restrictions of the maps to H. We first prove the part of the theorem 
concerning M 2 . We have to show: Let V R be the sphere in H defined by 

(2.18) [x,x]^R 2 , xCH, 

and {#"} a sequence of points of V R . Then the sequence {y n } = {M(x n )} 
contains a subsequence which is a Cauchy sequence in the L 2 metric. The 
proof will be based on Rellich's lemma. 14 We first note the inequality 

(2.19) \\M(x)\\ 2 <i \\M\\ [x,x] 

which is proved like (2.10). For xCV Rt (2.19) implies 



(2.20) 

on the other hand (2.8) shows that for x C V R 



But by Rellich's lemma the inequalities (2.20), (2.21) imply the existence of 
a Cauchy subsequence of the sequence {y n } = {M(x n )}. This proves the part 
of the theorem concerning M 2 . It also proves the part concerning M since, 
by Lemma 2.4, y n is a Cauchy sequence also in H. 

To prove the part concerning M^ we note first that dyjdt i satisfies the 
assumptions made about x. Therefore we can, in (2.8), replace x by y t = 
= M t (x) and consequently y by M(y i ). We thus obtain 



(2.22) 

JD \ M, / ~~ m 

But by (2.9) and (2.21) the right member of (2.22) is not greater than 
\\M\\(y ityi )lm^\\M\\R 2 lm 2 . Thus 

(2.23) 

On the other hand we obtain from (2.21) the inequality 

f T /dv\ 2 R 2 

(2.24) (M (y t )} 2 dt^ \\M\\ 2 \ (^ \ dt ^ ||M|| 2 . 

JD JD \otj m 

Again, by Rellich's lemma the inequalities (2.23), (2.24) allow us to 
14 cf rsi. 
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conclude that the sequence (M(y^)} contains an Z, 2 Cauchy subsequence if 
{^} = {M t (x n )}. We claim that for the corresponding subsequence of the 
integers n, the y" form a Cauchy sequence in H. This follows from the 
following inequalities obtained by application of the Schwarz inequality 
and of (2.21): 



3. The Scalar (1.1) 

The object of this section is to investigate (1.1) in the form (1.12). Par- 
ticularly it will be shown that i(x) has a gradient which satisfies the as- 
sumptions discussed in the introduction and allows immediately to conclude 
the existence of a minimum of (1.12). 

We consider first the differential expression 

(s.i) %)=y(*,y) + i0.(0y+i 2ayiy, y = lr- 

t=l *~1 *1 v*< 

LEMMA 3.1. Let a tk satisfy the same assumptions as in Lemma 2.1. Let 
/? t (tf) be continuous in D, and y(t, y) be continuous for t C D and satisfy a 
Lipschitz condition for all y. For xCL (cf. Lemma 2.2) we define A(x) by the 
integral 

(3.2) 

where y in X(y) is replaced by the operator M(x) defined in (1.10). Then: 

a) In each sphere V R in H (Definition 2.1) defined by [x, x] ^ R 2 , A 
satisfies a Lipschitz condition] i.e., there exists a constant C R such that 

(3.3) |/l(*+f)--4(*)|"^Ci[f,f] for x,x+CV R . 

b) A can be extended to all of H in such a way that (3.3) holds. 
Proof: a) Denote by A , A x , ^ the first, second and third term of (3.1), 

respectively, and by A it i = 0, 1, 2, the integral in (3.2) with A replaced by 
A such that 

(3.4) A - A +A l +A 2 . 

If then L denotes a Lipschitz constant for y, and p(D) the measure of D we 
have by (2.19) with rj = M({), 77, = dM/dt t . 
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Moreover, if B denotes an upper bound for /?,(0* t C Z), i = 1, 2, , n, we 
have by (2.7) 



a\2 
^,(0%*) 




m 
and, therefore, 

n / n g 

(3.6) A l (x+S)-A l (x) = 2 I j8 t (O^.W* ^ ~-r= /"P) V[f, f] V||M||. 
Finally we note that by (2.4) and (l.ll) /1 2 = [x t x]/2 and consequently 

(3.7) 

Formulas (3.4) (3.7) obviously prove (3.3) with a suitable C R . 

b) Let # be an arbitrary element in H and R a positive number greater 
than V[x, x]. Then there exists a sequence of points x n in the intersection 
V K nH such that x n -^x in #. Replacing, in (3.3), x by x m and f by rc w x m 
we see from this inequality that the A(x n ) form a Cauchy sequence in /f since 
the x n form a Cauchy sequence. We define A(x) = lim^l(a; w ). 

n->oo 

We recall the definition of a Frechet differential. 

DEFINITION 3.1. The scalar i(x) defined inH (or a subset ofH) is said to 
have a Fr6chet differential at the point x if there exists a bounded linear 
functional in f, / (f) = I(x , f) such that the following is true: If /^(o; , f) 
is defined by the equation 

(3.8) 
then 
(3.9) 




If i(x) has a Frechet differential for all X Q of a subset H^ of J7 and if the limit 
(3.9) is uniform in H , then i(x) is said to have a uniform Frechet differential 
in Hi. 

We consider now the scalar j(y) defined by (1.1) and (1.7) under the 
assumption that the coefficients a ik , 6, , c satisfy the assumptions made in 
Lemma 3.1 for a ik , p { , y respectively. The scalar i(x) defined by (1.12) for 
x c H can then, by Lemma 3.1, be extended to H, and the extended scalar 
which we again denote by i(x) satisfies a Lipschitz condition of the form 
(3.3). We will now prove the existence of the Frechet differential di of i(x) 
under the additional condition that the b t have continuous first derivatives 
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and that dcfdy exists and satisfies the assumptions made concerning y in 
Lemma 3.1. 

THEOREM 3.1. Let the coefficients of (1.7) satisfy the assumptions just 
made. Let 

n 9 / dn\ n 9o- dc 

(s.io) (</) = -2 2 ^Ksrl-llr + S- 



Moreover for x H, * H let 
(3.11) 



(3.12) I(x , |) = 

TAm /or /za;^ # c H, /(# , f ) zs bounded linear functional of f /or f w .fiT awrf 
6'<zw therefore be extended to H. It can also be extended to H as a function of X Q . 
Moreover I(x , f ) is the Frichet differential of i(x), 

(3.13) ' di(x , f) = l(x Q) f) = ((^), 77), 
and is uniform (Dejinition 3.1) in each sphere V R . 

Proof: That for fixed X Q H, I(x , f ) is linear in { is clear. To prove the 
boundedness we note first that E(x Q ) = E(M(x )) is in Z, 2 , and that there- 
fore, by (3.12) and (2.19) 



Thus I(x , f ) is bounded (in |) and can be extended to H. To prove that 
l(x Q , f) can also be extended as a function of X Q we note first that, by (3.10), 
(3.11), (1.8) and (1.9), 

n 96, 9c 
(3.15) (* ) = * -2- 



-- - 
t=i oti oy 

and claim that E can be extended. This is obvious for the first term in (3.15), 
but also for the second since this term is independent of x . To prove that 
also the last term in (3.15) can be extended to H we set c^(t t y] = dcjdy and 
note that by assumption there exists a constant K such that 



Moreover c^(t t M(x)) is, for x e H, in L 2 and can therefore, by Lemma 2.5, be 
considered as element of H. Let now # be an arbitrary element of H, and 
{x n } a sequence of elements of H converging (in the H metric) to X Q . With 
the abbreviation c n = c^t, M(x n )) we have then from (2.19) and (3.16) 

-c m ,c n -cj \\M\\ || Cn - Cm ||*<;||M|| K* 





?Z \\M\\* K*[x n -x m ,x n -x m ]. 
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This shows that the c n = (^(t, M(x n )) form a Cauchy sequence in H, and 
^(/, XQ) can be defined in the obvious fashion. 

To prove that the extended I(x , { ) is a bounded linear functional in f 
we note that, by (3.12), (3.15) and (1.11), the equality 

(3.18) /(*.*) = [*(bU] 

with 



holds, first for X Q in H, then by continuity for all X Q in H. But (3.18) sets 

in evidence that l(x$ , f) is, for fixed JP O , a bounded linear functional in f. 

We now prove that l(x Q , f ) is the Frechet differential at x of i(x). We 

have from the definition (1.1), (1.12) and (1.7) for x H, 

(3.20) i 

where 



= f i 6 */i^ ^o = f ( 

JD ,=1 JD 



(3.21) 



while A 2 is defined in the beginning of the proof of Lemma 3.1. We see 
from (3.7) that 



(3.22) A. 
Moreover we obtain from (3.21) 

C n db 

(3.23) I, = - ,(<) 2 -i 

JD *-i ^ t 

and 
(3.24) 

where the arguments of dc/dy are ^ and y = M (x) while 



and therefore, by (3.16) and (2.19) 
(3.25) |JZi|^ 
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(3.20) (3.24) together with (3.12) and (3.19) show that f 
I(x , ()+R where R = J[f, f] + # 2 and therefore by (3.25) 



which proves that / is the uniform Frechet differential of i(x). 

THEOREM 3.2. Under the assumptions of Theorem 3.1 the gradient g(x) 
of i(x) is of the form 

(3.26) g(x) = x+G(x) 
where G(x) is completely continuous. 

Proof: By definition of the gradient, (3.13) and (3.18) show that 

(3.27) g(x) - E(x)i 
therefore we see from (3.19) that 

(3.28) G(x) = g(x)-x =-2~+^ 

-i w oy 

Since the b i do not depend on x it is sufficient to show that if V R is the 
sphere defined by 

(3.29) [x, x] R 2 , 

then every sequence of points in V R contains a subsequence {x n } for which 
(with the abbreviations used in (3.17)) the c n as elements of H form a 
Cauchy sequence. To see this we note that by Theorem 2. 1 the mapping M 2 , 
i.e., M considered as the mapping 7/->L 2 is completely continuous. There- 
fore every sequence of points in V R contains a subsequence {x n } such that the 
M(x n ) form a Cauchy sequence in L 2 , i.e., such that \\M(x n -~x m )\\ 
\\M (x n )M(x m }\\ -> as m t n -> oo. But (3.17) shows then that the c n 
form a Cauchy sequence in H. 

THEOREM 3.3. Under the assumptions of Theorem 3.1 the scalar i(x) 
reaches a minimum in every sphere (3.29). 

Proof: If we write 



(3.30) *=[< 

it follows from (2.4) and the definition of i(x) that I(x) is the extension of 
the integral 

TI jf i \ y 



Since x is the gradient of [#, x], comparison with (3.26) shows that G(x) 
is the gradient of I(x). Thus by Theorem 3.2, 1(x) has a completely continu- 
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ous gradient and this fact, as has been recalled in the introduction, implies 
the weak continuity 16 of I(x). Since [x, x] is weakly lower semi-continuous 16 
it follows now that i (x) is weakly lower semi-continuous and therefore reaches 
a minimum in the weakly compact sphere V R . 

COROLLARY TO THEOREM 3.3. Let A be the intersection of $ a 17 with the 
range of M(x) (x varies over H). 18 Then for every positive number R t there 
exists an element y such that j(y) ^ j(y ) for all y in A satisfying the inequality 

1 1^**^ 

(which is also satisfied by y ). 

The corollary is an immediate consequence of Theorem 3.3, Lemma 2.7 
and the equalities (2.4) and (1.11). 

THEOREM 3.4. Sufficient for the existence of a critical point, i.e., a point 
x satisfying (1.4) is that the coefficient c in (1.7) is non negative and that the 
assumptions of Theorem 3.1 are satisfied. 

Proof: The theorem will be proved if we can show that for some R the 
point x of V R which by Theorem 3.3 minimizes i(x) in V R is an interior point 
of this sphere. We will show that this is true for large enough R; to see this 
we note that for suitable m, M 

w f f n n f> dy 

(3.31) m^ y*dt ^ \ ^ a ik y i y k dt ^ M 2 2/?^ y* = ~^T' 

*=i JD JD ,*=! =i JD v*i 

Moreover we obtain from Schwarz's inequality 



I f i b t y t dt =s s]/i f ytdt, B = 1/i f b*dt. 

I JD =i r =i JD ' r=i JD 

From these inequalities, the assumption c ^ and the definition of i(x) 
(cf. (1.1), (1.12) and (1.7)) we obtain the inequality 

n / r n r n^ 

(*)^2 tf*-B\2 dt\ . 

i~lJD LilJD J 

Applying again (3.31) and noting that the middle member of this inequality 

16 Cf. footnote 2. 

"Cf. footnote 3. 

17 See footnote 7 and Lemma 2.7. 

"The range of M(x) can be shown to consist of all functions y in L 2 to which there 
exists a sequence of elements y m in L 2 which are 3 times differentiate and vanish on the boun- 
dary D and for which ||2/ m 2/|| -> as m -> oo while the ~by m l"bt t form a Cauchy sequence in L*. 
By Lemma 2.7 the range of M(x) is contained in $ a . 
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4 



equals [x, x]/2 (cf. (2.4)) we see that 

1 

V2M ' L ~' ~ J LV2M 

If the radius R of V R is greater than V%M and such that mR/V2M 
B>i(0), then i(x) > ^(0) f r # on the boundary of J^ , which shows that 
the absolute minimum in V R can not be taken on the boundary. 

4. The Second Differential of i(x) 

THEOREM 4.1. In addition to the assumptions of Theorem 3.1 we assume 
that c^(t, y} = d 2 c/dy 2 exists and satisfies the assumptions made about y in 
Lemma 3.1. Then g(x) has a Frechet differential 

(4.1) I 2 (x, ) = +L(x, ) 

where L is the differential of G and is given by the extension of 

(4.2) r}C 2 (t, y), r\ = M(), y = M(x). 

L is completely continuous in x and . 

Proof: Since the b i do not depend on y M(x) we see from (3.28) that 
with c^(t, y) = dc/dy 

(4.3) G(x-\-) G(x) = Ci(t t y+ri)Ci(t, y} = rjc^t, y) + R 
where 

Since c 2 satisfies a Lipschitz condition in y there exists a constant K such 
that \R\ <K\rj\*. We therefore see from (2.9) and (2.19) that 

[R, R] ^ \\M\\ (R, R) ^ ||M|| # 2 |H| 2 ^ M*K* [, ] 

which together with (4.3) proves that L(x, ) is the Frechet differential of 
G. It now follows immediately that (4. 1 ) is the Frechet differential of g since 
is the differential of x. That L can be extended to H follows from the proof 
given for Lemma 3.1 since c 2 satisfies the assumptions made in this lemma 
concerning y. Finally, the complete continuity of L(x, ) in follows from 
Theorem 2.1 while the proof, for the complete continuity in x, i.e., of 
c 2 (t, M (x)), is identical with the proof for the complete continuity of c t given 
in Theorem 3.2. 

COROLLARY TO THEOREM 4.1. Under the assumptions of Theorem 4.1, 
i(x] has a second differential 

(A A.\ fm(r r\ r/ (r E\ n 

\** / ^ ^ \ tX/ r > *s ) L 2\ ' */' ' '* 
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The corollary is an immediate consequence of Theorem 4.1 and [10], 
Lemma 2.3. 

THEOREM 4.2. Under the assumptions of Theorem 4.1 let X Q be a critical 
point of i(x), i.e., a solution of (1.4). We assume moreover that the linear map 
I 2 (x , f ) in f is non-singular. 19 Then the following statements hold: 

a) x is an isolated critical point; 

b) for x = x the bilinear form (4.4) in f and is non-degenerate] 20 

c) there exists an ortho-normal base e v of H, a sequence of positive numbers 
p v , and a non negative finite integer s such that 



d* i(x , 1, S ) = - 2 p, + p, , , = [e v , I]. 



Proof: On account of the complete continuity of G the statements follow 
from the discussion in [10], pp. 7881. 

THEOREM 4.3. Let the assumptions of Theorem 4.1 be satisfied. Let x be a 
critical point of i(x), and I 2 (x , f) non-singular. Moreover we assume that 
c(y, t) has derivatives with respect to y up to the fourth order and that all these 
derivatives satisfy the assumptions about y in Lemma 3.1. Let m r be the Morse 
type number of dimension r of the critical point X Q . 22 Then 

(4.5) "Hi aril! -O.l.V... 

Proof: Under certain assumptions (4.5) was proved in [11], Theorem 
7.2. If one uses Theorem 7.1 of the same paper it is a matter of routine to 
check that these assumptions are satisfied in the present case. We therefore 
omit the details. 

We finally note the following two connections a) and b) between the 
operator g(x) and the operator I 2 (x, {) which are the analogues of well-known 
connections between the Euler and the Jacobi expression in the calculus 
of variations. 23 

THEOREM 4.4. Let the assumptions of Theorem 4.1 be satisfied, a) Let 
x = X(VL) be a solution of (1.4) depending on the real parameter a and let 

"I.e., J a (a? , ) = only if = 0. 

80 A symmetric bilinear form J3(, C) is non-degenerate if "B(|, ) = for all " implies 
Co = 0. 

8 

"If s = the symbol S is supposed to denote 0. 


"If U is a small enough neighborhood of a? , then for r = 0, I, 2, the number m r is de- 
fined as the r-ih relative Betti number of the set {i(x) <Z i(x )} O U modulo the set 
{i(x) *'(#<,)} r Ux . (Singular homology theory is used). 

"See e.g., [1], p. 62 and p. 74. 
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= x . We assume moreover that the derivative a'( a ) f x w ^ respect to a 
exists at a = 0. Then 

(4.6) ita,. 

b) Furthermore, 



where the index f indicates that the gradient operation is to be taken with respect 
to f. 

Proof; a) Since 1 2 is the differential of g we have 

(4.7) = g(x(*))-g(x ) - 

with 



(4.8) lim '.' 

->a; L**' ^0 ^ ''O J 

On account of (4.8) and the fact that 



exists, it is now easy to see that (4.6) is obtained by dividing (4.7) by a and 
letting a -> 0. 

b) d*i(x, f, ) is a homogeneous form of degree 2 in f. Therefore we 
have by Euler's theorem on homogeneous forms 24 



Comparison of this equality with (4.4) yields the assertion b). 
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Mean Values and Continuity of Riesz Potentials* 

KENNAN T. SMITH 

University of Kansas 

1. Introduction 

This paper contains results of N. Aronszajn and the author concerning 
the determination of the values of certain types of functions at a point in 
terms of the values of the functions at neighboring points. An example will 
explain the problem. 

If u is a function with finite Dirichlet integral over a domain D with 
boundary of class C * 1 , then u is known to have boundary values in various 
senses. One method of obtaining the boundary values is to extend u to a. 
function with finite Dirichlet integral over a domain containing D. The val- 
ues of the extension, defined and well determined on the boundary except 
on a set of points of capacity 0, are the boundary values of u. Here, more 
explicit means of determining u at a point x on the boundary directly in 
terms of the values of u inside D and near x will be obtained. 

The functions to which the theorems apply are those which belong to 
the best possible complete classes of admissible functions in eigenvalue and 
boundary value problems for linear elliptic differential operators. If D is a 
bounded domain in R n with a smooth boundary whose closure is contained in 
an open sphere S, then a universal space containing the complete classes of 
admissible functions in problems of order 2m concerning D is the completion 
of the space C m (S) of functions 2m times continuously differentiate and 
vanishing outside a compact subset of S with respect to the norm 



a- 1 ) Hii= 2 f 

*m J 



The complete space is called P^(S). 1 Some of its properties and a more 
detailed discussion of its role in differential problems can be found in the 
Proceedings of the Conference on Partial Differential Equations held at the 
University of Kansas during June and July, 1954 [9], One important prop- 



*The research for this paper was done under Contract N58304, Office of Naval Research. 

x The actual space for problems concerning D is the space of restrictions to 15 of all func- 
tions in P m (S). This space is independent of 5 an,d can be obtained by a construction indepen- 
dent of S, namely by the completion of the space of functions 2m times differentiable on D 
with respect to the norm in (1.1), integration being taken over D only. 
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erty is that each function in P(S) is differentiable k times in the ordinary 
sense except at a set of points of capacity of order 2w 2k t for any k ^ m. z 
Similar spaces (in which the functions are defined less precisely, outside 
sets of measure rather than outside sets of 2w-capacity 0) have been used 
in differential problems by a number of authors. Particular attention is call- 
ed to the articles in these proceedings by P. Lax, F. Browder, A. N. Milgram, 
L. Nirenberg (where spaces H m are used) and C. B. Morrey (where a space 
$P 2 is used). Also related are the spaces of (B.L.) -functions considered by 
O. Nikodym [7] and (B.L.) -functions of order k considered by J. Deny [3]. 

2. Statement of the Problem 

The subject of this paper is the determination of the value of a function 
u P(S) at a point X Q e S in terms of the values of u at points near X Q . 
When 2m>n there is no problem to be solved, since the functions in PJ*(S) 
are continuous. When 2m ^ n, however, the functions are not continuous; 
indeed, they are not defined everywhere only up to sets of capacity of 
order 2m. 

The determination of the value U(X Q ) is achieved in two ways: 

a) by limits of mean values, 

b) by continuity on the complement of a small set. 

The theorems falling under a) generalize a very simple mean value theorem 
of 0. Frostman [5]. The theorems falling under b) generalize similar theo- 
rems on the special case m = 1, due to N. Wiener [10], O. D. Kellogg and 
F. Vasilesco [6], M. Brelot [2], and J. Deny [3]. The basic result, which is the 
starting point, asserts that the functions in P(S) are Ricsz potentials. 

If u e P$(S), then there is a unique function g, square integrable over R n , 
such that, except on a set of 2m-capacity 0, 

(2.1) u(x) = K m g(x) = JX (x-y)g(y) dy. 

The norms \\u\\ m and ||g|| = \\g\\L* are equivalent. The kernel is the kernel of 
order m of M. Riesz\ 



Each potential of the type (2.1) which vanishes outside S belongs to P(S). 



The general theory of functional completion is developed in [1]. A complete account 
of the properties of the spaces P m (S) and their application to differential problems will be 
given in a forthcoming paper. The first to obtain similar differentiability properties for New- 
tonian potentials (which are a special case of the functions in P l (5)) was G. C. Evans [4], 
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The restriction of a potential of type (2.1) to a hyperplane of dimension 
n k is a potential in the hyperplane of order mk/2. Consequently, it is 
important to have theorems about the potentials for non-integral as well as 
integral values of m. In the proofs it is necessary to make use of potentials of 
measures and their properties. If < 2m < n and // is a positive Borel 
measure, 

(2.3) K 2mft (x) = 



The measure n is said to be of finite 2w-energy if 



If fji is of finite 2w-energy then, by the composition formula of M. Riesz [8], 
g = K m [t is square integrable and 

(2.5) K 2mf t(x) = K mg (x) and \\g\\ L * = ||^|| 2w . 

The theorems arc proved in general by considering first potentials of the 
form K Zm [i and afterward potentials of the more general form K m g. (Not 
every K m g is a linear combination of the K 2m ju,, and treatment of the former is 
essentially more difficult.) This plan of proof would appear to exclude the 
case 2m = n. That it does not is due to the fact that a kernel can be defined 
to fill the place of the non-existent K n . Using this kernel, which is equiva- 
lent locally to log l/\xy\, there exists a theory of potential, of capacity, and 
of balayage quite similar to the well-known theory using Riesz kernels. 3 
In the framework of this theory the statements below, and even their proofs, 
remain essentially conect. 

3. The Mean Value Theorems 

For each point x let {g?*J be a sequence of positive Borcl measures such 
that the total mass of 99* is l(\<p%\ 1) and such that the support of 99* is 
contained in a sphere S(x, Q k (x)) with Q k (x) -> 0. We are interested in the 
validity of the statements 

(3.1) K*mH(*) = lim f K z 

fr->oo J 

(3.2) K m g(x) -li 



Tn general, the potentials on the left sides of (3.1) and (3.2) arc defined only 
up to a set of 2w-capacity 0. If, however, the measure or the square inte- 
grable function g is non-negative, then the corresponding potential is defined 
everywhere, provided + oo is admitted as. a value. Tn this case it makes sense 

8 The details will be given in the forthcoming paper mentioned above. 
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to ask whether (3.1) or (3.2) holds at an individual point x chosen in advance. 
Putting the question in this form underlines the difference between (3.1) and 
(3.2). Under appropriate hypotheses (3.1) holds at an individual point 
chosen in advance; under the same hypotheses (3.2) holds, in general, only 
outside a set of 2w-capacity O. 4 

THEOREM 1. In order that (3.1) hold at a fixed point x for every positive 
measure p it is necessary and sufficient that there exist a constant M (inde- 
pendent of k and y) such that 

(3.3) K 2m <pl(y) ^ MK 2m (x-y) for all y. 

The necessity of (3.3) is proved by a simple explicit construction. Frost- 
man [5] verified (3.3) in the case when 99* is the normalized Lebesgue measure 
in the sphere S(x, Q k (x)) and noticed its sufficiency. Although Frostman's 
special case has been very useful, much finer measures than the normalized 
Lebesgue measures satisfy (3.3); we shall see that sets which are compara- 
tively rare at x can support measures which do. 

If A is a set, y% m (A) denotes its outer capacity of order 2m, and fjt A 
denotes its capacitary distribution. The support of p A is contained in A\ 
if A is closed, |^| = ||/^||L = y^A), K 2mf t A (x) ^ L on A except on a set 
of y 2m -capacity 0, K 2m ju, A (x) = 1 for almost every /I A , and there exists a 
constant M depending only on m such that K 2m jLL A (x) fg M. 

For each point x let (A k (x)} be a sequence of closed sets such that 
A k (x) CS(x, Q k (x)) with Q k (x) ~> 0. The problem is to sec whether each 
A k (x) supports a measure q>* such that (3.1) holds. 

THEOREM 2. // for a fixed point x there is a constant c> (independent 
of k) such that 

(3.4) y am [A k (x)] ^ cy sm [S(x, &(*))], 

then each A k (x) supports a measure <p^ for which (3.1) holds. 5 One choice for 
q>* is the normalized capacitary distribution for A k (x). 

This theorem is a simple consequence of the fact mentioned above that 
there exists a uniform bound for all capacitary potentials. In view of the 
fact that the point mass at x (9?* = point mass at x) satisfies (3.3), it is not 
possible to give a condition which is nontrivial and strictly necessary m 
Theorem 2. Condition (3.4) is essentially necessary, however. If (3.1) holds 
for the normalized capacitary distributions of the sets A k (x), and if the part 

Application of the theorems to potentials of measures or functions which are not non- 
negative is immediate. In the latter case the statement of each theorem is the same, in the 
former, exception must be made of a set of points of 2w-capacity 0. 

8 If ^ k < 2w and if H is a hyperplane of dimension n k passing through x, then 
yim[S(, e) n JTJ is of the order of Q n ~* m . Thus A k (x) = S(x, Q k (x)) n II satisfies (3.4). This 
gives an indication of how small the sets A k (x) can be. 
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of A k (x) outside S(x, %Q k (x)) has non-zero 2w-capacity, then (3.4) holds. 
More generally, if (3.1) holds for measures (p k x supported by the sets A k (x), 
and if there is an e > such that the 99* measure of the part of A k (x) outside 
S(x, %Q k (x)) is ^ e\y k x \ = e, then (3.4) holds. What is needed is a supplemen- 
tary condition to ensure that the <p k do not concentrate too quickly to the 
point mass at x. 

Now we turn our attention to (3.2) and give one of our principal theo- 
rems. 

Observe first that if the <p k are the normalized capacitary distributions 
of sets A k (x) satisfying (3.4), then 

M(x\ 
(3.5) J^rffo)^ IJ 

yamlX*' Qk\ x )] 

where M(x) is a bound independent of k. This follows from the existence of 
a uniform bound for all capacitary potentials. Observe also that (3.5) 
implies (3.3). 

THEOREM 3. // 2m <; n t and if the <p k satisfy (3.5), then (3.2) holds for 
any square integrable g except on a set of y 2m -capacity 0. 

We assume that K m g is finite for at least one x. This is always true 
if 2m <n; if 2m==n it is true if and only if (l+\x\)' Jnl2 g(x) is integrable. 

Proof: It is sufficient to prove the theorem when x is interior to some 
fixed sphere S. 

Let ^ be the positive measure of finite 2w-energy which is the result of 
sweeping K m g on S. Then the support of // is contained in S, and K Zm jbi(x) ^ 
K m g(x) on 5 except for a set of y 2m -capacity 0. For each e > choose an open 
set B f such that y% w (B 8 ) < e, and, on SB E , K 2m /i(x) and K m g(x) are uni- 
formly continuous. It will be shown that (3.2) holds at any point x at which 
the capacitary potential for one of the sets B e is ^ . Since the capacity of the 
set where the capacitary potential for B B exceeds J is at most 4e, this will 
prove the theorem. 

We fix X Q and e with the property indicated, and for simplicity of nota- 
tion omit henceforth all subscripts, etc., which refer to X Q . 

Since no measures with supports in the sets S(# , Q) n B e have the 
property (3.1) as Q -> O, 6 it follows from Theorem 2 that 



(3.6) lim2m ,,. 



If 0* denotes the restriction of 9?* to B s , if v k = <p k k and if f$ k is the capa- 
citary distribution for S(x Q , Q k (x )) O B 8 , then from (3.5) and from the fact 
that K 2m f$ k (x) ^ 1 on S(x Q , Q k (x Q )) n B, we obtain 

Relation (3.1) does not hold for K tm p B . 
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/2m *( fc 

so that from (3.G) it follows that \0 k \ -> 0. 

By using the uniform continuity of K 2m p and K m g on a set containing the 
support of each v k and the fact that \v k \ = |9? fc | |0 fc | con verges to 1, we can 
prove easily that (3.1) and (3.2) hold at the point x for the measures v k . 
On the other hand, by Theorem 1, (3.1) holds at x for the measures <p k . 
Therefore, 



and the proof is complete. 

4. The Continuity Theorems 

In Section 3 an "in the large" continuity theorem was used; namely, that 
for anypotentialJf w gand anye > there exists a set B such that y 2rn (#) < e 
and, on R n B, K m g is continuous. In this section the nature of the sets 
whose removal ensures continuity at a single point will be discussed. 

A set A is said to be 2w-thin at a point X Q if there exists a positive meas- 
ure t such that 7 



(4.1) K 2mf t(x ) < lim i 



The following theorem was proved by Deny [3] in the case m 1. The proof 
(which is straightforward) is the same in the general case. 

THEOREM 4. For each potential K m g and each x except in a set of y 2m - 
capacity there exists a set A (x), 2m-thin at x, such that the restriction ofK m g 
to R 11 A(x) is continuous at x. 

By an argument of Frostman [5] it can be proved that the process of 
balayage takes continuous functions into continuous functions in certain 
cases. 

THEOREM 5. If A is a closed set which is 2m-thin at none of its points, 
and if K m gis a potential which is continuous on A, then the result of sweeping 
K m g on A is continuous on R n . 

Theorem 4 is the best general theorem on continuity at a point which 
can be expected. It is useless, however, without a geometric characterization 
of the properly of being thin at a point. For m = 1 a geometric characteriza- 
tion has been obtained by Wiener [10] (see also Brelot[2]), in the form of the 
convergence or divergence of a series, and by Kellogg and Vasilesco [6] in the 



'The ongmal definition for m 1 was given by M. Brelot [2], 
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form of the convergence or divergence of an integral. The main result of this 
section is that the theorems of Wiener, and Kellogg and Vasilcsco hold for 
all m. The theorem of Kellogg and Vasilcsco is an easy consequence of the 
theorem of Wiener. The proof of half of the theorem of Wiener, the half 
which asserts that if the series converges, the set is thin, is the same as the 
proof for m = 1. The proof of the other half requires a new line of argument, 
for, the basis of the proof when m = 1 is the maximum principle, which is not 
valid in general. The argument will be sketched. 

If X Q and A are a given point and set, respectively, and if Q is a given 
number > 1, let S k denote the set of points x such that g k ^K 2m (xx Q ) < 
Q k + l , and let A k ^ AnS k . 

THEOREM 6. In order that A be 2m-thin at X Q it is necessary and sufficient 
that any of the conditions below be satisfied: 

a) There is a p of finite 2m-energy such that K 2m /j,(Xo) < oo while 
x =- oo. 



xA 
x->x Q 



b) ^ Q k y%m(Aje) converges for some Q > 1. 

00 

c) 2,(! Lf y 2m (A k ) converges for all > I. 
fc=i 

2rn [S(a? , Q) O .4] g 21 *- 1 -"^ < oo. 

Proof: To simplify the expressions it is assumed that the constant is 
dropped from K 2m , i.e., that K 2m (x) = |#| 2m ~ w . It is assumed also that the 
part of the theorem asserting that b) implies a) is known. 

Suppose that A is 2w-tlmi at x and open. (The latter is no restriction, 
since by the lower semi -continuity of potentials a larger set than A must be 
2;;&-thin at x and open.) Let v be a measure such that (4.1) holds, and let <? 
bo such that K 2m v(x ) < f < lim inf K 2m v(x). Choose 6 < 1 so that ^ = 

f O 2 -" K 2m v(x Q ) > 0. We shall prove that b) holds for any Q which is so 
large that < <)i/<-a> 1, < l-(l/( ? ) 1 ^ n - 2m ^. 

For such Q and for x S k and y 4 S^ u S k (j S k+1 , K 2m (yx)^ 
02m -nK 2m (yx ). Therefore, if v k denotes the restriction of v to 5 fc _ x u S*. U 
5 fcfl , and if <p k =. r *> fc , then for a?5 4l K 2m g? k (x) g ^ m ~ n K 2m cp k (x^) ^ 
^2m~n ^^^j j t follows that if is large and # ^4 O 5 fc , then K 2m v k (x) ^ 
f x . Thus, if ^ is large and C is a compact subset of A k = ^4 nS k , then 

y 2 m(C') = bcl ^ (Vfi) \K 2m v k d^ c = (liejJKtoPcfo* ^ Wfi)k*l where 
M is the uniform bound for all capacitafy potentials. Since ^4 is open, A k is 
capacitablc, and it follows that y 2m (A k ) ^ (Ml^\v k \ for large ^. From the 
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QO 

finiteness of K Zm (x ) it can be proved easily that 2 fc W converges, and b) 
is established. *" 1 

By using the part of the theorem which is assumed known, a) is estab- 
lished also. If v is replaced by a measure for which a) holds, then 6 can be 
taken arbitrarily small. Hence Q can be taken arbitarily close to 1 , and c) is 
established. 

Bibliography 

[1] Aronszajn, N., and Smith, K. T., Functional spaces and functional completion, Technical 
Report 10, University of Kansas, 1954, Ann. Inst. Fourier Grenoble (to appear 
1956). 

[2] Brelot, M., Points irrdguliers et transformations continues en thdorie du potentiel, J. Math. 
Pures Appl. Vol. 19, 1940, pp. 319-337. 

[3] Deny, J., Les potentiels d'tnergie fime, Acta Math., Vol. 82, 1950, pp. 107-183. 

[4] Evans, G. C., On potentials of positive mass, Trans. Amor. Math. Soc., Vol. 37, 1935, 
pp. 226-253. 

[6] Frostman, O., Potentiels d'equilibre et capacite des ensembles, Thesis, Lund, 1935 

[6] Kellogg, O. P., and Vasilesco, F., A contribution to the theory of the capacity, Amer. J. 
Math, Vol. 51, 1929, pp. 515-526. 

[7] Nikodym, O., Sur une classe de fonctions considerees dans I 'etude du probleme de Dirichlet, 
Fund. Math., Vol. 21, 1933, pp. 129-150. 

[8] Riesz, M., Integrates de Riemann-I.iouville et potentiels, Acta Univ. Szeged Sect. Sci. 
Math., Vol 9, 1938, pp 1-42 

[9] Smith, K. T., Functional spaces, functional completion, and differential problems, Con- 
ference on Partial Differential Equations, University of Kansas, Summer 1954, 
Technical Report 14, Office of Naval Research. 
[10] Wiener, N., The Dirichlet problem, J. Math. Physics, Vol. 3, No. 3, 1924, pp. 127-146. 

Received January 5, 1956. 



COMMUNICATIONS ON PURE AND APPLIED MATHEMATICS, VOL. IX, 577-595 (1956) 



On Radiation Conditions * 



J. J. STOKER 

1. Introduction 

In linear wave-propagation problems which arc time-independent, either 
by virtue of the fact that the motion considered is a steady motion or that 
a simple harmonic time dependence has been factored out, and which take 
place in unbounded domains, it is in general not possible to characterize 
uniquely the solutions having the desired physical characteristics by impos- 
ing only boundedness conditions at infinity. It is, in fact, necessary to impose 
sharper conditions in most cases. In the simplest case in which the medium is 
such as to include a full neighborhood of the point at infinity which is in 
addition made up of homogeneous matter, the correct radiation condition for 
simple harmonic waves is not difficult to guess. It is simply that the wave 
at infinity behaves like an outgoing spherical wave from an oscillatory point 
source, and such a condition is what is commonly called the radiation, or 
Sommerfeld, condition. Among other things this condition precludes the 
possibility that there might be an incoming wave generated at infinity 
which, if not ruled out, would make a unique solution of the steady-state 
problem impossible. 

If the refracting or reflecting obstacles to the propagation of waves 
happen to extend to infinity for example, if a rigid reflecting wall should 
happen to go to infinity it is by no means clear a priori what conditions 
should be imposed at infinity in order to ensure the uniqueness of a solution 
having appropriate properties otherwise. One point of view to be presented 
here is that the difficulty arises because the steady-state problem is an un- 
natural problem in mechanics and that, in principle at least, one should 
rather formulate and solve an appropriate initial-value problem and then 
find the solution of the time-independent problem by making a passage to 
the limit in allowing the time to tend to infinity. 1 

The time-independent problems are unnatural because one makes a 
hypothesis about the motion that holds for all time, while Newtonian me- 



*This paper represents results obtained under Contract N6 on-201, Task Order No. 1, 
sponsored by the Office of Naval Research. 

x The formulation of the usual radiation condition is doubtlessly motivated by an instinc- 
tive consideration of the same sort of hypothesis combined with the feeling that a homogeneous 
medium at infinity will have no power to reflect anything back to the finite region. 

271) 
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chanics is basically concerned with the prediction in a unique way, further- 
more of the motion of a mechanical system from given initial conditions. 
Of course, in mechanics of continua that are unbounded it is necessary to 
impose conditions at infinity (in the space variables, that is) not derivable 
directly from Newton's laws, but for the initial-value problem it should 
suffice in general to impose only boundedness conditions at infinity. 

The desirability, on general grounds, of attacking wave propagation 
problems in principle as initial value problems is fairly obvious. However, it 
is clear that such a program may not always be feasible, or even if feasible, 
still quite a bit more difficult to carry out than it would be to solve the cor- 
responding time-independent problem. Two interesting special cases will be 
discussed in Sections 2 and 3 below in which the program can be carried out 
without difficulty. In the problem of Section 3, in addition, which refers to 
waves created on a running stream, it will be seen that new insights into the 
physical phenomena are gained which could not be obtained if the time- 
independent problem alone were considered. 

There are many problems in which little doubt exists regarding the 
appropriate conditions to be imposed at oo in time-independent prolems. 
Perhaps the essential point in mind in using the word "appropriate" is that 
conditions leading to a unique solution should be found. This is, however, 
not always a simple matter in time-independent problems, as is well known. 
For example, if eigenfunctions exist which may well be the case in some 
types of unbounded domains it is clear that unique solutions of radiation 
problems would not be determined by conditions of the type of Sommer fold's 
radiation condition. (This would remain true in such cases also if the ap- 
proach recommended above were to be used, i.e., if the time-independent 
solution were to be sought as the limit as t -> oo of the solution of an appro- 
priate initial- value problem, since free vibrations would occur and would 
have amplitudes fixed by the initial conditions, and no limit independent of 
these conditions could be expected.) Thus uniqueness theorems for time- 
independent radiation problems are decidedly interesting. In Section 4 a 
recently formulated uniquen~js theorem for a very old problem, i.e. the 
problem of diffraction around a slit first solved more than fifty years ago by 
Sommerfeld, is given; at the same time a new and quite elementary solution 
is given for the problem which was motivated by the insight furnished by 
the uniqueness theorem. 

2. Oscillatory Waves in an Infinite Ocean 

The problem in question concerns the propagation of surface-gravity 
waves in an infinite ocean. We consider only irrotational incompressible 



ON RADIATION CONDITIONS 281 

flow and assume further that the motion is a small oscillation in the neigh- 
borhood of the rest position of equilibrium; a linearized theory can then be 
obtained. We restrict ourselves to two-dimensional motion in an x, y-plane. 
with the y-axis taken vertically upward and the #-axis in the originally 
undisturbed horizontal free surface. Under these assumptions there exists a 
velocity potential </>(x, y, t) which is a harmonic function in the lower half- 
plane: 

(2.1) *+&, = 0, </<0, *>0. 

(Here and in what follows subscripts denote partial derivatives. ) The free- 
surface boundary conditions (cf. Lamb, Hydrodynamics, p. 364) are 

(2.2) -^+ij, = 0, 

1 for y = 0, t > 0. 

(2.3) 



In these equations r\ = rj(x, t} represents the vertical displacement of the 
free surface measured from the #-axis, and p = p(x, I) represents the pres- 
sure applied on the free surface. We suppose that < and its first and second 
derivatives tend to zero at oo for any given time t in fact that they tend 
to zero in such a way that Fourier transforms exist but we do not, in ac- 
cordance with our discussion above, make any assumptions about the be- 
havior of our functions as / ~> oo. At the time t we prescribe the follow- 
ing initial conditions: 

(2.4) </>(x, 0, 0) = <f> t (x, 0, 0) = p(x t 0) = 

which imply that the free surface is initially at rest in its horizontal equili- 
brium position. 

In what follows we consider only the special case in which the surface 
pressure p(x, t) is given by 

(2.5) p(x t t) = d(x)e i(0t f t > 0. 

Here d(x) is the Dirac d-f unction; in other words, an oscillatory pressure 
point is applied at the origin to the free surface and maintained there for all 
time. By inserting this expression for p in (2.3) and eliminating the quantity 
q by use of (2.2) the free-surface condition is obtained in the form 

(2.6) gh+ht - - d(x)e^ t t > 0. 

Q 

Our problem now consists in finding a solution <f>(x, y, t) of (2.1) which be- 
haves properly at oo and which satisfies the free-surface condition (2.6) and 
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the initial conditions (2.4). 2 This problem is readily solved by standard 
methods, e.g. by using Fourier transforms. 3 

In the author's paper 4 the solution of the problem is given in the follow- 
ing form 

ia) (" T* e tto(t ~ T) r 

(2.7) </>(x, y,t) = e v cos sx -z=- sin (Vgs r)dr ds. 

QKJQ Jo Vgs 

This solution is also seen to be the unique solution of our problem. Our ob- 
ject is to study the behavior of this solution as t -> oo. 

Since y is negative (we do not discuss here the limit as y -> 0, that is, 
the behavior on the free surface), the integral with respect to 5 converges 
well and there is no singularity on the positive real axis of the complex s- 
plane. However, the passage to the limit t -> oo is more readily carried out 
by writing the solution in a different form in which a singularity a poJe, in 
fact then appears on the real axis of the s-plane. (It seems, indeed, likely 
that such an occurrence would be the rule in any considerations of the present 
kind since the limit function as t -> oo would not usually be a function having 
a Fourier transform and one could expect that it would somehow appear as 
a contribution in the form of a residue at a pole.) It is convenient and of 
course legitimate by Cauchy's theorem to replace the path of integration 
along the s-axis in the s-plane by a path L indicated in Figure 1. The path 



s- plone 



r\ 



Figure 1. 

s The steady-state problem is formulated as follows- One sets </> \p(x, y}e i<ot . The time 
factor e tfot can be canceled from (2.1) and (2.6), and the harmonic function then satisfies the 

1Q.) 

free-surface condition gy) v cD'*y>= 6(x). In addition one would postulate that the motion 

Q 

should have the character of an outgoing progressing wave at x = oo and x = -f oo. This 
problem was solved long ago by H. Lamb, On deep water waves, Proc. London Math. Soc., 
Ser. 2, Vol. 2, 1904, pp. 371-400 (see pp. 388-389). It is a curious fact that this problem, which 
involves the determination of a harmonic function and not a solution of a wave equation, never- 
theless has not a unique solution of the desired type if only boundedness conditions are im- 
posed at oo 

Solutions of problems of this type can be founcl in the book by I. N. Sneddon, Fourier 
Transforms, McGraw-Hill, New York, 1951, p. 278. 

4 Stoker, J. J., Some remarks on radiation conditions, in Proceedings of Symposia in 
Applied Mathematics, Vol. 5, Wave Motion and Vibration Theory, McGraw-Hill, New York, 
1954, pp. 97-102. 
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L lies on the positive real axis except for a semicircle in the upper half -plane 
centered at the point s = co*/g. 

We now replace sin VP r i* 1 ( 2 -7) by exponentials and carry out the 
integration with respect to T to obtain 



<p(x, y,t) = --- e' v cos sx 
*Q JL _ 

r i e i(Vt-<o}t 

, I __ _____ . _ I 

L 2Vs 



We wish now to consider the three items in the bracket separately, and as 
we see, two of them do indeed have a singularity at s co 2 /g which is by- 
passed through our choice of the path L. The first two items are obviously 
the result of the initial conditions and hence could be expected to provide 
transients which die out as t -> oo. This is in fact the case, as can be seen 
easily in the following way: That branch of \fs is taken which is positive on 
the positive real axis, and we operate always in the right half-plane. If, in 
addition, s is in the upper half-plane, it follows that i(<\/gsco) has its real 
part negative (co being real). Consider now the contribution furnished by 
the 'first item in the square brackets. Since the exponential has a negative 
real part on the semicircular portion of the path L, it is clear that as t -> + oo 
this part of the path makes a contribution which tends to zero as t -> oo. 
The remaining portions of L, which lie on the real axis, make contributions 
which die out like l/l: this can be seen easily by integration by parts, for 
example, or by application of known results about Fourier transforms. The 
second item in the square brackets has no singularity on the real axis, so that 
the path L can be taken entirely on the real axis; thus, in accordance with 
the remarks just made concerning the similar situation for the first item, it 
is clear that this contribution also dies out like Ijt. Thus for large t we obtain 
the following asymptotic representation for </>: 

ia> f & KV cos sx 
(2.0) <(a, y t t)~ e"* --ds. 



Actually, the right-hand side is the solution of the time-independent 
problem formulated in a footnote above as obtained, for example, in the 
paper of Lamb cited previously when the condition at oo is the radiation 
condition stating that <f> behaves like an outgoing progressing wave. The 
solution furnished by (2.0) is a little more awkward to obtain directly 
through use of the radiation condition at least by methods known to the 
author than obtaining solution (2.7) of the initial- value problem. In par- 
ticular, the asymptotic behavior of an integral representation must be in- 
vestigated in this case also before the radiation condition can be used. Thus 
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we have verified in this special case that the radiation condition can be 
replaced by boundedness conditions (in the space variables, that is) if one 
treats an appropriate initial-value problem and afterwards allows t to tend 
to oo. 

Even though not strictly necessary since (2.9) is known to furnish the 
desired time-independent solution it is perhaps of interest to show directly 
that the right-hand side of (2.9) has the behavior one expects for an out- 
going progressing wave when x ~ > +00. The procedure is the same as that 
used above in discussing (2.8): The factor cos sx is replaced by exponentials 
to obtain 

co llC e* v e isx 1 r c 8V e~ i8X 

(2.10) t( Xt y 9 t)~-6"*(\ ^+\ - 

Q \2mJ L gs(o 2 2mJ L gs co 2 

By the same argument as above one sees that the first integral makes a 
contribution that tends to zero as x -> +00. The second integral is treated 
by deforming the path L over the pole s -= co 2 /gii\to a path M which consists 
of the positive real axis except for a semicircle in the lower half-plane. 
The contribution of the second integral then consists of the residue at the 
pole plus the integral over the path M. But the contribution of the latter 
integral is, once more, seen to tend to zero as x -> +00 because of the factor 
e~~ ig *. Thus (f>(x, y, t) behaves for large x as follows: 

(2. 11 ) M Xt y t t)~ e (a)Z/0)v e~ t[ (*/'> *]. 

se 

This represents a progressing wave in the positive ^-direction which, in 
addition, has the wavelength 2ng/co 2 appropriate to a progressing sine wave 
with the frequency co in water of infinite depth. 

3. Waves on a Running Stream 

When a disturbance is initiated at the surface of a stream flowing with 
uniform velocity over a horizontal bed by immersing a solid object in the 
stream, for example the effect is in general the creation of waves on the 
surface of the water. The purpose of the discussion to follow is to investigate 
such occurrences mathematically in terms of the classical hydrodynamical 
theory of irrotational flow in an incompressible perfect fluid. 

Special problems of this type have, of course, been studied; in the book 
of Lamb (p. 406), for example, the case of a steady flow past an obstacle is 
treated in considerable detail. This special case of a steady flow of a stroam 
past an obstacle involves a number of pecularities, not to say obscurities, 
that deserve study and analysis. Lamb, following Rayleigh, postulates the 
existence of friction forces of an unnatural and artificial type from the point 
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of view of mechanics (which, however, do not destroy the existence of an 
irrotational flow) that have the effect of making the solution of the steady 
state problem unique without postulating any but boundedness conditions 
at co. It would seem more reasonable to achieve this end simply by postulat- 
ing the behavior at oo in terms of conditions of the type which are now usual- 
ly called radiation conditions. However, in this instance it is not entirely 
obvious what these conditions should be for example, it is not sufficient to 
postulate that the disturbance should yield a wave having the character 
of an outgoing progressing wave at oo; instead, it is necessary to ensure the 
uniqueness of the solution and, in some cases, to require that the amplitude 
of the disturbance dies out on going to infinity on the upstream side. The 
phrase "in some cases" is used deliberately, since there are also cases in which 
the solution is uniquely determined by boundedness conditions at oo alone. In 
fact, the steady state problem contains an essential dimensionless parameter, 
the ratio gh/U 2 (with h the undisturbed depth, U the undisturbed velocity 
of the liquid), and the character of the motion changes radically when this 
parameter passes through the "critical value" unity: For gh/U 2 < 1 no 
radiation condition at oo is necessary, while for gh/U 2 > 1 such a condition 
must be imposed. At the critical value itself, i.e. for gh/U 2 l,thc represen- 
tation of the steady state solution as given by Lamb yields an unbounded 
amplitude in the waves at oo. 

The point of view taken here is that these curious features of the steady 
state solution can all be understood, without introducing mechanically arti- 
ficial forces and without having to make guesses about the conditions to be 
imposed at oo, simply by studying the manner in which the motion builds up 
in the time starting at the moment when the disturbance is initiated in the 
uniform stream. In other words, the steady motion is to be found by study- 
ing what happens in an appropriately formulated initial value problem when 
the time tends to infinity. 5 It turns out, in fact, that as I -> oo the wave 
amplitude dies out both upstream and downstream if gh/U 2 < 1, and that 
it dies out upstream but not in general downstream if gh/U 2 > 1. In other 
words, the conditions at oo which we know to be necessary for the unique- 
ness of the steady state solution come out automatically. In addition, a new 
insight is gained in tho transition case when gh/U 2 = 1; here, it is found, the 
steady state does not exist in the sense that the amplitude of the disturbance 
tends to become oo everywhere as t -> oo. 

We consider irrotational flows of an incompressible perfect fluid under 
gravity and having a free surface. Only two-dimensional flows are treated. 



6 The details are carried out in a paper -by the author: Stoker, J. J., Unsteady waves, on a 
running stream, Comm. Pure Appl Math., Vol. 6, 1953, pp. 471-482. 



286 



J. J. STOKER 



Figure 2 indicates the general situation: The #-axis is taken along the undis- 
turbed free surface of a flow with uniform velocity U in the positive in- 
direction in water of undisturbed depth h, and the y-axis is taken positive 
upward. There is a rigid bottom surface at y ~ h. It follows that a 
velocity potential 0(x, y t t) exists and that it is a harmonic function of (x, y} 




Figure 2. Stream with a free surface. 

throughout the interior of the fluid. At the free surface y = r}(x, t) the boun- 
dary conditions are the dynamical condition (from Bernoulli's law) 



(3.1) 



= 0, 



and the kinematic condition (stating that a particle on the free surface 
always remains on it) 

(3.2) 9<+#.%-*, = 0. 

At the bottom y h the boundary condition is, of course, 

(3.3) y = 0. 

We study here a linearized version of the problem in which only small 
disturbances of the uniform flow are assumed to occur. It is then natural 
to set 

(3.4) 0(x,y,t) = Ux+<f>(x,y,t) 

and to regard </>(x, y t t) as the potential of a small disturbance considering 
it and its derivatives to be small of the same order. It is clear that <f>(x, y, t) 
is a harmonic function. At the same time the free surface elevation rj(x, t) 
and its derivatives are also considered to be small of this same order. The 
velocity U of the undisturbed stream is, however, to be considered as a 
finite and not as a small quantity of the order of </>. Insertion of (3.4) in 
(3.1) and (3.2) yields the boundary conditions 
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(3.5) L+gq+h+Uh = 0, 



at y = 0, 
(3.6) Vt+Urit-fa = 0, 



when all but the lowest order terms in < and 77 are rejected and an unessential 
constant in (3.5) is omitted. At the same time, these conditions are now to 
be satisfied at y = rather than at the disturbed position of the free surface 

this stipulation is also consistent with the linearization. The prescribed 
surface pressure p p(x, t) must evidently be assumed to be of the same 
order as <f> and rj. At the bottom the condition 

(3.7) & = 0, y = -A 

must hold. 

At the initial instant t = we suppose the flow to be the undisturbed 
steady flow given by = Ux, r\ = 0, which is clearly a possible motion 
compatible with the full nonlinear theory. This leads to the condition 

(3.8) t(x, y, 0) = ri(x, 0) - p(x, 0) = 

at the time t = 0. As a consequence we have from (.3.5) the condition 

(3.9) <l> t (x, y, 0) = 0. 

Once the surface pressure p(x, t) is given, the problem is completely 
formulated: A velocity potential <f>(x,y t t) in the region h < y < 0, 

oo < x < oo, and the corresponding surface elevation rj(x, t) arc to be 
determined subject to the boundary conditions (3.5), (3.6), (3.7), the initial 
conditions (3.8), (3.9) and the boundedness conditions at oo. The conditions 
at oo are not formulated here explicitly: rather, they are implicitly used in 
the course of employing Fourier transforms with respect to the space variable 
x. This problem could be shown to have a unique solution. 

The problem formulated above is solved by applying the Fourier trans- 
form in x to <f>(x, y, t) to yield 0(s, y, t): 

(3.10) ?(s, y y t) - -4-. 1" 4(x, y, t) e~*dx. 

V2^J-> 



The transform ^ of ^ is now determined in the usual way through use of 
the conditions imposed on <f>, after which is inverted to obtain <f) in the 
following form: 

(3.11) j>(x, y, t) = ~L= f A (s, t) cosh s(y+h) e i8X ds, 

V2nJ-<* 

with A (s, t) defined as 



cosh sh Ls z U 2 ~gs tanh sh 

il($U-\- Vgs tanh sh)} 
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[-^_; 

/3 ]2\ -) 

2 Vgs tanh sh sU+Vgs tanh sh 

2 Vgs tanh s/& sU-~ Vgs tanh s/* -I 

The path of integration is the real axis. One finds easily that the integrand 
behaves for large s like e\ 8 \ v /s, since the denominators of the terms in the 
square brackets in (3.12) behave like s 2 , the ratio cosh s(y+h)/cosh sh be- 
haves like 0' s ' v for large s, and^(s) tends to zero at oo in general. Since y is 
negative it is clear that the integral converges uniformly. (We omit a dis- 
cussion of the behavior on the free surface corresponding to y == 0, although 
such a discussion would not present any real difficulties.) Upon examining 
the function A (s, t) in (3.12) it might seem that it has singularities at zeros of 
the denominators (and such zeros can occur, as we shall see), but in reality 
one can easily verify that the function has no singularities when the three 
terms in the square brackets are taken together or, as one might also put 
it, any singularities in the individual terms cancel each other. Thus the 
solution given by (3.11) is a regular harmonic function in the strip h ^ 
y < for all time t, or, in other words a motion exists no matter what 
values are given to the parameters. In addition, the fact that the integral 
converges ensures that <f> (and also its derivatives) tends to zero for any given 
time when \x\ -> oo this is the content of the so-called Riemann-Lebesgue 
theorem. This means that the amplitude of the disturbance dies out at in- 
finity at any given time t a not unexpected result since an appreciable time 
must elapse before the effects of a disturbance are felt at a distance from the 
seat of the disturbance. 

However, we know from the discussion above (and from everyday ob- 
servations of streams, for that matter) that as t ~> oo it may happen that a 
disturbance exists downstream as a wave with non- vanishing amplitude. 
Our main interest here is to study such a passage to the limit. It is clear that 
one cannot accomplish such a purpose simply by letting t -> oo in (3.1]), 
since for one thing, the transform ^ of <j> cannot exist if < does not tend to 
zero at oo. What must be done is to consider the contributions of the se- 
parate items in the brackets in (3.12), and to avoid any singularities caused 
by zeros in their denominators by regarding A (s, t) as an analytic function in 
the neighborhood of the real axis of a complex s-plane and deforming the 
path of integration in (3.11) by Cauchy's integral theorem in such a way as 
to avoid such singularities. One can then study the limit situation as t -> oo. 
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One can, in fact, proceed in much the same fashion as in the preceding 
section, except that the calculation is more complicated. The results of 
special interest have already been stated above. 

4. Sommerfeld's and Other Diffraction Problems 

In the two preceding sections we have discussed time-independent solu- 
tions of wave propagation problems which result as limits as / -- oo of the 
solution of time-dependent initial value problems. Here we deal with some 
problems which are time-independent at the outset, and interest ourselves 
particularly in the question of the formulation of conditions at oo which 
will ensure the uniqueness of the solutions. 

We are concerned here with boundary problems for the differential 
equation (the so-called reduced wave equation) V 2 /+/ = in two dimen- 
sions and in unbounded domains. Such a differential equation arises in deal- 
ing with steady simple harmonic solutions of the linear wave equation. It 
also occurs in various problems concerning gravity waves in water, and the 
basic differential equation is then Laplace's equation in three dimensions. 
In general, the physical problems are wave propagation problems in which 
a primary, or incoming, wave is prescribed and it is desired to calculate the 
"secondary", that is the reflected, refracted, and diffracted waves which 
result. 

One of the main difficulties to be overcome, as has been stated above, 
is the formulation of appropriate conditions at infinity which will determine 
the solution uniquely. For general domains it is not known how to formulate 
these conditions, and, in fact, it would seem to be a very difficult task to do 
so since such a formulation would almost certainly require consideration of 
many special cases. In one special case, however, the appropriate condition 
to be imposed at infinity has been known for a long time. This is the case hi 
which any reflecting or refracting obstacles lie in a bounded domain of the 
plane, or, stated otherwise, it is the case in which a full neighborhood of the 
point at infinity is made up entirely of the homogeneous medium in which 
the waves propagate. In this case, the condition at oo which determines the 
"secondary" waves uniquely is Sommerfeld's radiation condition, which 
states, roughly speaking, that these waves behave like a cylindrical outgoing 
progressing wave at oo. However, if the reflecting or refracting obstacles 
extend to infinity, the Sommerfeld condition may not be appropriate at all. 
Consider, for example, -the case in which the entire x-axis is a reflecting bar- 
rier, and the primary wave is an incoming plane wave from infinity. It is 
clear on physical grounds that the secondary wave will be the reflected 
plane wave, which certainly does not behave at oo like a cylindrical wave 
since, for example, its amplitude does not even tend to zero at oo. Another 
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case is that of Sommerfeld's classical diffraction problem in which an in- 
coming plane wave is reflected from a barrier consisting of the positive half 
of the #-axis. In this case, the secondary wave has both a reflected compo- 
nent which has a non-zero amplitude at oo, and a diffracted part which dies 
out at oo. Recently 6 a uniqueness theorem has been derived which is 
applicable to Sommerfeld's diffraction problem as a special case. 

The uniqueness theorem is formulated in the following way: We assume 
that f(x, y) is a complex- valued solution 7 of the equation 

(4.1) V/+/ = 

in a domain D with boundary J 1 , part of which may extend to infinity. It is 
supposed that any circle C in the x, y-plane cuts out of D a domain in which 
the application of Green's formula is legitimate, and, in addition, that the 




Figure 3. The domain D. 

boundary curve F outside a sufficiently largo circle consists of a single half- 
ray R going to oo (cf. Figure 3). 8 On the boundary F the condition 

(4.2) / = 

is imposed, i.e. the normal derivative of / vanishes, corresponding to a re- 
flecting barrier. (We could also replace this condition on part, or all, of F 



Peters, A. S., and Stoker, J. J., A uniqueness theorem and a new solution for Sommerfeld's 
and other diffraction problems, Comm. Pure Appl. Math., Vol. 7, 1954, pp. 565-586. In proving 
the theorem use was made of the methods devised in a paper by F. Relhch, Vber das asympto- 
tische Verhalten der Lb'sungen von Au-\-u = in unendlichen Gebieten. Jber. Deutsch Math. 
Verem, Vol. 53, Abt. 1, 1943, pp 57-65. 

'It is natural to consider such complex solutions, since, for example, a plane wave is 
obtained by taking /(g, 6) exp {tg cos (0-foc)} m polar coordinates Q, 6. 

8 Our theorem also holds if D is the more general domain in which the ray R is replaced 
a t oo by a sector, and the proof given in the following section holds with insignificant modifi- 
ca tions for this case also. 
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by the condition / = 0.) We now write the solutions of / in D which satisfy 

(4.2) in the form 

(4.3) / = g+h, 

in order to formulate the conditions at oo in a convenient way. What we 
have in mind is to separate the solution into a part h which satisfies a radia- 
tion condition and a part g which contains, roughly speaking, the prescribed 
incoming wave together with any secondary reflected or refracted waves 
which also do not satisfy a radiation condition. More precisely, we require h 
to satisfy the following radiation condition: 



(4.4) lim I 



dh , -z, 

=- + ** 



ds = 0. 



Here C is taken to be a circle, with its center (cf. figure above) on the 
half-ray R going to infinity, and with radius Q so large that all obstacle cur- 
ves except a part of R lie in its interior. This condition clearly follows from 
the well-known Sommerfeld radiation condition, which requires that 

(4.4) x lim ^ \ + ih\ - 

g-^OD \dQ / 

uniformly in 0, and, incidentally, this is a condition independent of the 
particular point from which Q is measured. 

The behavior of the function g at infinity is prescribed as follows: 

( 4 - r >) S~i+g 2 at > 

whore the function g t is prescribed once for all 9 while g 2 satisfies the same 
radiation condition as h, i.e. the condition (4.4). (That the behavior of g 
at oo is fixed only within an additive function satisfying the radiation con- 
dition is natural and inevitable.) 

Finally, we prescribe regularity conditions at re-entrant angular points 
(such as A , B, C in the figure) of the boundary of D; these conditions are that 



with , 6 polar coordinates centered at the particular singular point, and 
c x and c 2 constants. (These conditions on / mean physically that the velocity 
of the medium may be infinite at a corner, but not as strongly as it would be 
for a source or sink.) At other boundary points we require continuity of / 
and its normal derivative. 



How the function g^ should be chosen is a matter for later discussion. 
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We now state our theorem as follows: 

UNIQUENESS THEOREM. A solution f of (4.1) in D is uniquely determined 
if it 1) satisfies the boundary condition (4.2), 2) admits of a decomposition of the 
form (4.3) with h a function satisfying (4.4), g a function behaving, as prescribed 
by (4.5) at oo and 3) satisfies the regularity conditions at the boundary F of D. 

We proceed to discuss the implications of the theorem. The theorem is 
at first sight somewhat unsatisfactory since it involves the assumption that 
every solution considered can be decomposed according to (4.3), with g(@, 6) 
a certain function the behavior of which at oo, in so far as the leading term 
Si ( c f- (^)) i n its asymptotic development is concerned, is not given a priori. 
However, it is not difficult in some instances at least to guess how the func- 
tion g^Q, 0) should be defined. For example, suppose the domain D consisted 
of the exterior of bounded obstacles only. In such a case it seems clear that 
8i(@> 0) should be defined as the function describing the incoming wave 
either as a plane wave from infinity, say, or a wave originating from an 
oscillatory source since bounded obstacles give rise only to reflected and 
diffracted components which die out at oo and which could be expected 
to satisfy the radiation condition. Even if there is a half-ray in the 
boundary that goes to oo (as was postulated above), it still would seem 
appropriate to take g^gfi] as the function describing the incoming wave, 
provided that it arises from an oscillatory point source, since such a source 
would hardly lead to reflected or refracted secondary waves which would 
violate the radiation condition. However, if the incoming wave is a plane 
wave and an obstacle extends to oo, one expects an outgoing reflected wave 
to occur which would in general not satisfy the radiation condition; in this 
case the function g^Q, 0) should be taken as the sum of the incoming plane 
wave and an outgoing reflected wave. For example, one might consider the 
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Figure 4, Infinite straight line barrier. 

case in which the entire #-axis is a reflecting barrier, as in Figure 4. In this 
case one would in an altogether natural way define g^g, 0) as the sum of the 
incoming and of the reflected waves as follows: 

c s (0 a)}+exp {i$ cos 
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with a the angle of incidence of the incoming plane wave. If we were then 
to set / == gi+h (i.e. we set g == g 1 everywhere) and prescribe that h should 
satisfy the radiation condition, it is clear that we would have a unique 
solution by taking h === 0. Our uniqueness theorem does not apply directly 
here since there are two reflecting half-rays going to oo, but it could be 
easily modified so that it would apply to this case. Thus we have for the 
first time, it seems a uniqueness theorem for this particularly simple 
problem of the reflection of a plane wave by a rigid plane. A less trivial 
example is the classical Sommerfeld diffraction problem in which a plane 
wave coming from infinity at angle a to the #-axis is reflected and diffracted 
by a rigid half-plane barrier along the positive $-axis, as indicated in 




Figure 5. Sommerf eld's diffraction problem. 

Figure 5. In this case it seems plausible to define the function g^Q, 6) as 
follows: 

/exp{* cos (0 a)} + exp{^cos (0+a)}, 0<0<rc a, 

( 4 -8) gi(e, 0) = I exp{*'e cos (0 a)}, n 



This function is, of course, discontinuous, corresponding to the division of the 
plane into the regions in which a) the incoming wave and its reflection from 
the barrier coexist, b) the region in which only the wave transmitted-past the 
edge of the barrier exists, and c) the region in the shadow created by the 
barrier. Again we would be inclined to take g == g l (cf. (4.3) and (4.5)) and 
set / =E gi+A, with h satisfying the radiation condition. Of course, the 
function h(Q, 6) in (4.3) representing the diffracted wave would then also 
be discontinuous in that case since the sum gi+A is everywhere continuous. 
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It has been shown in the paper cited above that the well-known solution 
given by Sommerfeld can be decomposed in this way and that h then satis- 
fies the radiation condition. The uniqueness theorem is thus shown to be 
applicable in at least one important special case. 

One might hazard a guess regarding the right way to determine the 
function g in cases involving unbounded domains: it seems highly plausible 
that it would always be correctly given by the methods of geometrical optics. 
By this we mean, from the mathematical point of view, that g would be the 
lowest order term in an asymptotic expansion of the solution / with respect 
to the frequency of the motion which is valid for large frequencies; the 
methods of geometrical optics would thus be available for determining g. 
However, to prove a theorem of such generality would seem to be a very 
difficult task since it would probably require some sort of representation for 
the solution of wave propagation problems when more or less arbitrary 
domains and boundary data are prescribed. 

Once having observed that there is some point in decomposing the solu- 
tion of Sommerf eld's problem in the way indicated above into the sum of 
two discontinuous functions, one of which satisfies the radiation condition, 
it was observed that the latter fact opens the way to a new solution of the 
diffraction problem which is entirely elementary, straightforward, and which 
can be written down in a few lines. In other words, once the reluctance to 
work with discontinuous functions is overcome, the solution of the problem 
is reduced to something quite trivial. Consequently it seems worthwhile to 
give this new solution in spite of the fact that the problem was solved long 
ago by Sommerfeld 10 , and afterwards by many others. 

We set 



(4.9) f( Q , 0) - g( ( 
with g(@, 0) defined by 

/exp{^ cos (0 a)} + exp [ig cos (0-)-a)}, < < n a, 

(4.10) gfa, 0) == &xp{iQ cos (0 a)}, w a < < rc+a, 

^0, ?r+a < < 2n. 

In addition we have 

(4.11) f e = for = 0, = 2^ 
and we also require 

(rsr \ 

_ + {A I ==0 uniformly in 0, 
-- ^^ / 

10 Sommerfcld, A., Mathematische Theorie der Diffraktion, Math. Ann., Vol. 47, 1896, 
pp. 317-374. 
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since the validity of the radiation condition in this strong form can be proved. 
The desired solution will now be found by developing /(0, 6) into a 
Fourier series in for fixed Q, and determining the coefficients of the series 
through use of the radiation condition (4.12); afterwards, the series can be 
summed to yield a convenient integral representation of the solution. That 
such a process will be successful can be seen very easily: The Fourier series 
for /(p, 6) will, because of (4.11) and the fact that / is a solution of the re- 
duced wave equation, be of the form 2c w / w / 2 (e) cos ( n l%)> tne Fourier 
coefficients for g(g f 6) as defined by (4.10) are given in terms of integrals of 
the form 

" nO 

exp {i@ cos (0 a)} cos dO. 

2 



r 2 

= 

Jo 



Since / M / 2 (^) as well as its derivatives behave like l/ % for large values of Q 
and the integrals I n by a straightforward application of the method of 
stationary phase, for example also behave in this way, it is clear that the 
limit relation (4.12) when used in connection with (4.9) will serve to deter- 
mine the coefficients c n . 

We proceed to carry out this program. The finite Fourier transform 
/ of / is introduced by the formula. 

C 2n nO 

(4.13) /($,) = f(Q,0)cos M. 

Jo * 

Since f = for 6 = 0, 2n, we find for f ee the transform 

(4.14) / = _.!!-/, 

by using two integrations by parts. Since / is a solution of 

(4.15) Q^+efe+foo+Q 2 ! = 0, 
it follows that / is a solution of 



(4.16) e 2 

and solutions of this equation are given by 



The transform of g(0, 0) is, of course, 

(4.18) ( e , ) = j%( e , 0) cos ^ do, 

and we have, in view of (4.9), the relation 
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rnB f 2 * nO 

k( Q , 0) cos - dO = * n / n/2 (0)- g(Q, 6) cos- 1 
I Jo & 



Jo 
or 



(4.20) h(e,n) = a n j nl2 (e)-j((>,n). 

We must next apply the operation Q y *(d/dQ+i) to both sides of (4.19) 
and then make the passage to the limit, with the result 

(*5 \ F~ [*2n M(\ 

-^ + j L././i(e) - J g(e, 0) cos - 

Since the functions / n / 8 (e) behave asymptotically in the following way: 



In 

and since these expansions can be differentiated, we have 



as an easy calculation shows. The behavior of the integral in (4.21) can be 
found readily by the well-known method of stationary phase, which states 
that 

6 Vz n\\ 

a)-j j 

in which a is a simple zero of the derivative <f>'(0) in the range a < < b, 
and the ambiguous sign in the exponential is to be taken the same as the sign 
of <"(a). In the present case, in which g((>, 0) is defined by (4.10), one sees 
at once that the term exp {IQ cos (6 a)} in the first line of (4.10) has a point 
of stationary phase in the appropriate interval; this term leads to the domi- 
nant term in the asymptotic expansion for large Q. The point of stationary 
phase is at = a, and we find from the above formula 

P~ a ,. ^ x /2ji\ v * n* (./ n\\ 

exp [iQ cos (8 a)} cos dO ^ I I cos exp \I\Q -- 1 [ . 
Jo 2 \/2l\4// 

The right-hand side yields the behavior at oo of the integral in (4.21). This 
expansion can also be differentiated, so that we find 



Use of (4.22) and (4.23) in (4.21) furnishes, finally, the coefficients a n : 

n<z ( nn\ 



(4.24) n 
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The Fourier series for f(q t 0) is 

f(Q> e) = ^ (Qf 0) + ^ ^ /(e. ) cos ^ 

or, from (4.17) and (4.24), 

00 ^nn \ net* w\j 
HQ, 9) = /o(0) + 2 2 exp / B/2 ( e ) cos cos . 

1 \ 4t / Z Z 

In the paper by Peters and the author cited above, it is shown that 
this series representation of the solution can, with no great difficulty, be 
transformed into integral representations of various kinds, including the 
well-known form given by Sommerfeld. 

Received January 5, 1956. 
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A Direct Approach to the Problem of Stability 

in the Numerical Solution 
of Partial Differential Equations 

JOHN TODD 

National Bureau of Standards 

Introduction 

We shall give a direct arithmetic approach to the problem of stability 
of some partial differential equations, in particular the equation of diffusion 
(in one and two dimensions), the wave equation and the equation of the 
vibrating bar. We do not attempt here to indicate the scope of the method. 
The results obtained by the usual analytic approach 1 are recovered, and the 
operator theoretical treatment is motivated. We make considerable use of 
properties of special matrices and simple facts about the characteristic roots 
of a rational function R(A) of a matrix A; these are summarized in 2. 

1. What is Meant by the Numerical Solution of a Partial Differentia] 

Equation? 

For simplicity take the case of 

(1) u xx = u t < x < 1, t > 
with 

(2) W (o f <) = o, (!,*) = 0, /^O, u(x, 0) - f(x). 

What is required is something like this: values U(m, n) U(mh, nk) at 
points of a sufficiently dense net (i.e. /*, k sufficiently small) such that 

(3) \u(mh, nk)U(mh, nk)\ 

is sufficiently small over the region of interest. Indeed we should want more: 

(4) \u(x,t)-U(mh,nk)\ 
small for 

(5) \x-mh\ ^ \h, \t-nk\ g Jft. 

Various alternatives are possible. For instance, instead of requiring the 



1 Some of this work was carried out during a stay at the Institute of Mathematical 
Sciences, New York University and was stimulated by a series of lectures given by Professor 
R. D. Riclitmyer, Director of the Atomic Energy Commissjon Computing Facility. See 
P. D. Lax and K. D. Richtmyer, Survey of the stability of linear finite difference equations, 
Comm. Pure Appl. Math., Vol. 9, No. 2, pp. 207-294. 
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absolute error to be small we might require a small relative error; i.e., we 
tolerate errors whose growth does not exceed that of the solution. Again, the 
region of interest might be specified in advance, or be specified implicitly, 
e.g., the region from t = to t = t Q , if for t ^ t Q 

\u(x,t)\ 
is less than an assigned quantity. 

To obtain these values by the most economical procedure is the task. 
For simplicity let us assume that we are concerned with direct evaluations of 
the t/'s; for some values of the parameters direct calculations at a coarse 
mesh followed by interpolation could be more efficient. 

In the light of this statement of the problem we shall begin by discussing 
two methods based on different discretizations of (1). For definiteness let us 
suppose h~ l = M + 1 for an integer M ; it will be convenient to write 



\x 

A) The discretization indicated 2 by leads to 

X X X 

U(m,n+l)-Ufa,n) ___ U(m-l, n )-2Ufa,n) + Ufa+l, n) 
(6) , _ . _. . 

XXX 

B) The discretization indicated by leads to 

1 XXX 

U(m,n+})-U(m,n) _ d 2 m U(m,n+l)+d* m U(m, n) 
() k" ~~ 2h* 

where d 2 m g(m) = g(m+I) 2g(m)+g(m 1). 

Our first remark is to the effect that both difference equations (6), (7) 
are compatible with the differential equation (1). 
Using relations of the form 

Ufa, n+l) = Ufa, n)+kU t (m, n)+0(k 2 ) 
in the difference equation (6), it reduces to 

u t +0(k) = u xx +0(h). 

In the same way we find that the difference equation (7) can be re- 
duced to 

u t +0(k) = u m +0(h*). 

When there is compatibility one may hope for convergence, in the sense that 
the truncation error given by (4) can be made arbitrarily small by choosing 
h, k appropriately. In fact, in both these cases convergence can be estab- 
lished. 3 



2 This is the pattern of lattice points (mh, nk) which occur as arguments of the function U 
in the approximating difference equation. 

8 A general treatment of (stability and) convergence which covers the case A) has been 
given by F. John [24J ; his treatment does not cover the implicit case B). See also 4 below. 
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2. Results from Matrix Theory 

We shall write 

/- 2 1 

1 2 1 



T = 



1 -2 



The characteristic values of T n are [39, 40] 



(8) 



, t = 2 cos 



n+l 



2 = 4 sin 2 



and the characteristic vector v t corresponding to A, is 

kin . nin \ 

sin , , sin , , sin - - I . 

n+l n+l) 



We also use the fact that 

/ 5 4 1 
-4 64 1 
1 __4 (j __4 



\ 
thus T? has characteristic roots 



(j 4 | 

4 6 4 
14 5 / 



= 16 sin 4 



in 



=1,2, 



> w, 



2(fi+J)' 
and the same characteristic vectors v t as before. 

We also need results about the characteristic roots of partitioned ma- 
trices [1, 47 J. In particular, the characteristic roots of the n 2 xn* matrix 

lT n / \ 

/. r. i. 



4 r. /. 
' i. r. 
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where I n is the nxn unit matrix, are 

in in 
A. * = 22 cos 2 cos , i = 1, 2, , n, j = 1, 2, , n. 

n+l n+l 

3. Introduction and Propagation of Errors 

We are now able to begin our proper investigations. In the numerical 
solution of the problems under consideration we proceed line by line from 
the data /() or, rather, {U(m, 0)} to the solutions {U(m, 1)}, {U(m, 2)}, 
In the first place we would like to know the effect of a line of errors or what 
is the same, of a small change in the data on the later computed values. 
We then have to examine the cumulative effect of all earlier errors. 

How are these errors introduced? Consider the two cases in turn. Assume 
we are using a calculating machine with a fixed length accumulator working 
in multiples of 2e, which might be 10~ n or 2~ 42 for instance. 

A) Suppose, e.g., that r ~ k/h 2 = 1/6 a value which has certain 
advantages from the convergence point of view (cf. [33]). Then the (ex- 
plicit) recurrence relation is 

U(m, n+l} = ^U(ml, n) + |-C7(m, n}-}- ^U(m+l, n). 

Unless U(m+l, n) and U(ml, n) are multiples of 6 and C7(w, n) is a mul- 
tiple of 3 the individual terms on the right cannot be obtained exactly and, 
in general (unless the rounding errors compensate), U(m, n+l) will not be 
obtained exactly. The maximum absolute error is clearly 3e, where we have 
assumed that "rounded multiplication" is carried out, not e.g. /'chopped". 
These errors occur for m = ] , 2, , M. 

B) Somewhat similar considerations apply in the implicit case. The 
details depend on the methods used to solve the system of simultaneous 
linear equations for the new line of values (cf. footnote 3). 

How are these errors propagated? We discuss A) and B) separately. We 
have, from (6), where r = k/h 2 , 

U(m, n+l) = rU(ml, n) + (l-2r)U(m, n)+rU(m+l, n). 
In matrix notation, writing 

X n =(U(l,n),U(2,n),--.,U(M,n)) 

for the vector which gives the values of U on the n-th line or row, we have 
(10) Xn+i = A Xn 

where 

A = 
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Hence 

X* = An %* - 
The matrix A has characteristic values 

(11) <x fc = l+r[2cos 2kO-2] = l-4r sin 2 kO] 
the characteristic vectors are those of T M . 

B) We now have, from (7), 

(12) BX M = (-+% 
where 

B = ( , -r, 2+2r, -r, I = 2/-rT w . 
Hence 



The characteristic values of B are 2+4r sin 2 kO and those of 4J5~ 1 ~7 are 

4 i 



sin 2 Aj(9 l + 2r sin 2 W ' 

the characteristic vectors are again those of T M . 

Although our immediate interest is to find bounds for the propagated 
error, we have effectively obtained explicit solutions to the difference 
equations. We express the data {f(mh)} in terms of the characteristic vectors 
of A, thus 

(14) *o = {/(*)} =1^, 

t=0 

where the v t are given by (9); here we have 

(15) c ( = 2 - T /(sA) sin - n - . 
v ; ' Af+l,fi ; M+l 

Then, in case A), we have 



where the a 4 . are given by (11), while in case B) we have 

(17) Zn = ZciRi>i 

i=i 

where the fa are given by (13). The factors a, , fa indicate the amplification 
in the individual terms of (14) as we pass from row to row. 

4. Convergence Considerations 

From these explicit expressions for the solution of the difference equa- 
tion we can, by passage to the limit , obtain the explicit solution to the 
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differential equation. We discuss A) only. A formal solution to the original 
differential equation (1) is 



(18) U(x f = >* sin inx exp { 

-i 
where 

(19) a f = 2 J* f(y) sin i n y dy. 

This is to be compared with 

M 

(20) U(m, n) = 2 c < sin 2 ^ C 1 ~ 4r sin2 



where the c t are given by (15). The fact that c t = c t (M) -> a t as M -> oo 
is evident if / is integrable in the sense of Riemann. To relate the individual 
terms of the two summations (18), (20) we only have to handle the exponen- 
tial factors: for i <c M we have 

[in l n f i 2 n* \ 

I 4r sin 2 ---- = exp { 4m - 1 = exp {i 2 n* t} 
2(Af+l)J ' M 4(M+1) 2 J F> s 

since / = nk = nr& 2 w(M+l)- 2 . However, these formal considerations 
require justification. For a summary of results in this field we refer to 
Juncosa and Young [25]. The results available in this case are of the follow- 
ing form: 

// < r < J and if f is continuous except at a finite number of points 
where it has a finite jump then 

U(m,n) ->u(x, t). 

Estimates of the rate of convergence are available under various assumptions 
on /. 

A different, more abstract, treatment is possible and more appropriate. 
The assumptions of compatibility and stability, i.e. uniform boundedness of 
U(m, n), together with differentiability properties of the data, are sufficient 
to ensure the existence of subsequences {h^}, {^} such that the corresponding 
sequence {7,} converges to the solution u (see e.g. [4, 24, 28, 29]). 

5. Estimates for the Generated Error 

We are at present interested in the solution (16) to (6) when we regard 
the data # as a perturbation brought on by rounding errors. In these cir- 
cumstances we study the growth of the solution E E(m, n) on the assump- 
tion 4 that 



4 This is the natural assumption when we are dealing with an explicit case such as A); 
if we deal with an implicit case such as B), the appropriate assumption may depend on the 
method of solution of the system of equations. If a relaxational solution is used, then it would 
be natural to assume that the residuals were uniformly small (cf. A. R. Mitchell [34, 35]). 
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(22) 

From (15), using (22) we obtain 



Then from (16) we have 






_ 

If we let a max |ocj then 

t-1,2,-.-, M 

\E(m,n)\ 
Let us consider the case when < r ^ ^. Then a < 1 and we have 

\E(m,n)\< 2Me, 

an estimate for the error caused at (m, n) by the initial error. If we consider 
the total error * caused by errors at Xo Xi > ' ' ' Xn-i we obtain 

\E*(m,n)\ < 2Mne. 

In general we shall only be concerned with a bounded range of t. Then, in 
view of r = kjh* satisfying < r ^ J, we may assume n ^ h~ 2 ^ M 2 and 
therefore, 

|*(w,n)| = 0(M*e). 

This indicates the loss of accuracy due to the necessarily approximate cha- 
racter of our computation. For instance, with M = 100, and therefore 10 4 
time steps, we would magnify an error by 10 6 . This, of course, may not be 
very realistic; it is, however, quite tolerable. Better results can be obtained 
with more care; for instance, if r = 1/6 then ^ < 1/3. 

In these circumstances, i.e. < r ^ ^, we have "stability" which we 
are defining as uniform boundedness of the solution of the discrete problem. 
It is usual to contrast this behavior with that when ^ < r, but this is un- 
reasonable in so far as there is no convergence here apart from cases of special 
data. In practice, however, there may be no good estimates for the critical 
mesh shape (corresponding to r = \ in the present example), and the com- 
puter may be forced to resort to experiment; what can happen may be sur- 
mised from an estimate of E(m, n), say for r = 3/4, which gives a = 2. Then 

\E(m,n)\ <2Me2+\ 

and this "instability" will rapidly become apparent. 

In case B) we see that all the characteristic roots ft t given by (13) are 
in absolute value less than unity for all r . This discretization is stable for all 
shapes of meshes. Results concerning convergence have been given by 
Juncosa and Young [25a], 
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6. Two More Discretizations 

The first of these is due to DuFort and Frankel [16] and the second to 
L. F. Richardson [49] ; both are improper in so far as they require extra data 
for starting these additional data can be obtained, for instance, by using 
one of the methods (6), (7). 

X 
C) The discretization indicated by x X leads to 

X 

U(m,n+l)U(m t nl) 
2k 

__ U(ml, n)U(m, n+l)U(m, nl) + U(m+l, n) 



This can be written as 

(l+2r)U(m,n+I) = (1 2r)U(m, n l)+2r[U(tnl, n)+U(m+l, n)] 
or, in matrix notation, as 

(23) Xn+i - *Cx n +pIXn-i 

where 



C = , 1,0, !, = 21+ T 



M 



and a = 2r/(l+2r), ft = l-2a = (l-2r)/(l+2r). 
It is clear that we can write 



where P , P x are polynomials (of degree <n). Expansion of # , Xi in terms 
of the characteristic vectors of C being carried out we see that the behavior 
of Xn depends on the magnitude of the characteristic values of P^ w) (C) and 
P[ n) (C) which are P w) (A) and P[ w) (A), respectively, where A is any charac- 
teristic root of C. Both polynomials satisfy a recurrence relation of the form 



with initial conditions 

pw = l, p(D = 0, P<> = 0, P = 1. 
The recurrence relation can be solved in the usual way giving 



where /^ , /* 2 are the roots of the quadratic equation 

(24) ipvxn$ = 0. 

We have stability if \fa\ ^ 1, \fy\ ^ 1 whenever x is replaced by any 
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characteristic root y i = 2cos 2id, i = 1, 2, , M t of C. This we show to 
be the case for all values of r . 

Consider /t z 2(oc cos <f>)p l+2a = for 0<^<^. If this has complex 



roots they are equal in absolute value and |/^| = V(l 2r)/(l + 2r) < 1. 
If the roots are real then they are 



// = a cos ^ Va 2 cos 2 <+ 1 2a. 
Since a>0, Q < <f> < n 



A/1 2a + a 2 cos 2 < = A/(l a cos <) 2 2a(l cos <) < 1 a cos <; 

it follows that |^| < 1. 

An alternative approach to this and similar cases (8, 9 below) is the 
following: We can consider, in place of (23), the relation 



where L n is the 2Af -dimensional vector 

(#n>#n-l) 

and H is the 2Mx2M matrix 



The characteristic roots of H are [1, 47] those of 

/y<. A 
U . oj' 

i.e., the roots of the quadratics 



The rest of the discussion is the same as before. 

The convergence of this method has been discussed by M. L. Juncosa 
andD. M. Young [25b]. 

X 

D) The discretization of Richardson is indicated by x X X and leads to 

X 

U(m,n+l) = U(m t n 
which can be expressed as 



Zn-l-l = 

This can be discussed in either of the two ways used in connection with the 
DuFort-Frankel case. We are lead to the quadratic 

t*2rtl = 
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where x runs through the characteristic roots (8) of T. Since 

4,23.2^4 > o 

the roots of this quadratic are always real and different; since their product 
is 1 it follows that one of them is always greater in absolute value than 
unity. This process is, therefore, always unstable. 

7. Effect of Lower Order Terms 

We now consider the case 



where a, b are constants. We shall show that the same conditions for stability 
hold for this equation as for (1). In the first place, there is no loss of ge- 
nerality in assuming a = 0, for, if not, a change of variable u -> e~^ ax u 
will effect this. 

Next we note that the matrix for 

u t = u^+bu 

differs from the corresponding matrix for (1) by an additional term bk 
in each diagonal element. The change in the characteristic roots is therefore 
0(k). Since as we have remarked, we can consider n = 0(k" 1 ) the amplifica- 
tion is of amount at most 



which is bounded. The same conditions therefore apply. 

8. The Wave Equation 

The methods used for the equation (1) can be employed to discuss 

= . x 

We confine our attention to the simple discretization indicated by x X X 

x 
which leads to 

U(m,n+l)2U(m,n)+U(m,nl) __ U(ml, n)-2U(m, n)+U(m+l,n) 
_ _ . 

Writing y 2 k z /h*, this yields 



As before, the question of stability reduces to a discussion of the magnitude 
of the roots of 
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where a; is a characteristic root of C. This equation must have equal or com- 
plex roots and, therefore, 2 <; 2+y 2 x ^ 2, i.e. 4 5j y*x <; 0. Since 
x --4 sin 2 r0 varies from to 4 (nearly) we see that we must have y 2 fg 1. 
We note that this condition was proved sufficient for convergence in the 
classical paper of Courant, Friedrichs and Lewy [4]. 

9. Transverse Vibrations of a Bar 

The transverse vibrations of a bar are governed by the equation 

**+ = 
where u(x, 0), u t (x, 0) are given and u(Q, t} u xx (Q, /) = (!, t)=u xx (l, )=0, 

t^>Q. 
~~ X 

E) With a straightforward discretization indicated by x X X X X we 
replace u xxxx by X 

h~*{U(m+2, n)4U(m+l, n) + 6C7(w, n) 4U(m-\, n)+U(m2, n)} 

and u tt by 

k- 2 {U(m, n+l)2U(m, n)+U(m, n-l)}, 
and obtain a relation of the following type for # n , the w-th line of values of U: 

Xn+l = r D %n Xn-l 

where 



Similar arguments to those used in case C) are applicable. We also 
require the fact that the characteristic roots of D are 

16sin 4 ;0 2r- 2 . 

Corresponding to the equation (24) we have 
f^+r^x^l = 0. 

The product of the roots is unity and, therefore, we shall have instability 
unless the roots are equal or complex. To insure this we require 

r 4 [16 sin 4 iO2r- z ]* ^4, i = 1, 2, , n, 

for which it is sufficient that 

r 2 ^i- 

X X X X X 

F) We now consider the discretization X X X X X which leads to 

XX X X X 
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U(m, n+2)-2U(m, n+l)+U(m, n) 



, n+I)+d*U(m, n)] 

where <5 4 = 6^ has its usual significance. Two vectors # n , #_! being given, 
the above equation is an implicit equation for the succeeding line. As in case 
B), we can write this as 

[7+r*]* B+8 = (2l-r*E) Xn+1 -(I+rE) Xn , 
where 

= (, I, -4, 6, -4,1,-- ). 

This gives 

Xn+* = {(*I-l*E)(I+l*E)-i} XM - Xn . 

It follows that 

Xn = R (E) Xo +R 1 (E) Xl 

where R Q , R l are certain rational functions. To determine the behavior of 
^ n we need the characteristic roots of R (E), Ri(E): these are 7? (A t ), Rifit), 
where the A t - are the characteristic roots of E. 
We are led to consider the roots of 



where A is a root of E. In order not to have unstability we require that the 
roots of this quadratic be equal or complex. It is then necessary that 



for all A; this is certainly the case, no matter what the value of r = k/h 2 . 

10. Two-dimensional Gases 

We now discuss the equation 



for u = u(x, y, t) where u(x, y, 0) is given and u(x, y t t) = for all i > 0, 
and where (x, y) is a point on the boundary of the unit square. We take an 
explicit discretization on a lattice with sides g, h t k in t t x, y: 

{U(m, n, T +l)-Z7(m f n, r)} 

(25) *> 11 

- pf m U(m, n, r) +-f n U(m, n, r). 
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Then, for the M ^dimensional vector #, which gives the values of U i or t = rg, 
we have 



where 

F = I ;, y, ; ,a, 2a 2y+l, a, 



and a = /A 2 , y = g/k*. 

The characteristic roots of F are found to be 

1 4<x cos 2 fc'0 4y sin 2 /0, fc, / = 1, 2, . . . , n. 

In order that these should not exceed unity in absolute value it is sufficient 
that oc+y <* J. 

If, instead of using the differences in the t( Tg)-plane only, we took 
a mean among the differences in this plane and the next one, say 

{U(m, n, r +l)-U(m, n, r)} = 0F T+1 + (1^) F T , 

6 

where F T is the expression on the right of (25), we would have an implicit 
scheme which could be expressed in the following form: 



We may write this as 



and thus we shall have stability if the characteristic roots of the matrix 



I-O(F-I) 
lie between 1. The characteristic values of F / are 

4<x cos 2 iO 4y cos 2 /0, i = 1, 2, , M, / = 1, 2, , M. 
No restrictions on a, y are required if ^ J since then 

C os 2 



1+0 (4a cos 2 *0+4y cos 2 /0) 
is always less than unity. However, for < J we see that we need 

a+ ^2ir 
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11. Practical Significance of Stability 

It is now possible to discuss the practical significance of stability; we 
shall, however, only indicate some of the factors which influence the choice 
of method of handling a particular problem. By use of a complicated discre- 
tization, a small truncation error may be obtained; this permits the use of 
larger values of h, k, the allowable error being fixed. With a complicated 
implicit method, stability for a ,,squarer" mesh may be possible, so that 
fewer time steps are necessary. In both cases, for some machines, difficulties 
of storage are additional to the complication of arithmetic. 
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Upper and Lower Bounds for Eigenvalues 
by Finite Difference Methods* 

H. F. WEINBERGER 

Institute for Fluid Dynamics and Applied Mathematics, 
University of Maryland 

1. Introduction 

We are concerned with estimating the minimum of the ratio of two 
quadratic functional corresponding to certain differential operators on a 
finite region R. It was pointed out by Courant [1] that if the functionals 
contain no derivatives of order higher than the first, an upper bound may 
be found by means of a finite difference minimum problem. This is done by 
substituting in the minimum principle a broken linear function taking on the 
values of the solution of the finite difference problem at the mesh points. 1 

This idea was extended in the case of the torsion problem by Synge [7], 
He obtained both upper and lower bounds for the torsional rigidity by means 
of two kinds of pyramid functions. His method, however cannot be extended 
to eigenvalue problems. 

The finite difference problems for a square mesh giving upper bounds 
for torsional rigidity and membrane frequencies were explicitly formulated 
by Polya [5]. 

In this paper we present a method of finding a lower bound for the 
minimum by means of a finite difference method [8]. While the upper bound 
is obtained from a finite difference problem on a grid that is smaller than 
or equal to R, the lower bound is given by a problem on a grid that is slightly 
larger. A very similar method has meanwhile been independently developed 
by Hersch [3]. It is described and improved upon in Section 3. 

Forsythe [2] has shown that for convex domains there exist finite dif- 
ference problems giving a lower bound for the lowest membrane frequency, 
provided the mesh size is below a critical size. However, there seems to be 
no way of estimating this critical size. 

Our result holds for very general domains and always gives a lower 
bound. 



"The research for this paper was supported by the United States Air Force through the 
Office of Scientific Research. 

1 See also L. Collatz, Konvergenz des Differenzverfahrens bei Eigenwertproblemen partieller 
Differentialgleichungen, Deutsche Math., Vol." 3, 1938, pp. 200-212. 
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While the method here presented works for higher order operators, such 
as the biharmonic operator, we shall restrict our attention to the membrane 
problem 

Au+Au = in R, 
(1.1) 

u = on the boundary R. 

The minimum problem for the lowest eigenvalue is 



(1.2) A = min 

vQ on K 

R 

Here D is the Dirichlet integral. 

In this case we obtain a finite difference problem giving a lower bound 
for L An upper bound for A is given by a different finite difference equation 
on a smaller domain [5]. In Section 4 we derive another upper bound in 
terms of the finite difference equation used for the lower bound but on the 
smaller domain. This permits us to estimate the difference between the two 
bounds in the case of certain domains. In this case, then, one can find both 
upper and lower bounds for A with prescribed accuracy by solving a single 
finite difference problem with a determined mesh size. 

2. A Lower Bound by a Finite Difference Method 

We begin with a basic lower bound for the membrane problem (1.1). 
Let R h be a grid consisting of the union of squares of side h with their sides 
adjacent and parallel to the x and y axes. We require that R h contain not 
only the region R on which the membrane problem is to be solved, but also 
all its left and downward translates of distance at most h: 

(2.1) R h D {x t y\(x+aL, y+P) R for some ^ a ^ A, g ft ^ A}. 

We now consider functions v(x f , y f ) defined only at the mesh points (x t , y s ) 
of the finite difference grid and vanishing at points on the boundary of or 
outside R h . Let 

(2 2} A (ft) = min -' 

2 *''(*.. &) 

in this class of functions. Here 

(2.3) >*(, v) = 2{[>(avf A, y*) -(<> y,)?+|>(*< > yH-A) -(*. &)]*}. 

and sums are taken over all mesh points. The minimizing function w of (2.2) 
satisfies the finite difference equation 

(2.4) i 
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where 



+(x* i ft-A) -4w(*< , y,)]. 

We now continue the eigenfunction w(x, y) of the membrane problem (1.1) 
as zero outside R, and let 

(2.5) v(x t , y,) = (*,+, y,+j). O^oc^A, 0^/S^A 

Because of (2.1) this function is admissible in the minimum principle (2.2). 
Thus we have 

(2 6) 
^ ' ^ 

Integrating this inequality with respect to a and /9 from to h gives 



(2.7) 

R R 

Now, by Schwarz's inequality, 

JJ [(+*, y)u(x,y)] 2 dxdy=H [^u x (x+y,y)dy]f dxdy 
(2.8) * ^ JJ 



with a similar result for the second term on the right-hand side of (2.7). 
Thus, 

(2.9) A< 



\\u*dxdy 



or 

(2.10) A<*>^A. 

In other words, A (A) is a lower bound for L 

3. An Improved Lower Bound 

Let R h{z be a refinement of the mesh R h . That is, each square is divided 
into foursquares and the squares not needed for R h j Z to satisfy (2.1) are 
eliminated. Then we also have 

(3.1) R h D {, y|(+a, y+j8) # ft/2 for any a = or A/2, /? = Oor A/2.) 
We use in the minimum principle (2.2) the function 

(3.2) v(x 4 , y,) - ?(*,+, y,+/J). - a = or A/2, / = or A/2, 
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where q is now the minimizing function for the corresponding problem on 
R h f Z . A derivation similar to that of (2.9) but with integrals replaced by 
sums yields 

(3.3) A<*> ^ A< A/2 >. 

A similar process was independently discovered at about the same time 
by J. Hersch [3]. He obtained the lower bound 

(MI 

which is an improvement of (2.10) by a term of 0(h 2 ). 

The reason for the improvement is that some of the terms which are 
neglected in the Schwarz inequality used to derive (3.3) can be estimated. 
In fact, we shall now show that an improvement of (h) can be obtained. 

We have, using the substitution (3.2) and summing numerator and 
denominator of (2.2) with respect to a and /?, 

2 D 

" 




Here 2' indicates summation over the mesh points of R h ^ . Now it is easily 
verified that 



= 2' {[?(*.+*, *,)-?(*<. y,)]'+b(* , *+A)-?to , y,)]> 

(3.6) = w , i _ 



where D' denotes the Dirichlet sum analogous to D*, but with A replaced 
by A/2. We note that when (x t , y t ) is an interior point of R hli , 






^-(-)*[J wz g-] 2 = 

O \ O / L **/ <6 * J Q O 

We are left with the last two sums in (3.4) extended over boundary points of 
R hJZ . To estimate these sums, we use the following identity: 



\9 ( x i + J > y,) - 2 <l( x i Vi) +? (*< - "2 ' y > ) J 

(* , Ify- Y) J 
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(3.8) I" / A\ / A VI /A\ 



where J" denotes summation over the boundary points of R h ^ . This is 
the finite difference analogue of 

(3.9) 2A j j * dxdy = CD r ^- i-~\ ds when Au+Au = 0, M = on R, 

* it 

which is a special case of an identity due to Rellich [6]. The latter was used 
extensively by Payne and the author [4] for the estimation of quadratic 
functional. 

From the identity (3.8) it follows that 



(3.10) 



where ^ is defined as follows. At boundary points of R hf2 where the normal 
is in the x or y direction define a function f by 

(3.11) f=-r-n~JA 

where r is the radius vector and n the unit inward normal. At reentrant 
corners define two numbers ^ and 2 by (3.11), letting n be an inward unit 
vector in the x and y directions, respectively, and put 

(3.12) | = sup & , f, , fe+te , fc+tfi). 
At non-reentrant right-angle corners, let f = 0. Then 

(3.13) = supf. 

It is easily seen that Q is at most equal to the side of the smallest square con- 
taining JR A/2 . 

Inserting (3.7) and (3.10) in (3.6) yields the inequality 



(k \ A 4 A<^ 2) 

H-f) 2 D*(q,q)<LW>( q ,q) -- 2V 
,^ 14 , *(>/ a| ,ft/2 0^ 



since y is the minimizing function for R h/z . Inequality (3.14), together with 
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(3.5), gives 
(3.15) 



This is a recursion relation which gives an inequality between A (A) and A ( *' an> . 
Since we know that A ( * /2n> is a lower bound for A, each of these inequalities 
gives a lower bound for A. It is easy to see that the bounds improve as n -> oo 
so that the best bound is given by the limiting inequality. If we take g = oo 
in (3.12), the recursion may be solved explicitly. The limiting inequality is 
precisely that given by Hersch, namely (3.4). However, it is clear that for 
small h the correcting term hj^q is more important than the term in h*. 

It might be remarked that since Hersch apparently did not prove that 
A ^ A (ft) , he seems to have assumed that A (A/2tl) -> A as n -+ oo. This is, how- 
ever, not the case for certain R, for example, when R contains a cut. 

The author has been unable to solve the recursive inequality (3.12) 
explicitly. However, replacing A* /a by A only in the (h 2 ) term before going 
to the limit yields 
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4. The Connection Between Upper and Lower Bounds 

It is not difficult to establish the convergence of the lower bounds A (A) 
to A as h -> 0, provided R is sufficiently regular and the boundary of R h 
approaches that of R. The same is true of the known lower bounds. Thus 
for a large class of regions R it is possible to find arbitrarily close upper and 
lower bounds for A by finite difference methods. However, one does not 
know a priori how small to take the mesh size h in order to obtain a given 
accuracy. This means that in practice one must in general solve many finite 
difference problems with smaller and smaller mesh size before A is approxi- 
mated to a desired accuracy. We shall now attempt to remedy this situation 
at least for certain regions R. 

The upper bound, as explicitly formulated by Polya [5], comes from a 
finite difference problem on a finite difference domain R h whose boundary 
points are contained in R. (It is not necessary to consider points all of whose 
neighbors are on the boundary of or exterior to R h , since these do not enter 
the difference equation.) The upper bound ft (h) is the lowest eigenvalue of 
the equation 
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ft 

(4.1) A h u(x i ,y,)+ [to(x t ,y,)+u(x t +b t y,)+u(x i -h,y^^ 



at interior points of 7^ , with u at boundary points. We first relate 
p (h) to the lowest eigenvalue I (A) of the problem 



(4.2) 

in 7? A with v = at boundary points. The variational princij)lc for p (h) is 

A 2 

2 M*. > y/)[6w(a? t , y,)+w(^+A, y^+wfo-A, y,)+z*>fo, y,+A) 



(x,+H 9 y 3+ h}-w(x i , y,) 



i-SA 2 

for any function w vanishing on the boundary of and exterior to R n . Letting 
w = v, we find 



Since p (h) is an upper bound for A, we have 

!<*> 
(4.5) A ^ r 



Thus, an upper bound for A can be obtained from the simpler problem (4.2). 
Furthermore, the problems (2.4) for A w and (4.2) for A (A) differ only in their 
domains. It is clear that 

(4.6) R*3R 

and that they are close to each other for small A. We shall give an estimate 

for A (ft) A (ft) under certain conditions. 

Let R undergo a homothetic transformation (stretching) of ratio 
1 : (1+oc). It is easily seen that the lowest eigenvalue of the new domain is 
;t/(l_^ a )2 t Suppose that a is .so chosen that all the mesh points on the 
boundary of R h having at least one neighboring mesh point interior to R h 
are contained in the new region (1 +<x)#. Then R h serves as an R h to (1 +a),R 
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and we have by (4.5) 



This, together with (2.10) or one of its improvements, gives upper and lower 
bounds for A in terms of the single number A (A) . However, these bounds are 
close to each other only if <x is small. 

In order to estimate a, we assume that R is convex. We further suppose 
that R h is minimal with respect to the condition (2.1). Geometric considera- 
tions then show that one can take 



where r is the radius of the largest circle interior to R. Thus, for a convex 
region, the upper bound (4.7) differs from the lower bound A (/k) only by terms 
of 0(h). The difference can be estimated a priori (using some crude bound 
for A) and the appropriate mesh size h for a given error can be determined. 
A single finite difference problem is then solved to given both the upper and 
the lower bound. 

In order to treat non-convex regions we turn to the question of the va- 
riation in A (A) when R h is decreased while h is kept fixed. 

5. A Bound for the Variation of the Finite Difference Problem 

Consider two finite difference domains R h and R' h with 

(5.1) *;<:*. 

Let the lowest eigenvalues of the finite difference membrane problem on 
these domains be denoted by h (h) and A (A)/ , respectively. Let w be the eigen- 
function on R h corresponding to A (A) , normalized by 

(5.2) A 2 2> 2 =1. 

To obtain an upper bound for A (A)/ we insert in the minimum principle the 
function 

(6 M w(x u } - I w(Xi ' y *> at interi r P intS f ** ' 

(5.3) >(*, ?,)- | Q elsewhere. 

We have 



where 2" denotes summation over boundary points of R' h . We estimate the 
two sums on the right for a particular class of variations. Let R' h consist of 
all mesh points in R h such that the length of any path consisting of grid lines 
to a boundary point is at least kh (k an integer). Let S l be the sum of ze> 2 
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over points whose minimum distance along grid lines to the boundary of R h 
is exactly /. Then (5.4) becomes 



Since w satisfies the difference equation (2.4) and S Q = 0, 

(5.6) S k : 
so that 

(5.7) X* 



15 

Thus, if 5 a is small, this upper bound for A <A)/ is close to A (A) , which, because 
of (6.1), is a lower bound for A (fc)/ . We shall now estimate S x and show it to 
be small under certain assumptions on R h . We begin with the identities 
(3.8) and (3.14) with JA replaced by A and q by w: 



(x i , y t ) {x&wfa+h, y i )-w(x i , 
(5.8) = 2 [w( 



because of the normalization (5.2). We again define 

(5.9) f=-r-n-JA 

at boundary points where R h has a unique inward normal n but not at all 
at non-reentrant corners. At reentrant corners define f x and f a by using 
inward vectors in the x and y direction, respectively, and let | be the smaller 
of the two. We now let 

(5.10) er = inf 
and assume that 

(5.11) (y>0. 

This implies that R h is star-shaped. The maximum and minimum 
values of x must be attained for y = 0, and the maximum and minimum 
values of y for x = 0. Furthermore, a+ \h is the smallest absolute value of 
the ^-coordinate of a point whose ^-coordinate does not have the maximum 
or minimum value or of the y-coordinate of a point whose sc-coordinate 
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does not have the maximum or minimum value. From (5.8) 
(5.12) Si 



follows. This can be made small, provided h/a -> as h -> 0. 

Applying these results in order to find an upper bound for A, we seek a 
k such that 



so that 
(5.14) 
and hence 



For this purpose, we assume that (a) the maximum and minimum of y 
on the boundary of R occur at x = and that the maximum and minimum 
of x occur at y = 0, (b) the curvature of the boundary of R be bounded in the 
neighborhood of these four vertices, (c) the intersection of R with any line 
parallel to the x or y axis is simply connected, and (d) the points of maxi- 
mum and minimum x and y all lie on mesh lines. The last condition requires 
that the x and y diameters of R be multiples of h. This can be done by choos- 
ing h properly and stretching R in either the x or y direction by a factor of 
at most 1 +h/d where d is the larger of the diameters in the x and y directions. 
This stretching reduces A by a factor not smaller than (l-\-h/d)~ 2 . 

Let R h be the minimal region satisfying (2.1). Then conditions (a), (b) 
and (d) imply that 

/2M 1 / 2 

(5.16) a*(_) 

where c is a bound for \d 2 y/dx 2 \ when y is within h of its maximum or mini- 
mum value and for \d 2 x/dy*\ when x is within h of its maximum or minimum 
value on the boundary of R. 

It follows from condition (c) that if we take 

(5.17) k = 2, 

(5.13) is satisfied. Thus, using (5.14), (5.7), (5.12) and (5.16), we have 

(5.18) 
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Recalling the contraction performed to satisfy condition (d), we have 

!<*> 



(h\ 2 
1+ 7)ri 



This bound is arbitrarily close to A (A) . Hence, we again find arbitrarily close 
upper and lower bounds for A by choosing h sufficiently small and solving a 
single finite difference problem for h. 
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Some New Methods in Two-Dimensional 

Variational Problems with Special Reference 

to Minimal Surfaces* 

L. C. YOUNG 

University of Wisconsin 

I. Introduction 

1. Apart from developments which were largely formal, the first real 
advance in parametric two-dimensional variational problems was made 
some twenty or more years ago in the form of an existence theorem for the 
problem of least area, subject to the artificial condition that only surfaces 
would be admitted whose characteristic was less than a preassigned bound. 
In the still more special case of surfaces of the type of the disc, a similar 
existence theorem has been obtained during the last few years for more ge- 
neral regular problems, by Sigalov [1], Danskin [2] and Cesari [3]. In a 
Memoir [4] to appear shortly all these results are extended to non-regular 
problems, except for minor differences concerning the interpretation of 
boundaries (see 2 below). 

However, when the artificial condition concerning the characteristic is 
removed, it is now known, as the result of an example due to Fleming [5] 
which will be published soon, that no general existence theorem is true even 
for the problem of least area, as long as we retain the traditional notion of 
surface. Thus the simplest problem of the subject, that of least area, already 
demands the admission of generalized surfaces. 

We are concerned with problems of the type 

L(/ ) = min, 

where / is an element of the space of continuous functions / = f(x, /), posi- 
tively homogeneous in /, with arguments rr, / which are vectors 1 in 3-space, 
and where 

L(/) = f[x(u, v), j(u, v)]dudv t j(u, v) = [x u , x v ] vector product. 

unit square 

The minimum of L(/ ) is taken for all admissible x(u, v) and the latter are 
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sufficiently smooth functions (which we take here to have, say, continuous 
partial derivatives) subject to certain boundary conditions. 

In the problem of least area / is the particular function f (x, j) = |/|. 
However, it is peculiar to our approach, that we concern ourselves with the 
linear functional L(f) and not merely with the number L(/ ). This linear 
functional is, for variational purposes, the very essence of the notion of sur- 
face: in fact when two x(ii, v) define the same functional (/), they are 
absolutely equivalent for variational purposes, and vice-versa. Therefore 
we by-pass all questions of change of parameter by identifying the notion 
of a parametric surface with the corresponding linear functional L (/) derived 
by surface integration. Our problem is now that of the minimum of the 
number L(f Q ) when ,(/) is an admissible surface. This is a problem in the 
conjugate space to that of the functions /, and since each problem treats one 
/ at a time, the most appropriate topology is the weak topology. 

For later purposes, the integral derived from that which defines L(f) in 
terms of x(u, v) by changing the range of integration to a closed subset of the 
unit square, will be termed elementary subsurface. Further we term linear 
an f(x, j) of the form of a scalar product (p(x) j) and we term exact an / 
of this form for which p(x) is the curl of a vector-function q(x); such / are, 
of course, still assumed to belong to our space of functions. 

2. Our admissible surfaces L(f) were to be subject to boundary con- 
ditions. However, these conditions cannot really be properly formulated in 
terms of x(u, v), and this is why previous work contains unnatural restric- 
tions (absence of multiple boundary-points) and what seems to us a mis- 
leading generality (inclusion of "heavy" boundary-curves). (A problem 
with a boundary-curve which is "heavy", i.e. of positive, or infinite, two- 
dimensional measure, would here come under a different heading; we would 
regard the true boundary as variable in a certain abstract set. This difference 
has to be borne in mind in comparing results based on our methods with the 
results of Sigalov, Danskin, Cesari and others.) The unsatisfactory nature of 
the traditional notion of boundary is evidenced by the fact that when C is 
"heavy" and L^f), L 2 (f) are surfaces with the boundaries C, C, the surface 
L 1 (/)+L 2 (/) does not generally have in the traditional sense the boundary 
C+(C) = 0. Similarly the traditional notion of boundary does not in 
general satisfy the following formulation of Stokes' Theorem: if / is exact, 
L(/ ) depends only on the boundary of L(f). 

We shall ensure very simply (cf. [6]; also [7]) the universal validity of 
this formulation of Stokes' Theorem. We define the boundary of L(f) as the 
restriction of L(f) to the class of exact /. It is convenient also to define the 
track of L(f) as the restriction of L(f) to the class of linear /. 
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Admissible surfaces L(f) are now linear functionals with a given re- 
striction to the class of exact / and are derived from sufficiently smooth para- 
metric representations x(u, v). Clearly this last condition is now out of place: 
as stated before, we require generalized surfaces, and these are simply the 
weak limits of sequences (L n (f)} of elementary surfaces. It turns out that a 
generalized surface is then merely any non-negative linear functional L(f) f 
i.e., one for which L(f) ^ whenever / ^ 0. Its boundary will, as before, 
be defined as its restriction to the class of exact /, and its track as its re- 
striction to the class of linear /. One may wonder whether this generalization 
of the notion of surface has gone too far. We shall see that this is not the 
case (3). Historically more and more general curves and surfaces were 
gradually admitted in the calculus of variations as they began to appear in 
everyday analysis. The present extension is in keeping with the fact that 
linear functionals occur so much in analysis today. If by any chance our 
solutions turn out to be elementary, certainly no harm is done; but actually 
they are even more important in the opposite case, when they may be re- 
garded as hidden solutions of the original problem. Thus the engineer's solu- 
tion to the problem of the fastest road up a mountain, when the gradient is 
restricted to be not too steep, is an approximate one, consisting of a zig-zag 
which tends in the limit to a hidden solution; this is of course a problem 
for curves, but the case of surfaces is quite similar. 

2. General Characterization 

3. We denote by A (A) and by (A), the class of elementary surfaces 
and that of generalized surfaces, respectively, with the boundary A. We 
write further A * (A) for the sequential weak closure of A (A) . The original pro- 
blem was that of the minimum of L(/ ) when L(f) e^4(A). However, to 
understand this problem properly and to include hidden solutions, we must 
of course replace in it A (A) by A*(i). Instead we shall replace A (A) by the 
much wider class B (A), and we have to justify this. 

Given a set E of linear functionals L (/) and given a measure a on E we 
term centre of gravity of E, for this measure, the integral 



if it exists; the quantity &(E) is termed the corresponding mass. 

The following result has been proved jointly with Fleming [8]: 
The relation A(X) ^ implies that (A) is the set of the centres of gravity of 
4* (A), with unit mass if A = 0, otherwise with arbitrary mass. 

From this result it follows that the minimum of L(/ ) for L(f) c A* (A), 
where A (A) = 0, is identical with that for (/) c (A) and that the solutions 
of either problem determine in simple manner those of the other. 
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4. Henceforth we concern ourselves with B(A). It would be useful to 
characterize in some way the union of those sets jB(A) for which A (A) ^ 0, 
i.e., to characterize the generalized surfaces with elementary boundaries. 
This would commit us more deeply as to the precise definition of elementary 
surface, and we prefer, as a first contribution, to replace the notion of ele- 
mentary boundary by a much wider one, which has to be considered in any 
case if we wish our admissible boundaries to constitute a complete linear 
space. 

By a cr-polyhedron, we mean a countable sum 

2 *>(/) 

where the a k are positive reals and the L k (f) are bounded triangles. We 
denote by A the class of boundaries of a-polyhedra. It is easily seen that A 
includes all conceivable elementary boundaries. 

We denote by & the class of generalized surfaces with the same tracks as 
elementary subsurfaces (end of 1). The following characterization has been 
obtained jointly with Fleming [8]: 

2 B(ty = (set of centres of gravity of S}. 

l*A 

3, Homology Principle 

5. In deriving differential equations and the like, we shall follow the 
natural approach adopted for curves by Carath6odory. This leads to condi- 
tions both necessary and sufficient which involve, however, in the general 
case, the use of certain simple types of discontinuous integrands f(x, /); for 
such integrands we denote by f(x, j), for some h > 0, the mean value of 
f(x-\-h, j), over the unit cube of centre 0, for the vector f. For the relevant 
/ it so happens that / is continuous and that the limit 



exists for all surfaces L which we have occasion to use. Of course, (L, /) = 
L(f) when / is continuous. 

We shall make a few minor changes of notation. We shall allow / to be 
on occasion a vector-function, which we suppose continuous and positively 
homogeneous, and we extend the symbol (/) in the obvious way to this 
case, as a vector with the appropriate components. Furthermore, given, in 
the subspace of our original space of functions f(x, j) consisting of functions 
y>(/) independent of x, a non-negative linear functional M(y>), we write for 
each x, M 9 (f) for the value of M(y) when y> is derived by fixing x in f(x, /), 
and we term M^/) a generalized surface concentrated at the point x. When 
we substitute for f(x, j) the vector /, the value obtained for M 9 (f) is a vector 
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termed oriented area of this concentrated surface, and the direction of the 
oriented area is termed orientation. The latter is either a unit vector or 0. 
It follows from general theorems on linear functional that every gene- 
ralized surface L(f) has the form 



where v is a measure in x-space, vanishing outside some sphere. Hence, 
denoting by 0(x) the orientation of M x (f), there exists a finite measure p t 
vanishing outside some sphere, such that, for linear /, L(f) becomes 



In this last expression we shall allow f(x, j) to be an arbitrary integrable 
function and we denote the result by [track L t /]. We observe that p and 
6(x) are determined in a virtually unique manner by the track of L and not 
merely by L itself. 

6. We term a function <p (x, /), which need not be continuous 2 , homo- 
logous to 0, if it satisfies the following conditions: 

(a) <p is bounded in the set \x\ < a, \j\ = 1, where a is any positive 
number, 

(b) ?(*, tj) = t<p(x, j) for t ^ 0, 

(c) for each linear function x(u, v) whose constant Jacobian [x u xx v ] 
is / ^ 0, the composite function <p\x(u, v), j] is defined for almost all (u, v) 
and is the derivative of its integral with respect to (u, v), 

(d) we have for every polyhedron L(f) (polyhedron in the classical 
sense: finite sum of triangles) whose boundary vanishes 

[track L, <p] = 0. 

We shall be concerned with functions of the form /+$?, where / is con- 
tinuous and 99 is homologous to 0; we call such a function homologous to a 
continuous function, namely to /. By combining the characterization at the 
end of 4 with some recent results 3 we find: 

(i) The quantity (L, f+y) exists whenever L e B(A), A c A and / +9? is 
homologous to a continuous function. 

(ii) If L is translated through a vector f , (L, f+<p) varies continuously 
with f . 

(iii) If 99 is homologous to 0, A c A and L', L" both belong to B(A), then 
(Z/,?) = [track I", p]. 



*0> is not everywhere defined. 

8 See [9]. The relevant statements are (4.1), (4.2), (4.3), (6.1) and (5.1). 
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From this last statement it follows that, for each q> homologous to 0, 
the quantity (L, <p) is a linear functional g(A) for A A, where L is chosen 
arbitrarily in B(X), and that this quantity can also be written as [track L, <p], 
Conversely, it turns out 3 that all linear functional g(A) (AeA) can be so 
expressed and that the classical Hahn-Banach Theorem yields the following 
homology -principle: 

If A e A, L e (A ) and L (/ ) ^ L(/ ) for all L e (A ), then there exists 
a non-negative f +<p homologous to / such that (L , /Q+9 9 ) = 0- 

Evidently the converse also holds: If for a non-negative f +<p homolo- 
gous to / we have (L , / +<p) == where L (A ), A A, then L (/ ) <; 
L(/ ) for all l^(A ). 

We observe further that while <p is not everywhere defined, it can be 
shown [8], by a somewhat cumbersome method, that any y> homologous to 
can be replaced by a scalar product (p(x), /), where p(x) is everywhere 
defined but in general discontinuous, such that, whenever x(u t v) is Lip- 
schitzian and /(, v) is its Jacobian, the relation (p[x(u, v), j(u, v)] 
(p[x(u, v)] 9/ j(u t v)) holds almost everywhere in (u, v). A vector-function 
p(x) thus associated with a <p homologous to will be termed a field. 

7. For simplicity we now limit ourselves to the problem of least area, 
f Q (x, j) = |/|, and we suppose as in the homology principle that L is a mini- 
mizing generalized surface with boundary in A. By our characterization 
theorem (end of 4), L is a centre of gravity of (^, 



A similar formula holds for (L , f +<p)', it follows that (L, fo+q>) al- 
most everywhere in ff relative to the measure a, and hence that L is a 
centre of gravity of the subset of <^ consisting of generalized surfaces L(f) 
for which (L, / +9?) 0. Since each of these is a minimizing generalized 
surface by the converse of the homology principle, it follows easily, from the 
fact that / is regular, that every such L(f) reduces to the elementary sub- 
surface with the same track, i.e., that 

L(f)=jjf[x(u,v) t j(u,v)]dudv 

where x(u t v) has continuous partial derivatives and Jacobian /(, v), and 
where integration is over a closed set. It follows that 

= (L, / +?) = L(/ ) + [track L, <p\ 

= JJ {/o[*(*. v )> l(u> *>)]+9>l>K *>)/K v)]}dudv, 
and, therefore, that the non-negative function / +?> vanishes for almost all 
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(u, v). We now write <p == (p(x)* j) for all relevant (u, v) and, by decom- 
posing the given closed set into a countable sum of closed subsets together 
with a set of plane measure and a set in which j(u, v) = 0, the last two of 
which contribute nothing to the expression for L (/) as an integral, we express 
each of our L(f) as a countable sum of corresponding elementary sub- 
surfaces and, therefore, as their centre of gravity. By composition we ex- 
press (/) as centre of gravity, with a new measure a, of the set of these 
new elementary subsurfaces which we continue to denote by the same 
symbol L(f). 

Each of these L(f) has the form given above where, in addition, by 
suitable choice of our decompositions, the following conditions are satisfied: 

/(, v) ^ 
and 

\j(u, v)\ = / [a?(, v), j(u, v)] = <p[x(u, v), j(u, v)] = (p[x(u, v)] /(, v)). 

Since, furthermore, f -\-q> is non-negative, we find that \q(x)\ 5^ 1 and our 
equations reduce, by the converse of Schwarz's inequality, to 



a relation which implies, in particular, that p[x(u, v)] is continuous and of 
absolute value unity. 

Hence, a necessary and sufficient condition in order that a generalized 
surface L Q (f) with boundary in A be a solution of the problem of least area 
is that L (/) be, for some field p(x), where \p(x)\ ^ 1, the centre of gravity 
of elementary subsurfaces satisfying the conditions 



at every (u, v) of the corresponding closed sets. We can thus regard L (/) 
as made up by piecing together parts of certain minimal surfaces in a slightly 
more general sense than usual 4 , since p(x) is not differentiable (in fact dis- 
continuous) in general. 
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